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• PREFACE 

m * 

TN the present hAk I have tried to meet the needs of those 
-L readers who require an advanced text covering both %he 
theoretical and practical sides of the subject, as far as this'^can 
conveniently be done in a single volume. Though complete in 
itself, the book is not intended for beginners, who may be supposed'^ 
to have read one of the excellent elementary treatises available, 
such as Whetham’s Theory of Experimental Electricity. Space 
saved from the detailed treatment of elementary topics has 
been used to give an account of some of the more recent 
developments of electricity. It thus comes about that the book 
falls naturally into two sections; the first eight chapters having 
been kept fairly simple and containing all the principles necessary 
for a right appreciation of the subject, while the remaining 
chapters form introductory accounts of special subjects, which 
may be consulted by students before starting on treatises devoted 
to them alone. 


I am indebted to Prof. J. S. Townsend for kindly criticising 
a portion of the manuscript, and to Mr E. W. B. Gill, with whom 
the book was originally planned, for placing his material at my 
disposal. Some of the experimental arrangements described are 
also due to Prof. Townsend. Prof. J. Zenneck kindly sent some 
photographs of oscillatory discharges, while Mr C. T. R. Wilson 
lent a number of negatives of his cloud photographs showing the 
tracks of ionising particles in gases. Blocks for the illustrations 
have kindly been supplied by Messrs Baird and Tatlock, the 
Cambridge Scientific Instrument Co., the Chloride Electric Storage 
Co., Messrs J. J. Griffin and Sons, Messrs Longmans, Green and 
Co., Messrs Nalder Bros., Messrs Newton and Wright, Messi^s 
W. G. Pye and Co., the British Westinghouse Co., and the Weston 
Electrical Instrument Co. 


February, 1915. 


P. B. P. 






4 



4 




CONTENTS 


CHAPTER I 

MATHEMATICAL INTEODUCTION 


Right-handed co-ordinate axes 
Vectors .... 
Gauss’ transformation . 

Stokes’ theorem . 

Flux of a vector . 

The equation of wave-motion 
Bessel functions of zero order 


CHAPTER II 

PERMANENT MAGNETISM 

Magnets 

Induced magnetisation ..... 

Strength of a magnetic pole ..... 

Magnetic force and potential ..... 

A magnet in a uniform magnetic field ... 

The magnetometer. Inverse square law of magnetic jjoles 
Measurement of the horizontal magnetic force of the and 

the moment of a magnet 

Magnetic field of a small bar- magnet ... 

Terrestrial rdagnetism 

Gauss’ theorem 

Lines and tubes of force 

Magnetic effect of any small magnetised body . . - . 

Poisson’s analysis of magnetism .... - . 



m 


4 


CONTENTS 


CHAPTEE III 


ELECTROSTATICS . • 

c. % 

Electrical attractions and repulsions .... 
The electroscope. Conductors and insulators „ . 
Quantity or charge of electricity. Electrons 
The electric field. Electric force and potential 

Potential of a conductor 

Electric influence. Earthing a conductor . 

Influence machines 

Cavendish’s experimental proof of the law of force . 

Electrical units 

Electric force due to an infinite charged plane 
Gauss’ theorem. Distribution of charge on a conductor 
Laplace’s equation and Poisson’s equation 
General principles of electrostatics .... 
Force just outside a conductor. Stress per unit area of 

ductor 

Lines and tubes of force ...... 

Capacity of a conductor ...... 

Electrical screening 

Condensers 

Parallel plate and cylindrical condensers. Guard-rings 
Theory of a system of conductors .... 
Two-dimensional problems in electrostatics 

Sensitive electroscopes 

Electrometers ...... 

Contact potential. Piezo- and pyro-electricity . 

Dielectrics . 

Various forms of condenser ..... 

Theory of dielectrics ...... 

Condenser with a partial layer of dielectric 
Boundary conditions at the surface of two dielectrics. Con( 
immersed in a dielectric 

Electric force and electric induction .... 

CHAPTER IV 

ELECTRIC CURRENTS 


Conductor 


Electricity in motion 

The voltaic ceU 

Magnetic action of currents. The tangent galvanometer 

Electromagnetic unit of current 

The derived system of electromagnetic units 


% 


4 


CONTEKTS 


78. 

79. 

80. 
.81. 
82. 

83. 

84. 

85. 

86 . 

87. 

88 . 
89. 
OO. 

91. 

92. 

93. 

94. 

mm. 


m 

.50*^ The magnetic effect of a moving charge 

57. ‘^Elecft-olysi^ 

58. Polarisation. Cells^mnd accumulators' ! ! ’ 

59. Standard cells ... 

60. Ohm’s law ... 

61. Resistances in series and parallel 

62. Variation of resistance with temperature . 

63. Rheostats and other resistances 

64. Galvanometers, ammeters and voltmeters 

65. Heat produced by currents 

66. The Wheatstone’s bridge 

67. Comparison of electromotive forces. The potentiometer 

68. Other applications of Ohm’s law 

69. Laboratory experiments with the quadrant electrometer 

70. Measurement of dielectric constants . 

71. Platinum resistance thermometrv 

72. Currents in solid conductors 


CHAPTEE V 

MAGNETIC EFFECT OF CURRENTS 
Rectilinear currents 
Circuits of any form . 

Experimental verifications of the theory 

Magnetic force due to a current in a long cylindrical wire 
Solenoids ..... 

Action of magnets on currents .... 

Potential^ energy of a current and a system of magnetic poles 

Xhe moving-coil galvanometer 

Ammeters and voltmeters .... 

The string galvanometer .... 

The ballistic galvanometer ... 

Measurement of a large capacity 

Magnetic force of a plane current at large distances 

Mechanical forces between currents. Mutual inductance 

Self-inductance of a circuit 

Electrodynamometers. Current balances 

Action of a magnetic field on an element of current" 

Equations of the electromagnetic field 

Magnetic field of a linear current 

Ampere’s law of action of an element of current 

Neumann’s formula for the mutual inductance of two circuits 

Mutual inductance of two parallel circles on the same axis 

Action of a magnetic field on a moving charge 


I ' 


CONTENTS 


f 


CHAPTER VI 


THERMOELECTRICITY. 


Ot>- 

07. 

OS. 

oo. 

100. 

101. 
lO^. 
103. 
104 - 


IIS. 

1X3. 
X 14. 
Ilo- 
na. 


IIS. 

no. 

1 :20. 

1^1. 

IS^. 

12^3. 


The Seebeck effect 

Laws of the thermoelectric circuit . 
Dependence of thermal e.m.I’. on temperature 

The Peltier effect 

The Kelvin effect ..... 
Theory of the thermoelectric circuit 
Experimental verifications of the theory . 
Thermopiles and their efficiency 
Thermal galvanometers .... 


CHAPTER VII 

INDUCED MAGNETISM 

Variation of magnetisation with impressed magnetic force. 

{H, I) curve . . . 220 

Hysteresis. Residual magnetism 224 

Work of magnetisation. Hysteresis loss 227 

Magnetic properties of iron, nickel and cobalt. Heusler alloys 228 

Electro-magnets . . 232 

Mechanical force on a magnetised body in a non-homogeneous 

magnetic field 234 

Magnetic substances in general. Paramagnetism and dia- 
magnetism 235 

Effect of temperature on magnetisation. Stresses in magnetised 

bodies 238 

Magnetic force and magnetic induction 240 

Tubes of force and tubes of induction . . . . .241 

Conditions at the boundary of two media. Magnetic screening 243 
Work done in taking a unit magnetic pole round a current in a 

magnetic medium 246 

Potential energy of a current in a magnetic medium . . 246 

CHAPTER VIII 

INDUCTION OF CURRENTS 

Faraday’s experiments 248 

The law of electromagnetic induction 250 

Experimental verifications of the theory . . . 252 

Rule for calculating self-inductances ... * !' 254 

Calculation of self -inductance in particular cases . . ! 257 

Growth of current on closing a circuit . . . . , 2^9 


r 


COISTTEOTS 


• ART. ^ 

1^4!*^ Measurement of mutual and self-inductance 
125. Measfttement magnetic fields with the ballistic galV 
. 126. Induction with permanent magnets ... 

- 127. Measurement of magnetic induction. {H, B) curve ' 

128. Damping of galvanometers by induction . . % 

129. Alternating currents and potentials ... * * . 

130. Examples of alternating current circuits . ; . - . 

131. Alternating current ammeters, voltmeters and watt:^ f. ‘ 

132. Measurement of inductance by alternating currents ^ 

133. The generahsed Wheatstone’s bridge for alternating o * 

134. The alternating current transformer . .. . 

135. The induction coil ...... • . 

136. Elihu Thomson’s experiments .... - . 

137. Currents induced in solid masses of metal . [ - . 

138. Determination of the ohm in absolute measure 

139. International and true electrical units. E.M.r. in absolutes 

140. Measurement of the ratio of the electromagnetic to 

static unit of charge . . . ^ ^le^etro- 

141. Localisation of the induced e.m.e. in a moving cirexiit. 


xi 

261 

264 

2rc 

2ii» 

271 

273 

274 

250 

251 

284 

285 
289 
291 
293 
2! '17 

299 

303 


CHAPTER IX 


APPLIED ELECTRICITY 


142. Mechanical generation of electricity . 

143. The drum armature .... 

144. Eield-magnets. Saturation curve 

145. Shunt, series, and compound generators 

146. Characteristic curves of generators . 

147. Theory of direct- current generators . 

148. The direct- current motor . 

149. The shunt motor .... 

150. ' The series motor .... 

151. Drake test of a motor 

152. Testing and efficiency of generators 

153. Generation of alternating currents 

154. Delineation of alternating current curves. 

155. Harmonic analysis of curves . 

156. Investigation of a coil with an iron core 

157. The transformer and the transmission of 

158. Alternating current motors 

159. Polyphase currents and the rotating field 

160. The induction motor 

161. The electric arc 


The 


oscill 


power 


162?^ Electric lighting. Meters . 


307 

311 

314 

316 

317 
320 ' 
323 
320 

330 

331 
335 
337 
340 
343 
346 
348 

351 

352 
354 
360 
303 



CONTENTS 



% 

xii 


ART. 

163 . 

164 . 

165 . 

166 . 

167 . 

168 . 

169 . 

170 . 

171 . 

172 . 

173 . 

174 . 

175 . 


176 . 

177 . 

178 . 

179 . 

180 . 
181 . 
182 . 

183 . 

184 . 

185 . 

186 . 
187 . 
18 * 8 . 

189 . 

190 . 

191 . - 

192 . 

193 . 

194 . 

195 . 


CHAPTEE X • 

% 

ELECTROLYSIS 

Experimental evidence for Faraday’s laws 
The theory of electrolytic dissociation 
Ionic theory of electrolysis 
Physical constants connected with electrolysis 
Polarisation and secondary actions . 
Accumulators *..... 
Measurement of electrolytic resistance 
Conductivity of electrolytes 

Voltaic cells 

Theory of reversible ceUs . 

Measurement of ionic velocity . 

Theory of the motion of ions in electrolytes 
Concentration cells ... 


CHAPTEE XI 

ELECTRIC OSCILLATIONS 

Theory of condenser discharges 
Discussion of a particular case 
Production and demonstration of electric oscillations 
Instruments for detecting and measuring high-frequency currents 
Properties of high-frequency currents 

Tesla experiments 

Electrical resonance .... 

Frequency-meters for electric oscillations 
Coupled oscillation circuits 
Damping in oscillation circuits 

The singing arc 

Hertz’s experiments . 

Experiments of Bjerknes, and of Sarasin and de la Rive 
Laboratory experiments on electric waves 
Equations of the free ether 
The electromagnetic theory of light . 

Theory of the ideal Hertzian oscillator 
Propagation of electric waves in dielectrics 
Electric waves along a pair of paraUel wires . 

Experiments with stationary electric waves on wires 




9 

/• 

< 

PAGE 


368 


370 


373 


376 


377 


379 


382 


385 


387 


391 

* 

393 

i 

396 


400 


404 


406 


407 


411 


416 


419 

!; 

420 


422 


425 


427 


429 


433 


436 


438 


440 


444 

K- 

446 


449 


452 

■ 

«55 





• 


.V 



CONTENTS 



l!»0_ 

-<>o. 


»a! 




<» 

Mea^renient <5 the velocity of waves on wires 
Measurement <if dielectric constants for high frequencies 
Electric oscillations ^in rods and solenoids . . . . 

Wireless telegraphy 

Use of quenched sparks in wireless telegraphy 

Use of undamped oscillations 

Theory of resonance curves and measurement of the decrement 
of electric oscillation circuits 
Resistance of wires for high-frequency currents 


:?UT. 

L!U>. 
:n I . 

MT, 

tlH. 

t'JJK 

itiK 

lUK 

:i2. 


CHAPTER XII 

CONDUCTION OF ELECTRICITY THROUGH GASES 

Discharges in rarefied gases 

Cathode rays 

Measurement of e/m for the cathode particles. Electrons 
Rontgen rays . . 

nSTormal and abnormal conductivity of the air. Giese’s theory 
Ionisation by Rontgen rays 

The motion of ions in gases 

Measurement of Ne by the diffusion of ions .... 
Measurement of the charge on a gaseous ion .... 
Pundamental physical constants 
"Velocity of ions in gases . 

Diffusion and velocity of ions under high electric forces 
Aleasurement of the coefficient of recombination 
The photoelectric effect ... 

Emission of electrons under the action of ultra-violet light . 
Mormal and selective photoelectric effect .... 
Ionisation by colUsion of electrons with molecules . 

-Average velocity required for ionisation by collision 
Ionisation by positive ions . . 

Theory of the sparking potential 

The general similarity theorem . . . 

Eositive rays 

Emission of ions by incandescent sohds 

GCheory of the diffraction of Rontgen rays by crystals 
Analysis of crystal structure by Rontgen rays 

High-frequency spectra of the elements 

Eroduction and properties of homogeneous Rontgen radiation . 
Emission of electrons under the action of Rontgen rays. 
Oondensation of water-vapour round gaseous ions 



xiii 

PAGE 

458 

460 

462 

46^ 

469 

471 

473 

477 


482 

487 

489 

494 

498 

500 

503 

505 

510 

513 

514 
517 
521 
523 
526 

529 

530 
534 
536 
538 
<641 
543 
547 
549 
552 
555 
558 

562 

563 



CONTEISTTS 


CHAPTER XIII. 

RADIOACTIVITY ' 


Discovery of radioactivity 
The three types of radiation 
Radioactive transformations 
Radium and its emanation 
Radium A, radium B, radium C 
Radium D, radium E, and polonium 
The a particles . . . . . 

Ionisation produced by a particles . 
The particles . . . . . ' . 

Homogeneous groups of j3 particles . 
The y rays . . . 

Radioactive elements in general 


CHAPTER XIV 

THE THEORY OE ELECTRONS 

Introduction. Electron theory of metallic conduction 
The Hall effect. Contact and thermal potentials 

Lorentz’s equations 

The electromagnetic potentials 

Electromagnetic field of an electron moving with a small uniform 
velocity 

Accelerated motion of a slow electron. Electromagnetic’ mass 
A model source of light and its radiation 
The Zeeman effect ..... 

Theory of the normal Zeeman effect 

Theorj^ of dectrical and optical phenomena to moving media 
Theory of Fizeau’s experiment 
The Lorentz-Einstein transformation 
Eleotromagnetio mass of an electron at any speed ’ 

The theory of quanta . . . , * , * 

Appexdix. Units and notation 
I37DES. , . 







MATHEMATICAL rSTTEODHCTIOH 


T 
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2. Vectors. A vector may be described briefly as'a directed- 
magmtude. It must be capable of being represented com^etSly 
by a bne of suitable length drawn in %. suitable direction, and 
^must further obey the “parallelogram law”; i.e. the joint effect 
of two vectors represented by the lines PA, PB must be a vector 
represented hj PD the diagonal of the parallelogram drawn with 
A, PB as adjacent sides. The velocity and acceleration of a 
particle, and the force acting on it, are examples of vectors. By 
analog we speak of the components u^, u, of a vector m in 
the directions of the co-ordinate axes. 

If u, V are two vectors, the quan- 
tity -I- UyVy + UgV^ is called their 
scalar product. If u is the value of 
a single vector at the point {x, y, z), 

9m® 9m^ . 

^ IS called the divergence 

of u, and written div u. 

Returning to the vectors u, v, let us 
represent them by the lines PA, PB in 
Kg. 3, in which PB is shown receding 
from the observer. A line PC is drawn 
perpendicular to the plane APB in the 
direction shown, and of length 

PA . PB sin 6. 

Then PC represents a vector called the vector product oi u and «. 
e (direction of PC is easily remembered by observing that, 

mutually perpendicular, they 
still have the same general configuration as a set of right-handed 

1 1 bent towards 

Ox till the angle xOy became 8, the hnes Ox, Oy, Oz could be 

moved so as to coincide with PA, PB, PC in this order. 

"- he reader should notice the following important theorem: 

bbe components of two vectors 
u, V, then the components of their vector product are 

{UyV^ - UpOy, U„V^ ~ U,,V^, U„Vy - UyV,^), 

or symbolically || u,. 



Fig. 3 




u... 


■ys 


V. 


X) 


V, 




If ^ 


i ; call^ 


he Bi 
he t‘ z 
|at 

•e.. Bf] 
. i le^ 


r 'Fii 
e 



MATHEMATICAL. INTROBCCTIOH 


Writing 
^ <- 1 » 

^ U,A 


IC.V 






M.^V^ 


‘UK 






0 . 


we have 

+ W, lt^ -f -i- -f 

Hence the V(‘ctor ir ■■-- (//v- «’„. »'.-) is perpendioulti^ + 
and thereldre parallel fo 1H<. Let Jf be its ma-aii-f--. ^ ^ 

also TJ — PA l)e the niaffidlude of u and V PJ{ ^ 

{)f V. If the true diri'ction-eosines of PA, PJi af(»’ f 7 ^^-gnitude 
V, m', n') resj)ecti\'ely, we have ’ 

u.rr llJ^ n^r mU, w, „U, 


A'V, 


m'V, 


n'V. 




Ilence by definition we liave thrt'e e<piations of the type 
w,. f ’ V {/««' — nt'u). 

lienee 

If 2 ,,, f/2 J'2 

f/H'Lsin^d 

oy a wdl-knowii theorem of solid <,monie,tjy. Jt reinains to verifv 
hat «i IS drawn in the direction si>ecitied above: ami -fco settle this 
t is snllicienf, to consider a. special case, namely wln^n ^ coincides 
►vith the axis ol x and r with the axis of //. Talcino- „ i 
»,=«, ^ 11 , I. ,, ,i,„i 

!es=--!-L The direction of w is th(>refore correct. ^ 

If u is a siiiftle vector, the vector whose com poir exits are 


/3mj di<„ htj, da 


t>n , 


0 


\(Jl/ az' dz dx' dx 
'i called tlie curl of u, 

3. Gauss' transformation*. Let .S' la- a closedL surface 
enclosing a space, that, will be calleil r. Take three cj iiaxitities 
w,, limctions of the co-ordinates ;r. //, r of a, point in the 
regions considered. Let i/r be an element of vohum* of t, dS an 
element of area of P, uml denote by /, m. « the d i re f.t ion-cosines 
of the normal to i/P, drawn so as to point away from -t-. Then 

ru . 


(lUj, A- UlUy y< iLS 


K: 


Of/, 


dL'T' . . ( 1 ), 


Iliw in ijftrii attnlHTitii in .,En|ili:-%h 0 p<*rttn: it liowever. 

by aausji in 




* 




1—2 


MATHEMATICAL IHTBODUCTIOlSr 


4 


[CH. 


» 

the surface-integrals extending over the whole of»/S, and 
volume-integrals throughout r. ^ (ff •> 

Take a point P (0, y, z) and round''it di%,w the element of area 
{dy, dz) in the plane a; = 0. Draw the prism PQ on this base with 
its generators parallel to the axis of x, cutting S in the elements 
of surface dS^, dS^, ot which for simplicity six are taken. 

We start by finding the contribution of the parts of the prism 

within S to the integral or jjj~ dxdy dz. This is ■ ’ 


dydz 


du^ 

dx 


dx 


dydz {u^ -|- — M-ts); 



standing for the value of at d/S,. Let be . the 

corresponding outward normal. The projection of dB-^ on the 
plane a; = 0 is clearly dydz, and it is evident from the figure that 
li is negative, otherwise the prism would not enter the surface. 
Hence dydz=—lidSx. Similarly we have dydz= + \d8^. 

Thus the contribution of the prism to ^^~dr is 

+ \u„.^d8i + l^u,,^d8s + l^u,,Qd8^ + 

which is the same as its contribution to ilu,,d8. By moving the 
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5 


p:isiS’ aboii| we eaiB include tlie whole surface and volume, 


we have tlierefore y 

jh,JS-:= 1 


dr. 

Similarly 


[•Sm„ 

dr, 

Of/ 



and 




dr. 


Adding, we have the tluHnann. The method of |)roof is evideaa-fcly 
general Also no doubt (‘an arisi* as to its \’alidit\' providnl tiliat 
Uy, ‘U;^ ar(‘ finite and continuous, and tiuit 
du./dz are linit{\ for all points on or inside^ tln^ surface. 

If we regjird v/,,., n,,, a,, as tin* (*onn)onents of a veo*fcoi% 
k,,, miiy h nu. is tlu» normal (•ornixnnmt. ilfUH'e the surfa^ee- 
int(3gral of the normal compommt of a vector ov(‘r a surfacte is 
equal to the volume-iniogral of its divergence exteiuhal throipirin^-^^^ 
the enclosed s])ac(U 

From Gauss’ traaisformation W(i can d(Nhice f/rcc/es rcc/p7*ocaZ 
theMTem, namely that 

[(UAV 


wher(‘, A vsta.nds for t.ln^ o]H,*rat;or 





, ( Iaiplac(‘ A opera, -tor) 


and d/dv for Irjrx nwjdij -I- a,n operation kriowii. as 

dillerentiatiou along th<( normal.'’ Here // mid V may lie €i.ny 
two functions of .r, //, [irovided tliat tln^ first d(‘rivati*s ar(* finite 
and continuous and the s(H*ond denvataxs tiuitt‘ in tin* region 
considered Futting in Gauss' traiisfonnation 


we have 



dV 
^ ■ % 
(■X 


U,J 


. or 
^1/ 




7 V 

dz 


.0F 


[uAVdr-^-^ ■ 

cJv J J cx ax 


^/aUdV 7UIV 7dJdV 


Cif 0// 


VZ ( ' 


Interchanging U and. F, we liave 


V^dS^ IVAUdr-h l(^ 


■fdUdV ,WaY ,?U?V 

dw dx ' 2^ % ’ 7z dz 


j (/t** 


dr , 


o MATHEMATICAL INTRODUCTION , 

from which Green’s reciprocal theorem follows by subtra;^,ic?n.T. 
If the quantity under , the surface-integrS,! vaiishes at' infinity in 
the order l/r^ or more, Green’s theorem may be applied to tlue 
Gwhole of space, giving J(Z7A7 - FA?7) cZr = 0. , 

4. Stokes^ Theorem. Let G be a closed curve in space. 
Draw any unclosed surface S having 0 as its rim ; that is, having 
the same relation to C that the membrane of a drum has to its 
boundary. Let Z, m, n be the direction-cosines of the norma,! 
at the surface-element dS of S. Then 



-f- Uy dy -j- dz 

du^ du^ 
dy dz 


H- m 




n 


fdUy 


V0X 

dy)_ 


dS (2), 


1 direction of 
y normals to S 



I’ig. 5 

where the line-integral is taken completely round the circuit C 
and the surface-integral all over the surface S. 

Here dS cannot be said to have an outward normal. Tho 
proper direction of the normal is defined by the following right-- 
handed screw rule : 

- The direction in ivhich the circuit is traversed is derived from the 
direction of the normals to the surface iy the right-handed screw law. 

The proof of the theorem can be reduced to the simpler one 
in which the contour 0 is small by dissecting the cap S into any 
number of smaller ones (Fig. 6). Consider a number of the resulting 
segments forming a composite segment LMNP. 

Evidently the surface-integral over LMNP is the sum of thogfe 
over S^, S^. The same is true of the line-integral round 



I 
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the (ul^e, because tlu^ eonunon boiUKlaries of S^y are 

described in oppositt* <lirecti<nus in tlie separate inte^i^als, and 
disappear from the sum. Tlius Stokes’ tlieorern will be true in 
general if it is true for a. small (a)ntour, which we may take in the 
vicinity of tlie point (rr, c). 

At a point (a:', i/, z') on i;ln‘ contour, the value of is approxi- 
mately p ^ 3 

-h (a;' - X) ^ -i- (!/ - y) ^ -I- (s' - s) 

The line-irdcgra! in Btokes’ tlieorern is liijilx' d- Uydy' + u/d^. 
Terms like jdx/ and fxdx' taken round tlie whole contour vanish; 
hence 

jujd,:' fy'dx' + jz'dx'. 

Further, Sl/dz' +Jz'dj/ 0 sint‘e y'z' resumes its original value 
after traversing the contour. Thus 


u;dy' ^ ^ I y'dx' 


, j , ^ (in A , j , 

y dz d"" i M ^ dx 

\ cz dx / J 


■ 


dx di/ 


x'dy'. 
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projection of dS oiMthe plane x = 4, 

£g -fclierefore ± I dS, We kave to sko^^f‘ th^t, with ^bur rule of 
jixrections, the positive sign is to be taken. In Fig. 7, if I is 
c p^^jtive the contour is described so that the area of the projected 
is always kept to the left. Hence I and ^y'dz' are positive 
Since ly'dz' == IdS, \z'dx' = mdS, and ^x'dy' = ndS, we 
proved the theorem for the small contour. 

6. Flux of a vector. We shall often have occasion to deal 
witih a portion of a surface with a definite rim, such as that 




occirrring in Stokes’ theorem. If S is such a portion of a stir- 
faoo, the surface-integral of the normal component of a vector 
exi-bended over S is called the flux of the vector through S. The 
tei:xxi flux does not always express a flow of a quantity ; but the 
rtraine is derived from the notion of flow, as may be seen bv the 
following. Take a point P (x, y, z) in a fluid (Fig. 8), and round 
it describe an element of surface dS whose normal is (Z, m, n). 
In -fcHe neighbourhood of P let p be the density and {v^,, Vy, v.) 
the velocity of the fluid. The fluid which at time t was at clS 
will^ have moved in the short interval dt a distance vdt, so as 
to lie on a new surface-element dS'. If 0 is the angle between 
and (Z, m, n) the amount of fluid that passes through dS in time 


c 


C 


I 


MATHEMATICAL INTROBtTOTIOE* 


to p x t!ie volume of tlic cylinder between the two 

elements ‘ . * 

p . (IS , vdi COB 6, 

== p (Ii\, i mvy + nv^ (JSdt. 

Hence if we liave a finite surface 8 with a definite rim, the rate 

at which fluid is erossirtsj it is - i- mpVy + nptK) dS, that is, 

the /hix of th(' rvdor pi\ This result is important in the theory 
of electric currents. 

In sonn^ <‘asi\s iln* flux: of a veeior through a surface S depends 
on the form of its hounding edge only, l)eing tlie same for all surfaces 
S with a. giv(m rim. fl'or example, let 8 and 8' be two surfaces 
with a rim C, and let the com{) 0 !ients of the vector ii satisfy the 


ideniical relation 


CU^,. , ^ 0)1. 


t). 8 and /S' together form 


a e-los(Ml surface to which (huiss’ transformation may be applied ; 
but since the normal of one surface* must be reversed in order 
to make it nn outward normal ibe transformation gives 

I r ))) )(„ nuf) (18 — j ^ (in,, -f' noUy + nu.) dS. 

Thus the fliixi‘s calculated for 8 und 8' are the same; that is, 
the flux d(‘|u‘nds only on the rim 6h 

\h‘ctors with tin" abov(‘ pr<>{)(‘rty (tlie divergence vanishing) 
a.re sormflimes called sohufodaL 'Flie vector pv in st^^ady fluid 
motion (‘vidently satisfies this condition, for when tlie motion is 
steady no accunmlathm of fluid (*au go on between any two 
surfa.ces 8, 8\ so that; the flux tlirough. 8 must equal that 
through 8\ 

The curl of ev(‘ry vector is <msily si^en to be solcnoidal, either 
directly or liy cousi(h‘ring that Rtoktss’ tlu*orem expresses its flux 
througli a surface in t<»rms of tln^ edge alone. 

An imjiortant gmnu’al equation nuiv 1>e noticed in connexion 
with tlie flow of fluids. If the motion is not steady the rate at 
wlucli fluid is entering a stirfa.ee S, namely 


j ^ {Ipv^ -i- mpVy -f npiK) (IS, 
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must be accounted for by the rate of incisisase of tfie mlfk^of 
fluid inside >S, that is pdr. Hence^ , . 

— (Ipv^ + mpVy + npVg) dS = J ^ dr. 

Transforming the left-hand side by Gauss’ theorem and com- 
paring results, we have 

4m + |(p«.) + ^(p«.)4-|=.0, 

which is known somewhat inappropriately as the _ equation of 
continuity. 


6. The equation of wave-motion. The partial differential 
equation 

dx^'^ dz^ ~ c^ dt^ 

imposes a certain restriction on 0 as a function of x, z and t. 
It implies that if the quantity d is at time t = 0 distinct from 
zero within a certain region of space, this “ disturbed ” region 
advances in all directions with velocity c. For this reason the 
equation is called the “ equation of wave-motion,” c being the 
velocity of propagation of all the waves. 

The proof of this result in general would occupy too much 
space. We shall verify the property in two cases. Firstly, let 
d depend on x and t only. Then 

1 ^ 
dx^ ~ W' 

The integral of this equation is 6 — f {x — ct) f (x ct)^ where 
f and f are arbitrary functions. The term / {x — ct) is unchanged 
ac long as x — ct is, and therefore represents motion with velocity 
c along the axis of x. Similarly the other term represents motion 
back along the axis of x, without change of type. 

Secondly, let d depend only on r and t, where r = {x^ + 

is the distance of {x, y, z) from the origin. We have ^ = 

OX r or ^ 

as may be most easily seen by regarding — 0 as the potenfel 
energy of a particle placed at (a?, y^ z) in a field of force, in which 
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d6 

casi the radjal force is equivalent to l!i«‘ 

Proceeding further, we have 

dW 1 f B , c j 1 <B\ 
0x“ r tr ' r t r \r Trj ’ 

and therefore 



d-0 m j 

d^O 

^0 . J 1 


dx- ' dy' 

' 02 - r 

?r " ' V / 

The equation of wave- motion 

IhH’OUH^S 



d-0 , ‘J 

I rni 



?/■“ ' r 

cr r'-’ r/*‘ 

or 


vCO 

1 ?^HrB) 


dr- 



1 1 


^ I f 

, , , , 

^ .r f :i # . 


1 7'm 

f r'f* 


Tims tB - cf) 4^ f/> (r -I' HI rt*|>n*H<*nf iiii! Wi.ivi*H cii\ *'i 

and convergin*^ radia.lly with vrlonity r, 'I1n‘ sultilion fur Mdira 
travelling outwards is 





Still more special solutions of the epuatifUi of fitnfN.o an* 

found hy giving {)articular forms to tin* fufiofit.n /. 1 ioif* if 

/(/-) — /f cos />/ (-I) l)econn^B 

0 cos p if ^ N 

f \ c.- 

showing how the arnplitmli^ of an ex|}ajtdinv . phtoira! wa. c 
depends on th(‘ distance from the origim d'his is ^aluahla 

in the th(‘ory of sound. 


7, Bessel ftinctions of zero order. Tie* fiifirtion 


J,{x) .. 1 




is called a Bessel finudion of zero^ onler. if is a lairfifiiln 
of the general liessel function 


Jn m 


V ,, f ' u* 

,.‘'or!{« ; r)! Mi 


whfch, however, we siiall not uhc. 'riic valiiffi <4 .tiid i? 

derivative J,/(x) have been tabuliitwi aiid niity Itc r.aMot'.i .t, 
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known functions. Fig. 9 stows the curve = Jq (x) fron^ x 0 
to x=^ 2r5. Its form suggests very stroifgly i»tat Jq has an infinite 
number of real roots. We shall have occasion to assume this ' 
later. 

It is easy to see that Jq (x) satisfies the differential equation 


dx^ X dx 


+ = 0 , 


which is known as Bessel’s differential equation. It is generally 
more convenient to consider, instead of Jq {x), the quantity Jq {hr). 



10 15 


20 25 


regarded as a function of r, and call it Jq for short. It is then 

necessary to distinguish between JJ, which is and — “ 

® ’ dr ' 

uhe diiierential equation becomes 

+ + (61. 


dr^ dr 


Writing this in the form i (^r and integrating, 

we have 

r r r dJ. r ■, V 




r 
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8. Magnets. Tlii'n; are a miuil>fr(tf iMKlic.s w hii-fi air iMi.iihi.' 
•of attracting iron to a greater or less degree. Tiir:e- ao- railt ii 
magnets. The niineral magnetite, whieh e(»ntiiins eMii'.niriaidt 
quantities of an o.xide of iron (Ke.jt),), i.s a imtnrai magnet , mie'i 
.substances can be ma<l<* info magnets, or /mignttist il. f tf |iiiir 
metals, iron, cobalt and niek(‘l alone shuw ibis [impriM im it 
marked degree; iron i.s the best of the three, the rrlatur rfh. * 
of the three metals iteing roughly in the ratio : I, [t i. 
usual to enumerate various nugliotis by whieh inm ran !<*■ m.ig 
netised by contact either with a natural or with .-in itifiiui.d 
magnet; but by Jar the best, and simjtb'st wav is bv iiie.in- ««( 
the electric current. Ati iron rod can i.e magneli,He,| i,-iv 
by winding it round with eotton-eovtu’iai ei»j(|i)*r wiir until i It- 
wire forms a spiral covering it elo.sely from emi to rnd. am! 
then joining the ends of the wire to the termimils «.f .m rb-. tu> 
battery, for e.\-anii>le a ,f)aniell cell. While the eunvm r- thiwun- 
the rod is strongly magnetised, and a porti<..n of its power inmum. 
when the current is cut oil', ('are must be tiilim t,, p.-,, .Mub 
ciently strong current or to wind a snfbeiently tan-e numb.-, ,.j 
turns of wire round the rod, 

Ibe capacity of iron to retain its mugneti.siu after the t mi* ui. 
is cut oft may bo called its residua! jimver ; and tlm e\t>'iit of 
this depeiuls very much on the (reatmeut the iron lias pjm,o,i,b. 
received. .For tho.se purpo.ses for whieh .small re.M.iu.d p,.K.-, 
is required wrought irott may be msed. ns it h..-e.s mo-f ot t(„ 
temporary magnetism given it liy the <mrrenf when ii .Md.je, f.m 
to vib.ration or rough lusage. .For perimuient magnet... .e. t|,r 
other hand, the (iuaiifie.H retpiired are high resnlual jemm ,.,,.1 
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great resistance to demagnetisation by external magnets or by 
rough usage ; and this is secured by usings hard steol. many 
standard measuring instruments at the p:^sent day depend on 
^ the constancy of the magnets they contain, special precautions 
have to be used to secure this. The magnets are often made of 
tungsten steel, hardened from a temperature of about 800^ C. 
After magnetisation they are exposed to violent shocks and 
changes of temperature, so that whatever magnetism remains 
is very tenacious and not disturbed by the further slight disturb- 
ances met with in ordinary work. This process is known as 
‘'artificial ageing.” 



Fig. 10 


Iron and steel magnets when heated to a bright red lieat 
lose their magnetisation, which they do not regain on cooling. 

A convenient way of ascertaining whether a body is a magnet 
or not is to dip it into iron filings. It is found that the filings 
.do not adhere to all parts of the body, showing that the magnetic 
property is located in certain regions and not diffused throughout 
the body. If a long knitting-needle is carefully magnetised it 
mil be found that filings will only adhere to it in the neighbour- 
hood of the ends. 'The two points round which they ' cluster 
are called the poles of the magnet. The two poles have how- 
ever essentially distinct properties, which may be examined as 
follows: Magnetise two knitting-needles AB, similarly, so 
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that tie end A corresponds to A' and B to B'. It is found that 
At repels A'-^nd B repels B', while A attracts B' and B attracts 
A . Like poles rep^, uniike poles attract. 

The ideal magnet is regarded as possessing two point-poles, 
approximately realised when a long steel bar is magpetised. 
As early as 1^69 Robison showed that ball-ended magnets gave a 
better approximation, and such magnets have been reintroduced 
recently by Searle. If the ends of a steel rod are screwed into 
steel balls of about a centimetre diameter, and the whole mag- 
netised, the magnetic property is found to reside almost entirefy 
in the steel balls. This is shown on dipping such a magnet into 
iron filings, when hardly any of the filings adhere to the connectincr 
steel^ rod. Moreover, the magnetic power is almost uniformly 
distributed over the spheres, as may be seen from Pig. 10, which 
represents the distribution of filings sprinkled on a card held over a 
ball-ended magnet. We thus acquire the notion of some influence 
emanating radially from the poles in all directions, which will 
shortly be made more precise. 

A body magnetised at random may deviate considerably 
from the ideal of a body with two point-poles, but it is not 
desirable to reject the idea of poles. A body of this kind is 
regarded, as an assemblage of like and unlike poles variously 
located inside it. We cannot isolate the opposite poles in any 
way : for if a bar-magnet is broken a new pole is formed at each 
of the fresh ends, and each half after separation behaves like a 
new bar-magnet. 

9. Induced magnetisation. A magnet always attracts a 
piece of ordinary iron, although the like poles of two magnets repel 
one another. The explanation of this can be found by a simple 
experiment. Lay a steel magnet AB in the same straight line 
with a rod CD of wrought iron, previously unmagnetised. As* 
long as AB is there the rod CD will attract iron filings which 


Be D 

Fig. 11 

Will adhere to it mainly at the two ends, but the power of attracting 
such filings IS almost entirely lost when AB is removed. This 

P. E. 


0 
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shows that the rod OD has temporarily become a magnet, and the 
rod is said to be magnetised by induction. 'Further, we can easily 
test the nature of the induced pole^ by observing whether a 
particular end, say Z), repels or attracts one end of a magnet 
similar to AB. In this way we can show that the pole induced 
at G in the wrought iron rod is similar to the pole A of the original 
magnet, while the pole at D is like the pole B. The process of 
attraction therefore consists primarily in the magnetisation of the 
rod by induction, and then B attracts the unlike pole 0, the 
other poles having less effect on account of their being further off. 

If a pole of a magnet is brought very near a weak pole of 
the same kind attraction may result, instead of tlie w'eak repulsion 
observed at moderate distances. Induced magnetism may thus 
overpower the ordinary or residual kind. In, fact-, magnetisation 
is always induced in a magnet to some extent when otlier magnets 
are near, although the induced effects are relatively much greater 
with wrought iron than with hardened steel Witli steel magnets 
in ordinary experiments the induction effect is negligible in 
comparison with the permanent actions, and the magnetic 
properties of good magnets remain unaltered over considerable 
periods of time. For the present we need only consider magnets 
of invariable quahty, which are called, permufumt magnets. We 
shall have occasion in a later chapter to form an estimate of the 
extent to which , induction takes place in a magnet under the 
conditions of ordinary use. 

I 

10. strength of a magnetic pole. The important question 
arises as to what number can he assigned to the pole of a permanent 
magnet which shall express its power of being attracted or repelled 
by other poles. The question is a theoretical one, since we cannot 
''experiment, except approximately, on ideal poles : and moreover 
it is not very convenient to measure directly the forces between 
magnets. To obtain some notion of the strength of an ideal pole 
we may consider an ideal experimental arrangement and suppose 
the resulting forces to he known, merely for the sake of de- 
finition and without implying that it would be easy to realise 
the theoretical conditions in practice. 

Suppose that we have any number of magnets distributed 



II] 


PEEMANENT MAGNETISM 


10 


in^a region in any manner. Such a region, that is a region of 
magnetic attractions and repulsions, is called a rndf/iic/ir fu-ld. If 
a new pole is introSuced' and placed at an assigned jioint P of 
the field, it will in general be acted on by a certain force din' to ’ 
the magnets in the field : and we shall make the natural assninp- 
tion that the line of action of this force is tlu‘ same what(‘\'er 
pole is placed at P. Suppose now that we place a number of 

poles in succession at P, and observe the magnit,u(l<‘s Pj , F„. P.j 

of the forces acting on them, regal'd being had to the sign of t he 
forces, then the sirenffths of the various poles are delined to be in 
the ratios 1\ : Pj : P^, etc. We may thus select any of the poie.s 
and call it the umi pole, or pole of unit strength, and the .strength 
of any other pole is then known when the forct? on it i.s measured. 

If the above definition is to be useful it must give ti> a 
paiticular pole of a perinauent inagiict the same strength under 
all conditions. We shall thus hav(; to jiostuiarte further that 
the ratios of the forces I<\, F.,, F,, ... are independent of the 
particular field used in their detei'inination. 

In order to detei'inine pole-strengths in absolute measure, 
the strength -I- 1. is assigned to the. chosen unit })ol(‘, and other 
strengths determined by the above definition. We hav<‘ otdy to 
imagine a field produced by a single magnetic jmh; to see that 
poles which are like the chosen unit pole, have positiv(‘ strengths, 
while the strengths of poles which are ^mUke it are negative. "" V\'e 
shall for this reason speak in future of positive and iieijoHve nuigmd i<- 
poles, and in saying that the strength of a jiarticular pole is m 
we undeistand that wj has sign as well as magnitude. 


11. Magnetic force and potential. Common observation 
shows that magnets exert more force on one anotlier when f iiev are 
near together than when far apart, so that a magnetic pole in 
general experiences different forces when plact'd at dilTerent. I'loinf.s 
of a magnetic field. Taking a set of co-ordinate a.xe.s. h*t a unit 
pole be placed ,at the point P {x, y, z). The field is eomphdelv 
specified by the mechanical force 11.) with which it 

acts on this unit pole, and the vector H whose components are 
{H^ H„, //j) is called the magnet ic force, at P. It follows 1 hat a pule 
of strength m iilacod at the same point would exjierienen a force 
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{mH^, mHy, mH^), The reader should bear in mind th^ the 
term magnetic f orce is always used in the abbve precise sense, and 
never loosely for the force acting on ^ny magnetic pole. 

If Hy, H^) are the same at all points, that is if H is 
constant in magnitude and direction, the field is said to be uniform. 

The mutual forces between magnetic poles will be assumed 
to be of the type known in mechanics as conservative, and the 
potential energy of a unit pole when lying at a point P in a field 
is called the magnetic ^Mential at P. Thus if the magnetic 
potential at P is exactly that amount of work would be done 
by the forces of the field when a unit pole is taken from P to an 
assigned point. The assigned point is conveniently taken at an 
infinite distance from all the magnets in the field. 

It is easy to show that a magnetic field is completely specified 
when Q is given at all points of it. Let a unit pole be moved from 
the point (x, y, z) to the near point {x + dx, y, z). The forces 
of the field do work H^dx on the pole, and this must be accounted 

00 

for by tbe decrease — d£l = — dx of potential energy. Hence 

cx 

0O 

Ha;dx = — dx, and similar results hold for small displacements 

OX 

parallel to the axes of y and z. 


Thus 


= - 


dx’ 


Hy = 


00 

dr 


IL 


dz 


(1), 


so that H is known when O is given as a function of x, y, 
and : 2 . 

It is clear from the definition that magnetic forces are com- 
pounded according to the parallelogram law. Thus if two fields 
of strengths H and H' are superposed at right angles to one another 

J:he resultant field is of magnitude iH'^ + makes an 

angle 6 — taii”^ {H'/H) with the direction of H. In a field specified 
by components (i?^, Hy, H^) the magnitude of the resultant is 
given by 

12. A magnet in a uniform magnetic field. The tendency 
of a compass-needle to set in a fixed direction shows that there is 
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a nataral magnetic field at points on the earth’s surface. This 
field, in the absence' of special disturbing circumstances, may 
be regarded as uniform over the small space occupied by an 
ordinary room. Theoretically, we might examine the effect of " f 

the earth’s field on a magnet by supporting the latter at its ' 

centre of gravity and thus eliminating the effects of gravitation I 

This IS however not very convenient, and in practice it is better "’I 
to examine separately the horizontal and vertical forces. The I 
• ordinary pivoted compass-needle is supported somewhat above i 
its centre of gravity, and is thus not very sensitive to vertical I 

actions. On the other hand, it turns freely round in a horizontal 
plane, so that we may begin by considering the horizontal com- 
ponent only of the earth’s magnetic field, that is the magnetic 
force in a plane parallel to the earth’s surface. I 

Eegarding a magnet as an assemblage of ideal poles, let m ' i. 
be the strength of one of them. When the magnet is placed in I 

a uniform field H the pole is acted on by a force niH in a fixed ■ 

direction, and the resultant mechanical force on the whole magnet l' 

is HT,m. The above case is experimentally realised when a \ 

magnet is floated on a cork in water', H representing the horizontal f 

component of the earth’s magnetic field, and vertical forces I 

being practically inoperative for reasons similar to those advanced 
for the^ compass-needle. Such a floating magnet tends to point f 

north and south, but it has no tendency to move p 

bodily in any diiection. Phe resultant force on the whole magnet k 

in the uniform field H must therefore vanish, i.e. Sm = 0. Hence r 

we have the important result that the total strength of the poles i 

of any magnet is zero, or the magnet is compounded, of positive 1 

and negative poles to equal amounts. I 

Let A, B be the poles of a simple bar-magnet, of strengths i 

ni and — ni iespectively, and let the distance between the poles 
be S. When the magnet lies in a uniform field H with BA making ' 

an angle d with the direction of H, the forces on the magnet are 
mH at each end as shown in Fig. 12, and these forces clearly I 

reduce to a couple of magnitude mHh sin 6 tending to decrease 6. I 

The product mS of the positive pole and the distance between | 

th^two poles is called the moment of a bar-magnet and denoted 
by M. Hence the couple on a bar-magnet in a uniforiii field is i 
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MH sin d, and in a given field the couple will be the same for 
two very different magnets if only they have* the same moment 
In defining the strength of magnetic poles it was supposed 
- that any pole might be taken as a unit and given the strength + 1. 
This indeterminacy will be removed later when we have considered 
the law of action of one pole on another at various distances apart : 
but in any case it is convenient to call the north 
end of a compass-needle a positive pole. The 
line joining the poles of a bar-magnet is called 
its axis, and the positive direction of the axis 
is that of a line proceeding from the negative 
to the positive pole. Hence when a bar-magnet 
is used as a compass the axis coincides with 
the direction of the earth’s horizontal com- 
ponent, since the final position of rest of the 
magnet in Fig. 12 is clearly given by 0 = 0. 

This direction is known as magnetic north. 

In a non-uniform magnetic field a magnet 
will of course tend to set in a certain direction, 
but will in general be acted on by a resultant 
force in addition. 



Fig. 12 


13. The magnetometer. Inverse square law of magnetic 
poles. The magnetometer is essentially an instrument for the com- 
parison of magnetic fields. One form consists of a large compass- 
box let into a board about a metre long, the box being moveable 
about its centre and containing a short bar-magnet. A long 



double pointer of non-magnetic material is attached to the magnet 
and projects at right angles to the magnet so as to move over a 
graduated scale round the circumference of the box. A graduated 
groove for holding magnets is cut in the board and points towards 
the centre of the compass-box. To adjust the magnetometer the 
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compass-box is first turned till the jiero line of its seale. points 
along *’tlie groove, and the whole instrument can then be turned 
round until the pofnters read ;^ero. It is clear that in this 
position, the noi'inal position for the magnetometer, the c^roove 
points niagiH'tieully east and west. 

\^'ith the aid of. the magnetometer and the definition of the 
strength of a, magnetic pole we can demonstrate tlie law of aefion 
of magnetic poles, as follows : 

(1) J he nidijiielic force (hut to a xhujlc pole is directed radialhi 
outwfmk front it. Turn tlie magnetoimder l.hrough fiO'* from its 
normal ])osition, so that the groove jatinl.s magnetieall v' north 
and soiitii. fi'he maalle will now point to iiO'' on the scal'o. The 
reading is nnaliered when a har-magnet is laid in tin* groove, 
and this hold.s good even if one <md of the magnet is raised, from 
the groove, |)rovid<Hl that it remains magnetically north, of the 
comf)a,.s,s-needlo. Hence neither })ol(‘ e.xerts any 'east and west 
comi.onent of magmfiic force on the needle,' ft may indeed 
happen tliat the needi(‘ suddenly swings tlirougli ISO'* and comes 
to ivst pointing in tlie opposite direction, simv the inugnetic 
lord' due ti) the liar-magnet may overpower the earth’, s field; 
hut the di rect ioms of the two fit'lds are aecurateK' parallel. 

(2) J he vi(t;/netic force tit an itssii/ned distaiuT from a pole 

is proport lontd to the strem/th of the. jao/c. .Let P lie' the pole to 

III' (‘xamineil, it,s stnmgth lieiug vw, anil imagine a, unit pole A. 

to h(> ])laced in the assigned po.sition. The pole A e.verts on P 
a, 'force projiortional tii m by definition, and thi.H force is equal 
and opposite to the force e.xerted by P on A. “irhe latter i.s however 
the magnetic foree due to tlie pole. P. 

(■‘>) The. til nil net If force at disttirifc r froin a i/ivcn pole is pro- 
porttonnl to l/r-'. I’hice the magnetometer in its normal position 
and lava, hall-ended magnet in the groove (Kig. 13). If the poles- 
are distant r and r ■ I Irom the compasH-iieedle, thev would, 
on the above law, produce a, magnetic field //' Tiroportional to 
1 J , . 

P “ I ijy, and in an east and west direction. In any' case, 

however, we have IP - //taut?, where H in tlie horiKontal com- 
ponent of the eartir.s field and d tlie oliserved dellmvion of the 
needle. Thus for a given magnet placed in variou.s positions 
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along the groove we should have ^ P^^P^^tional tc^ta^ 6, 

^ j~ j) tan d = constant. In an ordinary experiment the 
(r +21)1 

constancy is found to hold good to about 2 per cent., which is 
about the limit of accuracy to be expected. 

A more direct proof is to arrange a vertical groove directly 
above the compass-needle, and get rid of the effect of one pole 
by resting it in this groove, while the other pole lies in the original 
groove at varying distances r from the centre. With this arrange- 
ment it is easy to verify that tan 9 is inversely proportional to r^. 

It follows from what has been said that the magnetic force 
at distance r from a pole of strength m is Am/r^, where A is some 
number. Hence two poles of strengths m, m' distant r apart 
repel each other with a force of F dynes, where F = Xmm'jr^. 
By suitable choice of the unit pole, hitherto left indefinite, we can 
make the constant A equal to unity. For if the unit pole is taken 
to be that (north-seeking) pole which repels an exactly similar 
pole distant one centimetre away with a force of one dyne, we 
have F = 1 when 7 n — m' = r = 1. Hence A — 1. 

With these units the magnetic force due to a single pole m 
at distance r is mjr^, and field-strengths are now measured in 
terms of a perfectly definite unit sometimes called the gauss, namely 
the field which would exist one centimetre away from a unit 
pole. The magnetic potential at distance r from a pole m, or the 
work done by the field when a unit pole is taken away to infinity, is 



The most general magnetic field may be regarded as produced 
by a number of poles distributed in a certain way. The magnetic 
j)otential O at a point P is then given by the equation 

0 = S(m/r) (2), 

where r is the distance of P from a particular pole of strength m 
and S indicates summation over all the poles present. 

Instead of being concentrated in points, magnetic poles may 
be distributed continuously through space in such a way that 
an element of volume dr contains a total strength of pole 
Then p is called the volume-density of magnetism, and the 
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magnetic potential of such a distribution at a point P is O = fP^Z 

where r is the distance from P to dr and the integration extends 
over the whole volume containing poles. Similarly we niay' have 
poles spread in layers over surfaces. The strength of |:)ole per 
unit area near a point is culled the surface-density of niuigrietism 
at that point and denoted by a. The resulting magnetic- Icotential 

IS then Q = , where the surface-integral e.xtends o\-er the 

surface or surfaces carrying the magnetic layers. 

14. Measurement of the horizontal magnetic force of 
the earth, and the moment of a magnet. 

1 ARi I. MensuToneiil of M/H. Idie raagnetomettu- is ggt 
up in its normal position with the groove ])ointing ea.st. and west 
and a magnet laid in tlie groove as shown in Fig. 115. Led: d be 
the distance of the centre of the magnet from the small compass- 
needle, d± S the distiincc-s of the poles of the magnet. 'Pixen if 
± ni are the pole-strengths, the magnet enverts a magnetic- force 
in the east and -west direction of magnitudci 

[[f ,™ 2iT/rf 

{d (d' + 8)^ "" ((/C! ’ 

vvhere 1/ is the moment of the magnet. If 6 is tlic d(‘li<.‘xion 
H — H tan 6, so tliat ’ 

M {<t- — S-)- 

ir- M (^'5). 

With ball-endc‘d magnets 2S is the distance betwee-n the 
centres of the s])h(‘rical ends. The distribution of magm-lisiti in 
cylindrical magnets is not so simple, but good results arc' oblaiiied 
vwth _ cylindrical magnets by assuming the cmpiric'al law 
that the distance between the poles is tive-sixths Ihi' h'ligt-li of * 
the magnet. It is advisable to read both ends of flic' (hmble 
pointer on the compass-needle and also to take readings with 
the magnet turned over. Further, to correct for a pos.sihh' error 
in fixing the compass-box of the magnetometer in the- middle 
0 the scale, the leadings are repeated with the magnet on tlie 
opposite side of the compass-needle. The value of 0 is thus a 
mean derived from eight observations, n 
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Part II. lUeasuTement of MH. The magnetonaeter is removed 
and the magnet M suspended horizontally from a torsiontess silk 
fibre, so as to oscillate round a vertical axis through its centre 0 
(Pig.” 12). When the needle is swinging the earth’s field exerts a 
couple of magnitude MH sin 8 on it in the direction tending to 

70 A 

decrease 6, so that ^ ™ 

where I is the moment of inertia of the magnet about the axis 
of rotation. For small oscillations sin 6 may be replaced by 6, 
and we have Id^Oldl? + MH 9 = 0. The motion is then simple 
harmonic, and of periodic time T = 27r Hence if T is 

observed the value of MH is given by 


MH = 


4:7T^I 

^2 


w* 


The moment of inertia I can be calculated at once for a homo- 
geneous magnet of simple form. Thus if the magnet is a cylinder of 
mass m, length 21 and radius a, 1 Similarly for a ball- 

ended magnet consisting of two spheres of radius h with centres 28 
apart j joined by a rod whose radius ci is small compared with its 

^2(§_5)3+463(S2+ 2J,2) 

length, / = m + W ’ 

Erom (3) and (4) we obtain M and H separately. 


15. Magnetic field of a small bar-magnet. Let us have a 


small bar-magnet OA, with poles -m, m 
at 0, A respectively. Take 0 as origin 
and OA, the positive direction of the 
axis of the magnet, as axis of z. If P 
is the point {x, y, z), we have OP = 
where — x^ z^. If S is the 

distance between the poles OA, AP is 
obtained from OP by writing z-8 for 


8, i.e. 


correct to the 


AP r dz \r. 
first order in 8. The magnetic potential 
at P due to the magnet is thus 




m 

AP 


m 


= m 


dz 




m 

T 




•a? 




c 




n] 
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O 


3f 


dz \r 


Mz 


■( 5 ), 


_ M cos 6 

f‘' “ f- ' 

where M == mS is the moment of tlie magnet. Differentiating 
with respect to x, y and s we liave the components of the field at 
P, namely 


11. 

U.. 


M 


c- 


'1 


?xcz \r. 


M, 


J/; 


r yrz ' .r , 
1 


UIxz 

f' 

^Myz 

r“ 

r' 




•( 6 ). 


The following method, due to dauss, enables ns to determine 
the law of action of magiu'tic poles nb iniUo by measurements 
witli a small bur-magnet on tln“ magncdanneter. 


_l_LJ.Ll I 11 I I I I I I I I I I I I / 



J 1 1 rn 1 1 1 1 1 1 

Uli- 

A y i 





Fie. 15 

The. magiK't is first placed magnetically ea.st of the compass- 
bo.\' as shown in Fig. bo, with thi! magnetometer in its normal 
position. Let tln^ strengihs of the poles of the magnet be d- m, 
and let ri S be flunr distances from the com])ass-ne.edie. If the 
magnetic force at distane<‘ r from a. pohs m is in.f {r), tlie 'small 
bar-magnet will ])rodue(i at. the centre of the compass-needle a 
magnetic force w/(r -- 8) - w//(r f8) in a westerly direction. 
Expanding to tlu' first order in 8, tin* magnitude of the force 
becomes - 2mSf'(r) ■■■■= - .l//'(r). where M is the inoimmt. Hence 
the compass-needle will lx- delieefed to the west t.lirougli an angle 
given bv 

- Mf'ir) // fan 0^. 

Now let the magnetoni(‘t(“r b<! turned througli a right angle 
and the magnet laid omw.v t he groove at the same distance r from 
the needle as helore, as shown in Fig, 1(5. The po.sitive pole of 
the magnet now produca's at; the centre a magnetic force practically 
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equal to m/(r), and it is easy to see that the two poles neutralise 
each other except as regards the easterly com- prrn 

ponent, which, is 2m/ (r) ^ . Hence in this z 

position the needle is deflected to the east through -hiiiii-* 
an angle 02 given by - 

M/(r)/r = fl‘tan 02 . I 

It is found that tan0i = 2 tan02 within the limits = 
of experimental error. Hence ~ 

/'(r) = -2/(r)/r, I, 


Integrating, Ave have = constant, so that f (r) > 

varies as 1/r^. 

16. Terrestrial magnetism. The quantities I 

determining the earth’s magnetic field at any place 
are " 

(1) the horizontal component H, ~ 

(2) the declination, or acute angle in a horizontal 

plane between magnetic and true north, I 

(3) the dip, or angle 9 at which the axis of a _Z 

compass-needle supported at its centre of gravity - 

dips downwards. H I I 

In the latter case the direction of the needle is iq 

that of the resultant field of the earth. In addition 
to the horizontal component H we have a component V verti- 
cally downwards, and F is clearly given by the equation 

V = H tan 9. 

To measure the declination at any place we require a magnetic 
and an astronomical observation, the former to fix the position 
of the magnetic meridian and the latter that of true north. An 
accurate determination can be made with an instrument called 
the declination compass. Thanks to the exhaustive magnetic 
surveys carried out in recent years by Eiicker and Thorpe, the 
declination at any given place can be estimated fairly acct^ately 
without measurement. 




The fact that the eon'ipasH-needli* itt a iieurli fav^.t 

direction lias of coiirst‘ long hocn ntiliscri in niutcalioif : lor 
rough surveying work" a usrt'ul instnuncnt depcndin;/ on flit 
princi{)le is the jirisniatii* (‘(>ni])ass | Kig. 17). !n I hi"- niin-»*fO 
the compass-needle carries a gnMluati*d eanl or a lielo fit '' “! 
Bon-magrietic metal divitltal into degriMrs. Tie* olt.'r^v^i Cm, 
tlirougli tlie vei'tical slit sliown on the let! tit ilie tieno* .o d femi 
the iiistrunient so that tlie ohjeti is i‘>;aefly lu-hind lie' 
thread sliown on the right. Uy means td a ihdii an‘d**d fei m 
covering tlie lowin' half of th<‘ slit he can also sep tie* gredimhon 
on, the divided seahy and It is iNisy te> ohserv«‘ fiie | to i lion of 
the vertieal thread among the simle 
divisions. The gradual ions a re eon 
V(,niitrritly ari'iinged so that the read 
ing gives at once the angle let ween 
the magnitie meridian and t he diree 
tion of the o!)j(‘et from the ohser\'er. 

In this way angles ran easily he 
nu‘asuri‘d to a. fraetion of a degreiy 
and if absolute azimut hs are r(M|nireit 
we only reijuire to know' the local 
declination, which can h(‘ found with 
fair accuracy from data given on 
most ordnanee ma|)S. 

It should he inentiomMl that a 
compass hasisi on the primn|h» of 
the gyros(:o[)e has rei'ent ly lieen intnelucetl fur use in lar-^o » f 
tlie (htermination of azimuth lieing thus renderial !mh'p*nehni •*( 
m a g n et i c 1 1 1 > s e i • 1 1 1 i < i ns. 

The (lip is (ietermineii by nmans of the diji inrcfe, vJ(»- i 
mod(‘ of ait'iou will he understotMl frum Fig. 1*"*^ M ? 

essentially of a magnet <'a|)ahle uf nnning ronrnl a leais.'aa.d 
axis througli its centre of gravdy: such a- inagin'’! will nnlr 
an angle 0 vvitli the magnetic north when the plane uf f,fc' dip 
circle is in the magnetic meridian. It is ea;n‘ to seM ih.u ym- 
needle will dip v'ertically downwards wiien ilie plane i ficrh^u 
through, DC.) ' from this positiorr- ■■ fur the Inarizuiifal eumgiuicai! iii 
this case will only temi to strain the 'hearings, while ffie \ 





t 
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component will exert its full effect. This gives a convenient way 
of setting up the dip-circle in the magnetic meridian. * * 



The following are the approximate values of the magnetic 
elements in London at the present time : 

Hormontal component, 0-185. 

Declination, 16° W. 

Dip, 67°. 

Vertical component, 0-44. 

All these elements are sub] ect to large changes in time. It would 
appear that the changes are more or less periodic, going through a 
complete cycle in about 1000 years, though exact observations have 
not been made over this range. In addition to these secular changes 
there are smaller diurnal and other variations, indicating a direct 
or indirect dependence on the position of the heavenly bodies. 
Lastly, irregular variations frequently occur, particularly in arctic 
and antarctic regions, which have been called magnetic storms'^. 

* For a fuller account of terrestrial magnetism, and of the precautions required 
for accurate measurements of the magnetic elements, the reader may# consult 
Watson’s Physics, pp. 602-617 ; Practical Physics, pp. 396-417. 
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The existence of niiignetic elements of (‘unrH.e slitnvs fliai 
eartfi itself is a niagnet: :nieasurenientB of these 
in an ordinary laboratory do not however give tlte emrei ! Ie !il 
due to the earth’s nuignetisni, since the |>r<‘Siaiee uf inni l aii/i- 
great local disturbance and ofttm entirely lalsiii**,^ tin* fet-.i. in*' 
ment. The heavy (^leetrie currents now so freiiiientl) cinf*l*>\.o 
also have very a|)pr(*cia))le inagnetit* efTect. For »*\amnb', ih*' 
horizontal coiripoiunit in |)arts of tin* Fitadricji! i.aborafisr^^ . 
Oxford, is as lowas0*l,BO that stajidart! ina,gnetic oln»*H ation*^ 
would here be out of the question. A !nagin*tic observattny noi ? 
be made entin^Iy of non-inagtietie inateriai, and sitnatiMi .o a 
considerable distance from railway liims, gtaioratnig aiafnui 
and other source's of disturbaina*. No nnalcrn nirrtrioal in in,' 
ments however depend on tin' strength of tin* cartifa tiold at tn* 
place where they art^ situatc(b l>ut on ii<‘!ds artificiai!\ ponifirro 
and of known strength, 

17. Gauss’ theorem. I f dS is an clement of' a cloiaai .oiriai.'.** 
^5? and //,„ the cmnponi*nt of magnetic, force -aloin' tin* oufiva.rd' 
drawn normal to dS, then tin* vahn* of lahcn ou‘i ilic 



in 


whole surface, is irr tim.es the sum of tin* strengths »>! all iln* 
magnetic poles insi<h* N. 

Consider first ol all tln^ ('astt of a single poit* m plar.-tf 
external point P (Fig. Ih). :[)escrii)e a small cone nf solnl 
dw rgimd P, cutting the surface in an i*ven minibr*r oi suihir,' 
elements (in the figure dS,. dK, dS^. la'f IK. H., b. 
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the angles between the ray and the normal at dS^, dS^, dS^ 
respectively. At points of entry like dS^, dSo^, 6 is obtuse and 
the projection of the element of surface perpendicular to the ray 
is - ^>5 cos e. Since this is equal to f^dco, we have 

dS = — r-dcojcos 6. 

But H = 'mlr\ so that - m cos ejf^. Hence at points of entry 
= - mdoj, and at points of exit H^dS = mdo). If P is 
an external point the points of entry and exit occur in pairs, and 
the contribution of the small cone to IH^dS is zero. Hence the 
integral is itself zero. 



If P is an internal point (Fig. 20), there are always two more 
points of exit than entry, and the cone contributes ^mdoj to the 
integral. Now in tracing out the complete solid angle iir each 
elementary cone is counted in twice. Hence Jc?a> must be taken 
equal to 277 only, and 

lEJS^irrm ( 7 ). 

The result can easily be generalised to cover any distribution 
of magnetic poles. Each internal pole contributes I-Trm to the 
integral, and each external pole nothing. Hence we have the 
complete theorem as enunciated above. 

18. Lines and tubes of force. An equipotential surface is 
one at every point of which the potential is the same. In a given 
magnetic field O is a given function of x, y and 2 ;, and the^equi- 
potential surfaces are given by O = (7, where 0 is some constant. 
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By giving dillerent viiluen to 0 we get a set of eqnipotential 
siiffat^es. 

Starting from a.-|K>int P In a rnagnetie field imagine a \eay 
shoit line / fp drawn in tin- direction of tfie nvsultani maemnit' 
iorce at P, lerom Q a similar line QB is tirawn, an<i S(» um In 
the liinit tire cnrviHl line PQP,.,^ which marks af r^ery luhnt 
the direction of tin' resultant rnagnetie forcig is calha! a luh' of 
force, Bor a single pole tlie lines of force are straight, poirifing 
from or to the pole ac<‘f»rding as its strength is positiv e or n*‘vaTive, 
and tlie same thing <jeenrs in the immediate neighbourhofn! (d 
an inlinitely small pole in any rnagnetie tield. 

'riit‘ lines of. fon*e liavi* the important pro|Mvrtv of mtling tln^ 
ei [iiipotent ial snrlaces at right anghes everywhere, To pruvt* this, 
consider a. sliort !ine *l/> of hmgth ds drawn in an tM|uipotj’nlial 
surface. If 7 is t!u^ eomponent- of mugnetie force in the dir»M‘tit>n 
rfs, the work dime wlnm a unit pole is rmjvts! fri>m J fu li is Tds. 
This expn‘ssio!i must howevan* varnish sirna* J ami li are at !lo» 
samn^ [mtenfial. IBmee 7’ Ig i.tr titertds rn> tangenfia! cMnnpnnn*^ 
of magmgic foiaa* at. any [ahtit i»f an eqni|Kgenf ia! surface. Tin* 
liuiss of foree must tlnu’efon* rrm out normal! v. 

The ispiuthms of eguipotentia! mvkees atnl !im*s of hirce can 
he olitained in simph^ ernes. Considi^r for i*xample the lirTi 
piodii(‘ed hy two jinrl oj^posite |)oh\s, whiidi uc mav taki‘ 

to lii! at the points ( e, tg 0) and (n, (g (I) respiag i vrly . If the 
poh^’Htrengths nre m ami m, the pictentiai at the point t.r, //, ) is 

12 :v:,: {(a? /// l(,r i -yf*'!. 

( outining our attention to f hi^. sections of ia|ni[Hgmil ial cnifacrs 
by a. plane through tln^ poh*s, hn’ exarnph* the plane 2 o, tho 
eipnpotent ial snrfae(»s are given fry 


m \{,r : r ^ f ^ 

Tln^ liiH's (if lore.' jirc foiiiiil l.y tlif coiKiif ion (fnit th.'v rut 

thr ciniputinitial curve, s at riyht tina'‘S. Kliiuiiu.liu.- i lie eniKO;tut 

(■ Iroiu tile last et|uafi()u fiy (iilTereutiiiliou we !ia\e for ihr 
(lillereitfiai eijuatiim of aii flte etjuipojeutial eurves 

fi//') 


{{£ 4, af r fl 'i !(.»' - af ■ //‘I 


'gr (I ■= y 


dj’ 
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Replacing dyjdx by - dxjdy gives the proper direction of the 
tangent to the line of force through the point {x, y ) : heficeVe 
have the differential equation of the lines of force in the form 


dx 


y 


{{x -I- af + y'^) 
'which may be -written 

d 


dx y 

{{x - af + y’^f 


/X + G'N 


d(^-^] 

\ y ) 


\ y J 


1 + 


'X + 


1 + 


'X ■ 





Integrating, we have the equation of the lines of force, namely 

- (T)r * - 

or {X + a) {[X + af ^f}-^-{x- a) {{x - af + y^ ' ^ = const. 

The hnes of force are shown in Fig. 21. Similarly Fig. 22 shows 
the lines of force due to two equal magnetic poles of the same sign. 

Diagrams of this kind are very instructive, as they show at 
a glance the state of a field at every point. Further, we shall 
see in the next article that the strength of the field is also indicated 
by the closeness with which the lines crowd together at different 
points of their length. 
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Eig. 24 

The lines of force which start out from points on a closed 
o-Lirve form a tubular surface called a tube of force. Fig. 25 
shows the tube formed by lines of force starting out normally 
f x'Oiii the perimeter of a small element of surface dS near P . Let 
cZjS' be the cross-section of the tube near another point P', and 
lot H, H' be the resultant magnetic forces at P, P' respectively. 
Tlie immediate neighbourhood will be supposed to be devoid of 
xxaagnetic poles, so that we can apply Gauss’ theorem to the 
-txuncated tube in the figure. The tubular sides contribute nothing 
to the surface-integral of normal component, since the resultant 
field is perpendicular to the normal to the surface at all points 




on those sides. The ends contribute — HdS and H'dS' respectively, 
etnd since the total integral vanishes we have HdS H'dS', 

Thus for a small tube of force the product of the resultant 
field and the cross-section of the tube is constant. Lines of force 
•fclierefore crowd together in the strongest parts of the field. 
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Jf ive coi)si(](‘r a closed circuit (] in a ref^iou of sjjace iii which 
there are no nia-n.dic poles, then bv the tvi.e of arcu.aenf- 
used on p. <) w<- sec that the flux of moqnelie forrr Wmnwh n 
can be specdie.l in tenus of fj alone, i.e. it is in.!e,,end.‘nt of the 
particular surlace ,S' used in its estimation. 'I'lie reader can 
ea-sily satisfy him.sidf that a. given tidm of force will confriinite 
nothing to tin; llu.v of force through C if it does not ,,as,s thrombi: 

6, but that if It does interlace 6' it gives a definite contrihution 
to the flu.v- irrcs[K>clive of the surface ,S' used to calculate it 
bor this reason_ tJie phrase “number of tubes of force passiro'r 
through a circuit’' is often used instead of “fiu.v of force tlirou<r}7 
a circuit” : but we shall adhere to the latter phrase as expressin.r 
more precisely what is imaint. 

19. Magnetic effect of any small magnetised body 
i mvever irregularly a small f.ody is magnetised, its maonet^: 
clh>et IS that ol a certain small bar-magnet. It is of interest to 
.-nid a.vis of this equivalent nuumet in terms 

0 the positions ol^ the poh-s in the small liody. 'I'ahe a sot 

01 a.ves ol .r, ; with the origin somewhere in the small body 

and let a speeimen pole in the body he one of slremPh 

at the point 4>(.r. y, -). y p,, 

the point P (f. C). Since , are .small we l.a v,* 


gp - - X)- !■ (r, - qf i. „ ;)'J. d , ' 




' f 

appro.xiinatelv, whi-re (){^ ■ r. ilenee if v .i..,,,.,,,., 

n u ■ 1 • , ui.iKt. 11 _ d.-notes summation 

ovct, all the poh's iii the small magiietiseil hodv 
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) first 

t(‘ 

I'ln vanishes since 

!!///■ ^ It. 

II’ we 

writi? 




M., = JII 

„ = ii/a//, 

d/, -■ 


we 

liave 


Q 

i- 7/,J/„ ■■ 

• Cd/, 



The 

mom(^U at tlie small body, If 

d/ - (34“ -1- Mf + 
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M is called its moment, and the line whose direction-cosines are 
lU IM M IM M IM) its magnetic axis. It is easy to see that 
these definitions a^ee, in the case of a simple har-magnet, with 

those already adopted. _ 

If the small magnet, instead of being at the origin, was at the 
point (cr, y, .), the magnetic potential at (^, ?) would become 

[i — x) M .. -i- (n — y) + (^ ~ 


1 ('I'" 

’ dx \r; 


<*>• 


where = (^ — xf + (g — vf + 

20. Poisson’s analysis of magnetism. Examination by 
the method of iron filings shows that a magnet cratmues to show 




Fig. 26 

magnetic properties at both its ends, however often it is broken. 
It is thus natural to suppose that the smallest parts of a magnetised 
body are themselves magnets, a medium of this kind being some- 
times said to be fo-Uirised. Evidently the magnetic state of a 
volume-element dr of a magnetised body is specified 'wl'en its 
magnetic moment is given in magnitude and direction. If the 
components of its magnetic moment are given by 
= My^Iydr, M, = hdT, 

the quantities (2., 2„ h) are called the components of the intemity 
of magnetisation I at the element dr, which we suppose situated 
near the point (x, y, z). The value of I depends on the magnetic 
force in the neighbourhood in a very complicated manner which 
has been determined by experiment and will be discussed<*fu y 

in Ch. VII. 
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^Let ns first consider the case of a rod magnetised uniformly in 
the direction of its length. Since each element is polarised the 
positive and negative poles in the interior cancel one another, 
and there is no free magnetism. At the ends, however, the 
com])ensation e(‘ases, the positive poles being left at one end. 
and the. nt'gative poles at the other. Thus we have, in Fig. 27 
a distribution of positive magnetism over the right-hand face 
and of negative magnetism over the left-hand face. Let ± o- he 
the pole-strength per unit area, which we may call the surface- 
density of magmdism. if I is the length and A the cross-section 
of the rod, th(> pole-strengths at the ends are ± <tA, and the 
magnetic moment. (tIA. Sitice the volume is lA the magnetic 
moment is by definition e<|iial to llA, so that <x = I. Hence in 
a uniformly nmgnetised rod the surface-density of magnetism on 
the liat ends is e(|ual to /. 


of niagiu^tiHation 





In tlie general cnm in which the body is magnetised in any 
inarmer the compenBation in tlic interior is not complete, but 
tlien‘ is l){)tli volume- and surface-density of magnetism. Poisson 
found expr(‘BBionB for botli of tliese in general and for a body of 
any shape, as follows. 

(‘onsidfU’ th<‘ magfictic effect of the body at a point P outside 
it. Ibumunbtu-ing (uj nation (H) we see that the magnetic potential 
at P is given by 


where tlie integration extends throughout the volume r of the body. 
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Gauss’ transformation shows that 
_,Kdx'^dy dzj r 

"Writing 

it is evident that the same magnetic potential would be produced 
by a distribution of poles throughout the volume with volume- 
density p, and over the surface with surface-density a. Since 
iiiagnetic poles are known only by their effect it follows that the 
polLised distribution is actually equivalent to these distributions. 
In the simple case of a bar-magnet uniformly magnetised we 
liave p = 0 always. On the fiat ends <t, which in general is equal 
to the normal component of I, becomes identical with 1, while 
on the cylindrical surface a vanishes. This is in entire agreement 

■with the result previously found. 

Umform magnetisation cannot be accurately realised in 
practice, as the magnetism is thrown back more or less from the 
ends. Further, the magnetic effect of the magnetism on the ends 
is such as to tend to remove the magnetism in the rod. 



CHAPTER III 
ELECTROSTATICS 


21 , Electrical attractions and repulsions It La i 

been known that substances such as amber rest ^ 

rubbed are capable of attracting light bodi Th^ ZT 
are called electrical, and the rubbed body is said to be 
or to carry a charge of electriciU, while /l / Z ^ 

rrj. ‘fxr“d ” :r -s 

on the other hXpTooe “fo. 

rubbing it with Siornel, and s™p«,d H as bl“ Two sM f 
pressed tods tope, ope apotbel and either Itect! tbeTaS 

thfte4hlt“'„Xt" W .™h 

+*signTthe ■ 'Of “”^o “Sigfa 

iz,:: t rrtTai7"T “t V zr ^ " 

grves T, wide T acting on - /res / ^Zs/TorrZIg; 
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with the rule of multiplication of signs in algebra; an ^alpgy 

but we never obtain any evidence of the existence oi 
^electrification than those already named because ^ 
bodvthick repel. • positively eh«ged body rs el«r. found to 
^iScri neoaLely charged one, and nice oersd. A con«n.ent 
way of testiM electrificatioil is to prepare a number of pith bal s 
bv^coating them with aluminium foil and suspending them from 
silk fibres* Hth balls that touch an electrified glass rod acquire 
ZL electrification: that is, they repel one 
oia“s rod, and are attracted by the silk handkerclnef, wble they 
Wet pith balls that hove been in contact ivith the obomte 
X The efiects with well-dried matenals are more marked 
San those obuiued directly with the rods, and m addihon we 
“rify the important fact that the force between two small charged 

bodies acts along the line joining them. or a j -u 

A pith ball that has not been electrified is always aWrocied by 

an electrified body, whether positively or negatively charged. As 
in the analogous case of magnetism, however, this phenornenon 
is in reality Lre complex than the original one of the repulsions 
and attractions of charged bodies. It is considered in detail 

in Art. 26. 

22. The electroscope. Conductors and insulators. 

Simple electrical experiments are more conveniently performed by 
means of the electroscope than by either of the preceding methods . 

This instrument consists essentially of a brass rod with a knob 
at the upper end, the lower end dipping into a metal case with glass 
sides (Fi^. 28), the rod and case being separated from each ot er 
by a stopper of ebonite. Two strips of thin gold or aluminiuna 
fo^l are attached to the lower end of the rod. When the disc i» 
touched with an electrified glass or vulcanite rod the leaves 
diverge on account of the mutual repulsion of the electrificatioil 
on them, and being very light they are very easily defiected. 
The amount of divergence may be indicated by a graduated scale 

attached to the central rod or case. - 

If the electroscope is charged and left to itself, the leaves 
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Th?saie f " considerable time. 

1 T suspended from dry silk fibres 

e repelling or attracting one another in air. Thus the air 

orotrl f ‘-Vl- property of being eUe to iSt toe 
OSS of electrification by a body: such substances are called 
insulators. On the other hand, if the knob of a charged electro 
tope .e touched toe leevee collapse itou.ediat.ly, sh^triuTSa; 

■ nScaUon can escape through or into the butoau body * Sub- 

his view of the removal of electricity by passage through a 

rodlsVeld^inTT"*!!^^.^^ experiment. If an ebonite 

roa IS held in the hand and placed in con- 
tact with the knob of an electroscope the 
leaves do not collapse, because the electrifi- 
cation cannot pass through the insulator 
to the hand, although it would pass freelv 
hrough the body if it once got so far. 

I the ebonite rod is replaced hy one of 
metal, however, the leaves fall at once 
showing that metals are conductors of 
electricity. 

The division of bodies into conductors 
and insulators is not absolutely strict as 
there is a kind of continuous gradation 
between the two classes. Thus the leaves 
of an electroscope whose knob is touched 

different rates depending on the dryness and nature of the 
ood. It must not, however, be thought that the distinction 
be ween conductors and insulators is an unreal one, for it ^s 

^ T ^ 1 .° substances which approximate very closely to the 
Ideal of both kinds. Thus, for example, a well-desit^^^^^^^ 
scope with ebonite, sulphur, or amber insulation will^retain some 
charge for at least a week, while if metallic contact is made between 
the knob and the case the leaves collapse in the merest fracZ 

hi thrktte7“ electricity to disappear 

in the.latter case is unmeasurably small ^ 

In the following table we have endeavoured to place the 
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substances in order of insulating power, but it must be remepabered 
that the exact order is somewhat uncertain and depends on the 
physical state of the substance. 


Insulators 


Semi-Insulators 


Conductors 


'Air (best) 

Amber and amber preparations 
Sulphur 

Freshly cut ebonite 
^ Paraflfin wax 
Quartz 
Dry glass 

^Wood soaked in melted paraffin wax 
[ Wood 
toils 
Water 

Salt solutions 
J Carbon 
Mercury 
.Metals (best) 


Air is an admirable insulator under ordinary conditions, but 
it has its hmits of resistance like all other insulators, and breaks 
down under high electric force with the passage of a spark. The 
conditions for a spark are favourably reahsed when conductors 
with sharp or pointed edges are present, a fact which is utilised 
in the construction of lightning-conductors, and also in influence 
machines (cf. Art. 27). The hot air in the neighbourhood of flames 
is also a deficient insulator. 

When the insulation of a substance deteriorates with time, 
the trouble can usually be traced to the formation of a conducting 
layer on the surface. The moisture which deposits on glass is 
very harmful in this respect. Ebonite when exposed to strong light 
becomes oxidised and loses its insulating power, and it should 
not be fingered too much, or else a conducting layer of grease 
will be deposited on its surface. This can be obviated by making 
a narrow saw-cut round a piece of ebonite required for use in 
electrostatic experiments, leaving a fresh surface not likely to 
be contanainated. 

The class of bodies described as semi-insulators cannot be 
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large charges, they may he advanta.. 

also can never be classed as good insS^s^ h 

electricity away by their motion alfJi i, v-I convect 

in the strict sense. ’ ®'ll conduct 

that metals when rubbed do nof ^^^^stigators, namely 

i» not tie c„e it it-"' 

in an insnlating handle, when it 
■itn othet hodift. Whekt ha* “ed the' f 

“T; “ i‘ in pied 

nte of th! 

electric substance as distinct from a state of k? 
clearer, and in the end more satisfactory to adonftb ' 

It is now universally admitted that ihl’ “ 

consists in the removal from fh^ i electrification 

called eleottieit,. wSiotroi*lrr 

the evidence for this latter «itn tea * Although 

- sh^i adopt it hiidir r 

ape^Mon at to the nature of eleetriain 
_ j-t IS supposed that negative electricitv i’« f a 

umverse, and consists of ezimma orindb^ -hi tie 

which are identical in size and properties ® ®®^^i®ity, 

^e and mass, the smallest body at ' efent W f 
electron carries the same amount of dectridtv Tb’ 
the smallest amount hitherto A^a • j ^ ^i^®i again is 
electricity behaves very differentir^L separately. Positive 
existence of carriers of ■no=-+- " i evidence of the 

mats, and the nature of ari '*””*^. ““ •‘““ic 

aubstanoe with w^we at T ” ‘“”*”8 *« 

f a molecule being about lO'S centimetres eutimetres, the diameter ’ 
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merely what occurs when electrons are removed from the molecules 
to which they are normally attached. That is, we regard a neutral 
body as one containing a certain normal number of electrons, 
so many on the average to each molecule. If more electrons are 
present the body is negatively electrified; if less, positively. 
Apart from the atomic notion, this theory is by no means novel, 
being identical with Franklin’s “one fluid theory” of electrimty. 
Franklin supposed that neutral bodies were capable of holding 
a definite amount of “electric fluid:” When the fluid is present 
in excess there is positive electriflcation, and when present in 
defect negative electrification. If we interchange the words 
positive and negative in this and regard the electric fluid as con- 
sisting of a very great number of discrete particles, the t eory 

becomes the modern electron theory. i i j 

On this theory insulators are substances whose molecules do 
not readily give up their electrons, although they may be stimn- 
lated to do so by external action such as friction. Thus when a 
glass rod is rubbed with a silk handkerchief the surface-mokcules 
of the glass give up electrons to the silk, and the glass is positive y 
electrified. This action, with insulators, is limited to those mole- 
cules which actually come into rubbing contact, but the behaviour 
of conductors is quite different. We must suppose that electrons 
move freely about in conductors, without being permanently 
attached to any particular molecule. If the conductor itself is 
insulated, i.e. separated by an insulator from other conductors, 
the electrons remain on it as they are unable to pass through the 
insulator and also cannot under normal conditions escape into 

The electron theory affords a simple and (theoretically) 
perfectly definite specification of amounts of electricity. If all 
electrons are supposed identical they must have the same amount 
of electricity, v^hatever that may be, and we may say that an 
electron carries a charge of q units of negative electricity (or 
carries a charge - q), where the precise unit need not pt be further 
specified. If a body contains n electrons more than m the neutral 
state it is said to carry a charge -nq] if w less, a charge -b nq. 

The mutual repulsion of negatively charged bodies is ei^lained 
by supposing that aU electrons repel one another. A neutral 
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molecule may be simply regarded as an electron attached to 
something which compensates its effect, which we shall call for 
re\ 1 } a resi ue. Suppose now that two electrons distant r 

neutial molecule has no eflect on either an electron or a residue 
Ihis latter condition can clearly only be fulfilled if a residue 
attracts an electron with a force of ff{r) dynes, and repels 
another residue with the same force. The attractions and 
repulsions of charged bodies are very simply explained on these 
lines. Consider for example a small body carrying a charge + e 
at distance r from a second small body carrying a charge + c' 
The lomier body may be regarded as containing m residues and 
the latter n residues, where e = mq and e' = nq. Each residue 
is supposed to act independently, and thus the force between 
the bodies is repulsive and of magnitude mnq^f(r) = ee'f(r). It 
is^ easy to see that this statement holds good when one or both 
of e, e are negative, provided that an attraction is regarded as 
a negative^ repulsion. This statement gives the attractions and 
repulsions in precise quantitative form in terms of the charges on 
the bodies, being more far-reaching than the rule of signs in Art. 21. 

Coulomb was able to show that the forces between two small 
charged bodies were inversely proportional to the square of. the 
distance between them, i.e. that/ (r) oc l/r^. We shall not however 
make this assumption until we have indicated a more convenient 
and accurate method of verifying it. 


24. The electric field. Electric force and potential. 

The description of the electric field now follows on the same lines 
as in the case of magnetism (Art. 11). The electric force at any 
point is the^ force which would act on a unit charge placed at 
the point. The precise unit is left at present unsettled, but it is 
perhaps not superfluous to emphasise the fact that a unit charge 
IS always understood in the definition, and that electric force Is 
not a mechanical force merely, as its name would suggest. If E, 
with components Ey, E,), is the electric force at a point 
(x, y,z) in an electric field, the force on a charge e placed there 
IS {eE^^ eEy, eE^). Thus the electric force at distance r from a 
charge e is, with the notation of the last article, ef{r). 
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The electric ‘potential is the work that would be done by the 
forces in the field when a unit charge is moyed to infinity from 
the point considered, i.e. the potential energy of a unit charge at 
the point. At distance r from a charge e the jDotential is 

y = e j f{r) dr. 


The electrical potential in all cases vanishes at infinite distances 
from the charges in the field. 

When a number of charges are present the potential is obtained 
by summation of the separate potentials due to each. A charged 
body contains a very large number of electrons which, though 
quite distinct, are very close together. We are not usually con- 
cerned with the precise location of each, but only require to know 
the average number per cubic centimetre or per square centinud-re 
of a layer. We may thus consider charges extended tlirough 
regions of space with volume-density p or spread over surfaces 
with surface-density cr, and then the potential of the distribution 
is obtained by integration (cf. Art. 29). 

A difficulty arises in the definition of potential from the fact 
that electricity can move about in conducting bodies. Without 
entering here into details, we may point out that electricity 
settles down in conductors in a way which depends on the 
other charges present in the field. Thus when a unit charge 
is taken away from any point P to infinity the distribution of 
electricity in the field is changed, and the work actually done 
will differ from that which would have been performed if the 
charges had been fixed in position before the unit charge was 
moved. It is the latter work which defines the potential at P. 
In other words, in calculating potentials the disturbing effect 
of the unit charge is neglected. One way of avoiding this reser- 
vation would be to say that, if work W is actually done on a charge 
c moved from P to infinity, then the potential at P is the limit 
of the ratio Wje when e is indefinitely diminished. 

If V is the potential and E the electric force at a point (x, y, z) 
in an electric field, we have the equations 



dv 

dx’ 




djf. 

dy’ 
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analogous to those occurring in magnetism. More generally, the 
component of electric force in any direction is equal to — dV/ds, 
where d/ds denotes differentiation in the direction s. 

The surfaces F — constant are called equipolenticd or level 
surfaces. 

We shall now prove a certain reciprocal theorem, which will 
be_ useful to us later. Let charges be placed at the 

points Pj, Pa, . . . P„, and let Fj be the potential at Pj of all the 
charges except Fa the potential at Pa of all the charges except 
Ca, and so on. Then ^ 


^13 

V ~ 

“ ^21 


'0 , 

- + „ + . . . + 


'13 


-- + . . 


'In 

^'n 

^ 2n 


and so on. Lot e,', o,', . . . be any other charges placed at tile 
same points, F,', F,', ... V„' the corresponding potentials. If 
we form the sum o.'Fh- c,' F, + . . . + c.'F.. w. see that it 

involves r„ in the form 

mutual distance. Hence 

+ Ca'Fa + . . . -f e„'F„ = S 

^PQ 

extended over all possible pairs of numbers p, q. By svmrnetrv 
this IS equal to e,Y,' + e,VJ + ... + e,.F„'. Hence " " ’ 

SeF' = 'Le'V. 

This is known as Gauss’ reciprocal theorem. 


25. Potential of a conductor. All points on or inside a 
conductor on which electricity is at rest may be shown to he at the 
same potential. If two neighbouring points P, Q on or inside the 
conductor were at different potentials, the potential of P beimr 
_e uglier electricity would tend to flow from P to Q because 
there would be an electric force from P towards Q, and in 

nder these circumstances. The common potential of all points of 
the conductor is called the potential of the conductor. It follows 
that the bounding surface of a conductor is an equipotential 
surface of the charges in the field. This conclusion is independent 
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of any particular assumption as to the law of force between 
electric charges. *. <* 

If two charged conductors are joined by a wire held in an 
insulating handle, electricity flows from the one at higher to the 
one at lower potential. This process naturally ceases when the 
potentials have become equal, but if any means were provided 
to maintain the potentials at their original values it would go 
on indefinitely. In all cases in which electricity nioves it is 
convenient to regard positive as well as negative electricity as 
moveable; and there is no objection to this way of B])eakinir, 
since the movement of a negative charge from A to B is to all 
intents and purposes the same as the movement of an e(|ual 
positive charge from B to A, In this chapter we shall however 
be chiefly concerned with electricity at rest. 

26. Electric influence. Earthing a conductor. If an 

electrified ebonite rod is brought near to one end of an elongated 




i^g. 29 

conductor the other end repels a pith ball that has previouslv 

attracSTt cond.u-to'r 

attracts it. Thus negative electricity collects at the far end and 

positive electricity on the part near the rod, the middle pim is 

C..I " 
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electrons is partly prevented by the repulsion due to the charge 
on the rod. Ihus on the whole electrons tend to congregate in 

le remote parts of the conductor, leaving positive charge on the 
parts near the rod. 

Electrical influence effects are very easily shown with the 
electroscope. Tims if an_ electroscope is cha;ged positively the 
tave.s .legin to diverge still further as a positively charged body 
approaches the knob, on account of the increase”of tin' iiositive 
c iarge on the leaves. On the approach of a negative charge the 
leaves begin to collapse. If the knob is touched wliile the iiositive 
charge IS near ,t the leaves at once collapse, as the T.ositive elmrge 
origmally on tlumi tends to go even further away from the 
influencing cliaige, that is into the body of the e.xperiiiienti'r. 

heie leinanis only the negative cliarge attracted to the neigh- 
bourhood of the knob. Now suppose the hand to be taken 
away and the influencing charge subsequently removed. The 
negative charge ivill spread over the whole of the knob and 

latter will diverge, though with the oj.posite 
kind oi electricity from that of the external charge 

Ve have tl.iis a iiieans of charging an electroscope with 
dcctiieity oi either sign by use of a charge of one sign onl\'. I f 
. le lod had been rmnoved before the hand was taken away thm'e 
uoukl of course have been no deflexion of the leaves: Thi.s 
illustrates the imiiortant fact that the order of operations in 
e.xperiments depending on influence is not immaterial, but that 

ord!r Tl”''f "*1 ‘"i"' in a differmit 

ndu. Ihe human body m these experiments plays the part of 

free from charge, and the same 
xsults would be obtained by connecting the knob to a large un- 
charged metal conductor or to a gas-pipe having contact with the 

r putlrin;:ii;L^^^^ 

Althougdi in tlieoretical reasoning potential is defined to be 
^ero at infanite distances, yet it is evident that we arc really only 
cncerned with dillermices of potential, so that we can take any 
convenient conductor to be at zero potential. It is conventional 
to tefe cm earlhcdhody lo be at zero potential. An earthed conductor 
IS also descnbed as uninsulated. 
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We can now understand tiie attraction which a charged body 
exerts on neutral bodies. The first effect of a positive charge 
is to bring negative charge to the nearer part of the neutral body 
and repel positive charge to the remote parts, and since on the 
whole the negative charge is nearer the attraction exceeds the 
repulsion between the like charges. 

27. Influence machines. Machines have been devised 
for the continuous production of electricity depending on the 


Fig. 30 



fundamental principle of friction, but these are not altogether 
satisfactory, and they have been superseded by machines working 
by electric influence. Of the various types of influence machine 
the Wimshurst machine has generally been found the most 
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circular plates of glass or ebonite are placed 
parallel to one another on an axle, and arranged so that they 
rotate in opposite directions on turning a handle. The outer 
sui. aces of the jilates carry a number of thin sheets of metal 
cut into the form of sectors. At the level of the centre of the 
plates are fi.xed two double combs of metal enclosing the plates 
at t ie end without touching them, with the teeth pointing towards 
the sectors. The combs are affixed to insulating stands and also 
to a pair of brass knobs whose distance apart can be altered. 

n either side a brass rod is fixed to the axle, carrying at each 
end a metallic brush which touches each sector as it passes, 
ihese rods are inclined at angles of 45° to the horizontal as shown. 

the mode of action of the machine is most easily explained 
by a inettiod due to Prof. Silvanus Thompson, in which the two 
discs are imagined to be replaced by two coaxial cylinders revolving 
Olio msKlo the other. In Fig. 31 Z, Y represent the combs with 
their knobs attached, and A, B, C, D the four brushes at the 
ends of: the two brass rods. 

Imagine to begin with that a particular sector P carries a 
negative charge, all the other sectors being uncharged. As the 
discs rotate P comes opposite to the brush A, and'at the same 
time the sector originally at Q is in contact with the brush. The 
negafivo charge on P induces a positive charge on the sector and 
brush /I, and this requires a negative charge to reside on the 
opiiosito brush B and its sector. The inductive effect of P is 
still a pjire.ciahle when it is some distance from the brush A. Hence 
as the. discs rota,te further, other sectors passing A have positive 
charges induced on them, the opposite process occurring at the 
otn.i extiemity of the diameter. The figure shows the charges 
present just before the original sector comes in front of the comb Y. 

1 he sharp points of the teeth discharge this sector almost entirely : 
but the three upper sectors on the outer disc carry their positive 
charge with them until they come opposite the brush C, where 
they induce negative charges on the sectors passing 0, causing 
positive charges to reside on the sectors passing D. Negative 
charges are subsequently induced on the sectors of the outer disc 
opposite P, thus continuing the supply of negative electricity to 
the sectors in this region. A little consideration shows that the 
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reinforcement of the charges present continually increases, and an 
ever-increasing number of sectors is brought into play. Ultimately 
all the sectors carry charges : on the inner disc the charge is 
negative in the part OFD and positive in the part DXC\ while 
on the outer disc we have positive charge along AXB and negative 
along BYA. The charges on the sectors between Y and D, 
Y and A^ X and C, and X and B are however comparatively 
small because these sectors have passed a discharging comb and 
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have not yet arrived at a brush. As regards the collection of the 
c arge on the knobs, consider the sectors passing the comb X, 
Both sets are positively charged, and induce negative electricity 
on the teeth of the comb, leaving positive electricity on the knob 
connected to Z The negative charge on the comb escapes 
almost entirely from the teeth and neutralises the positive 
charge on the sector, so that the conductor Z is continiially 
acquiring an excess of positive charge. The opposite charge is 

b6twe«E ae Imobs ttemselves. Tlie electrical energy rf the 


* 
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separation^ of tlie charges of course comes out of the increased I 

work rec|uired to turn the handle against the mutual attraction I 

of the charges on the sectors. ' 

llie slight initial charges required to start the action are 
geneially present, and the machine is usually self starting. If 
this is not the case, an electrified rod may be held near the sectors 
opposite one brush. When driven at a constant speed with an 
auxiliary motor the influence machine gives a very constant 
source of high potential. 

28. Cavendish’s experimental proof of the law of force. 

A cmcial test of the law of force between electric charges is 
afforded by an experiment first performed by Cavendish in 
licl, and repeated with refinements and modifications under 
Maxwell’s direction about a hundred years later. Tfie experi- 
ment/ can lie cairiecl out in the laboraptcirv a.s follows. 

Take two large metallic conductors .S'l', 8. (such as two tin 



ho.xes) and place inside S,> and insulated from it by means of 
paraffin blocks. A small hole cut in the outer conductor is fitted 
with an ebonite plug in which are bored three small cups A, B, G 
to contain mercury. Wires soldered to 8^, S., and ending in the 
naercury-cups make contact with B, A respectively. A wire 
dipping in C leads to a sensitive electroscope, or better to one 
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terminal of a quadrant electrometer (Art. 43). We can make 
metallic connexion between B and A, or between B and C, by 
means of a “key” consisting of a short wire passing sideways 
through an ebonite rod and bent round at the ends as shown 
in the figure. 

Initially B is joined to A and the electroscope discharged. 
In this state di and 8^ form a single compound conductor of 
which one part lies completely within the other. The compound 
conductor is now charged to a high potential with a small 
influence machine, and the electricity settles down in its position 
of equilibrium on the two conductors. On removing the key from 
the cups the charges on /Si and 8^ are insulated from one another. 
The outer conductor 8^ is now earthed and the key put into the 
cups B, C, thus connecting the inner conductor 8^ with the electro- 
scope. It is found that no deflexion of the electroscope occurs, 
showing that there is no charge on /Sj. 

This was verified by Cavendish and Maxwell when 8^ and 8^ 
are spheres, and by Cavendish in the case of one cube inside 
another. We conclude that whenever one conductor lies entirely 
inside another, and the two are joined and charged with electricity, 
none of the charge resides on the inner conductor. When tlm 
two shells are joined so as to form one conductor, all points of 
both are at the same potential. None of this potential is due to 
the inner conductor since it is entirely devoid of charge; and 
since the inner conductor may have any shape whatever it follows 
that the electricity on the outer shell is sufficient by itself to 
produce constant potential at all points inside it. In particular, 
an electrified spherical shell gives constant potential at all internal 
points. The only law of force consistent with this can be shown 
to be that of the inverse square as follows. 

Let the potential at distance r from, a charge e be written in the 
form ecf> {r)jr, where is some function to be determined. Let R 
^ point distant x from the centre 0 of an electrified 
spherical shell of radius a, and let PP', QQ' represent two neigh- 
bouring planes perpendicular to ORA, such that the angle AOP = 6 
and AOQ = 6 + dd. The electricity must be uniformly spread 
over the shell, say to amount a per unit area. If RP = r the 
potential at R of the part of the shell intercepted between the two 
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planes is 2Tr aar sin 8 d8(l>' {r)/r, since the area of the intercept is 
2TTa^ sin 8 d8 and every point of it is at distance r from R. 
Eegarding i? as a fixed point and 8 as the variable, the equation 
= a- -I- - 2ax cos 8 when differentiated gives rdr = ax sin dd8. 

Hence the potential of the small intercept is 

271 ,, 

<l> {r)dr. 



Ei". 


The extreme limits of r are a — x and a + x, so that the potential 
of the M'holo electrified siiell at R is giv(jn by 

^ <f> ('>') {'■A (rt + x)-<^ (a - X')}. 

Since V is to be independent of x we have 

4 (a 4- x) </) (a — x) ^ Xx, 

where A is sonie constant. DilTerentiating twice, we get 
<//' (a -f x) ~ <^" (a — x) = 0, 


showing that (x) — ii, a constant. Hence </>' (x) = Bx H- C, and 

/ C\ 

the potential at distance r from a cliarge e is of the form c ( j5 -I- ™ ] . 
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hypothesis the potential vanishes when r is infinite, so that 
Thus F = eO/r, and the electric force is 

B^-dYidf^eGlr^, 

wliich proves the result. 

Maxwell showed that if the law of force was the inverse _j9th 
poavti, then f could not differ from 2 by more than 1/20,000 
^Mtiout giving rise to an observable charge on the inner conductor 
in Ins experiment. 

39. Electrical units. We now see that two charges 

< istant T apart in air repel one another with a force of J dynes, 
w K i c F ]iee. jr^ and h is some constant. Evidently h cannot be 

< tteimined until we have settled the unit in which e and e' are 
to be measured. 

The unit charge of electricity is taken to be that positive 
0 t<uge which repels an equal positive charge distant one centi- 
nu tic away with a force of one dyne. This amount of electricity 
is known as the electrostatic unit of charge. With these units 
F — 1 when e ^ e = r = so that 7c = 1. Hence the repulsion 
between two charges c, e' in general is ee'jr^ dynes, an attraction 
being as usual regarded as a negative repulsion. The electric 
torce at distance r from a charge e is 

E^ejr^ ( 2 ) 

radially outwards, and the potential 

F = e/r (3). 

In the case of a volume-distribution the last formula is replaced 


bv V 


pdr 


where r is the distance of the point where V is 

calcnikted from dr and the integration extends over the volume 
containing charges. Similarly for surface-distributions we have 

V - 

I r ' * 

It will appear that volume-distributions do not exist when 
electricity is at rest on conductors. We shall consider them, 
however, because such a distribution is the most general kind, 
and a surface-distribution can be regarded as a thin volume-dis- 
tribution of great volume-density. 
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30. ^Electric force due to an infinite charged plane. 

Let RO be tlie perpendicular let fall from R on the plane, and 
let PP' , QQ' be two circles in the plane with centre 0 and radii 
f, r + dr respectively. If OR = ci; and the angle ORP = e, then 
r = X tan 6, so that the area of the ring between the circles is 
^TTfdr = tan 6 sec^ Odd, 

Each part of the ring is at a distance x sec 9 from R and acts 
radially along the line joining it to R. The resolved part along 
OR, which is evidently the direction of the resultant electric I 



force, is obtained by multiplying by cos0. Hence the electric I 

force at R due to the small ring is I 

2770- tan 9 sec^ 9d9 . cos 9jx^ sec‘^ 9 = sin 9d9, | 

where a is the surface- density. Integrating from 0 = 0 to 0 == - , I 

2i ^ 

the electric force due to the whole disc becomes ^ 

JE = 277(7 (4) \ 

in the direction OR, j. 

Thus the electric force is the same at all points on one side I 

of the plane. On crossing the plane the direction of the force I 

changes, so that the force undergoes a discontinuous change of | 

magnitude 477a. Since the force does not become infinite, however, 
there is no discontinuity in the potential as we cross the sheet. 

31. Gauss’ theorem. Distribution of charge on a 
conductor. Since the laws of magnetism and electrostatics 
are formally identical, the proof of Gauss’ theorem (Art. 17) 

■ 
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may be transferred simply to tbe east* ttf flecjni’ 


efii 


we bave: ‘‘V *’ '*11(1 

If dS is an element of a closed siirfaec ami /; t!,.. , ,, 
of electric force along the ontwartl-drau n normal o, 
value of taken over the wliole .siafitee isi.-,,,, ' 

charge inside r9. 'f*" 

Gauss’ theorem may be used to shou that th,. ,.i , , ■ ■ 
rest on a conductor is confined to a v ery f hiii lav, a nt-.u it 
and is not diffused throughout the v,,litm,>. If ,s' ;• , ' 

described entirely on the body of the eondttetor. r h'.-r. 'i 'r’'''.''' 
force at any point of /S', so (hat fA'„,/S . i. ((.'ti,',. s' 

charge, and since /Sis quite arbifrarv (Imre ean b,* j, 
point definitely inside the eondm-tor. This von. iu..,,., 
exemplified by the experiment of Cavendish atr-adv iu,‘uu! u'T' 

It appears at first sight .somewhat ,snrpii>m„ ih o t ' 
can form up, as it were, in a. thin super, iviil lav r;.':’''’*'' 
remember that electrons are much smaller (ban th.* n.,,!,., 
matter and have_ plenty of room even a v.-rv ,hm hi 
electric fluid,” in fact, must la* rt»'arded as dm, i ' • 
compressible on account of (he smailness of’ ,h'e el.",,'. t 

A most interesting exarnnli* ttf 

that f/^e electric force due to a chnrnvd ^duri iv ,1' n ’ 

fomts, as if the chnrnn 






^ ^ , V/ \ u Hi If vu iSfifir 

powfe ua if the charffc was roll, Tied at the n atr. 

E be the electric force at an external ,i, , , ■ 

centre, and describe a .sphere /S' of ml, 

conductor. It is obvious from rea ■ '/ ‘'oneeu,,,. „„h d,,. 

at points on S Tliiiq nTYnlt.* v ^ ^ tM,iij|,njfC||| 

we kav, 1“^' ,'.V- “'n "I"'"'" " 

the same as that due’to a clnuC ■ ” 

el result, though 

electrostatics, throws light on a^*er(«in / •mpo,,.-,,,, i,, 

article). A sphere of radius « cnut ' I'”"" nevi 

uniformly throughout the voh.me 1”'^ /'‘''''"Y"- 
required to find the electric forei a ''' « 

externalpoint, then by applyin, 

g" i^ide a sphere of radius 


11 


vni'f 
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E — li^rpr = er/a^. The electric force is therefore ]>ro])()rf ioiial 
to the distance from the centre of the sphere. Tlu^ potential is 
V = const. — a.nd at the surface it takers the value c/a. 

Hence at internal points 

F = - e (5). 

Ml 2rr 

32. Laplace’s equation and Poisson’s equation. Con- 
sider a distribution of electricity with volume-doiisity p iit the 
point {x, y, z), p being a function of x, y and r. hlx pressc'd 
analytically, Gauss’ tlieorcrn becomes 

J {IBx + wEy -p nE.) (IS in I p(lr, 

where S is any closed surface a,nd t the space inside it. Trans- 
forming the left-hand side by Gauss’ transformation, W(' liavc 
f (cE^ , dEy , dE, , \ , 

Jr ijx dy dz “ ‘ ^ 

and r may be any region of space whatever. It follows that tlie 
quantity under the integral must vanish, or 


dx dy ' dz 


Since dVjdx, E., - 31^7%, E, - eVIdz, this becoim^s 

rPV d^V a^V 
dxr ^ 3?/- ^ 

or AF “ “™- 47Tp (7), 

which is known as J^oisson’s equation. In piirtiiailar, if thcr(‘ is 
no electricity in the neigh i)ourlio(>d of the [joint (;r, y/, s), p o and 

AF 0 (8), 

This is known as Laplace’s ecj nation. 

The subject may also be a|)proactied witli advantagi? frrun 
another point of view. The potential at tlie point {x, y, z) dm* to 
a charge e at the point (^, rj, 'Q is V - e/r, wheri* 

(x - if q- (y r;)-h {z « 

Since dr/dx — {x ~ i)/r^ we have 

3 V c {x ™ i) 
dx ’ 

?/*^F ^ a , if 
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Similarly 

and 


dW __ e {y — rjY 
dy^ ^5 

dW _ e ^e(z~0^ 

dz^ ^3 ^5 


Adding, we have 

dW d^V d^V _ 3e 36 

dx^ dy^ dz^ 


The eSect of superposing any number of charges at different 
points is to add the separate potentials, leading to Laplace’s 
equation in general. But the proof would obviously not apply 
without further consideration to charges indefinitely near to the 
point (x, y, z). It is obvious, therefore, that the term — inp in 
Poisson’s equation arises from the electricity in the immediate 
vicinity of the point considered. A special example will make 
this clearer. 

Let/S(Fig. 35) be a surface containing a distribution of electricity 
of uniform volume-density p, 0 a point inside S, Draw a sphere 



So of radius a with 0 as centre, and let Vq be the potential at the 
point P of the electricity inside Sq, Fi that of the electricity 
between Sq and S. Then the total potential at the point P is 
y — Since the electricity between Sq and 8 is nowhere 

infinitely near to P, AF^ = 0. The electric force at P due to the 
charge inside Sq has been shown to be ^rrpr along OP ; hence if 
{x, y, z) are the co-ordinates of P with respect to 0, 

^-^4 . 9^0 _ , dVo 

dx ~ dy ~~ 
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Hence 


^7rp, and 


as we should expect. The dilficulty therefore is tliat altliou^h 
/So may be made indefinitely small, the second differejitials of its 
potential at internal points are finite, and iiave a snni distiiii-t 
from zero. The potential itself is 1\) ■ 27r/K/“— rjupr, which, siin‘t‘ 
r is less than a, can be made indetinitely small b}' suilicitmi Iv 
diminishing a. 

It follows from Laplace’s etpiation that the potential fanmn 
be a maximum or a, minimum at a point not oc<aipitMi by i^b^ario 
charge. For if the potential has th(‘ value V at tin* pj>int 
P {x, y, z), its value at a neighl)ounng })oi!d (x j- /i, //, :) is 




V will not be a true maximum, even if cF/Ar 


; !' 

ff 

unless 2-F/3a;- 

is negative. Similarly 3-173//* 

and r'-'l 

';3.;-' must 


negative, and 

this is inconsistent with Laj 

Cl 

ijuat ion. 

in 

the same way 

F cannot be a true minimum. 

This ivs 

ult' is known 

as Earnshaw’s 

th eorem . 





Since eV is the potential energy of a charge at /\ it foHuw.-, 
that a small charged body introdueial into an (deetrostaf i<' tn‘ld 
cannot rest in stal)le equilibriutn. Many (‘leciro.sljit ie rn*ld.s will 
permit of e<|uilibnimi positiorts, or poitds of ruj eb‘e!rin for^t*. bni 
it is always ])ossible to find small dis])la<‘(*ments from tlnf>o 
positions which lead to instability. This fact is intfrosline in 
showing that free electrons cannot come to rest pprmainnfly in 
separated positions, even thougli their n'pulsions ar** parfK‘ 
neutralised by positive charges scatt<M'<Ml a,lmuf. 


33. General principles of electrostatics. The seifun r uf 
electrostatics, which seeks to determine th(‘on*tiea!!y fln‘ f**jn{ 
librium of electricity on conduct ors, either isolated or under ext m na 1 
influence, has been developed inatheniatieally to a <*(msid«‘rabh* 
extent. We shall explain tin* principles on which f !ic de\alopniMnf 
is based. To take a definite case, consider an insuIat»Ml spin'O* 
under the influence of a positive charge c at a point outsidi* it. W o 
know, of course, that tliere will be positive cluirge indiiceii on f ht 
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part of the sphere nearest the charge e, and negative charge on the 
remote portions. The effect of the induced charges is to produce 
an electric field opposed to that of the charge e, and the equilibrium 
distribution is that which exactly neutralises the impressed field 
at all internal points. That is, knowing only that the charges 
reside on the surface, we have to determine the surface-density 
at every point so that the total potential due to all causes is 
constant inside the conductor. A problem in electrostatics is 
thus not immediately soluble, since the potential depends on the 
distribution of the charge and the latter is not given beforehand. 
The process of solution is essentially tentative, although general 
methods have been devised for certain classes of problems. One 
of these methods is described in Art. 41. 

34, Force just outside a conductor. Stress per unit 
area of a conductor. The electric force just outside a con- 
ductor is 4'7Tcr, where o* is the surface- density in the neigh- 
bourhood, and is directed along the normal to the conductor. 

Take an element of area PQ on the conductor, its linear 
dimensions being of the first order of small quantities. Let R, S 
be two points whose distance 
from the element is of the 
second order of small quantities, 

R being inside the conductor 
and S in air. The calculation 
of the electric force at i2, S is 
conveniently divided into two 
parts, namely that of the charge 
on PQ and that of the charge on 
the rest of the conductor and 
any other electricity present. 

Evidently the latter is nearly the same for the points R, S, 
while the former is reversed. As regards R and S the element 
PQ acts like an infinite electrified plane, so that the electric 
force at R dne to PQ is 27rcr directed along the inward normal. 
The total electric force at R must vanish since R is inside 
the conductor: thus the electric force due to the remaining 
charges is 27 t-<t along the outward normal. At the point 8 the 
forces due to both causes are along the outward normal. 
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altogether ina in that direction. This result is known as Ooxilomb’s 
law. If the electric force at a point just outside a Coaaductor 
placed in any electric field is known, the surface-densit 3 r in the 
vicinity can also be found. 

If A is the small area of the element PQ, the charge on the 
element is aA. The electric force at points on PQ due to the 


cha,rges in the field other than that on PQ itself is 


JiTTCr^ 


Hence 


tlie (.*har<r(^ on tlie elenKnit PQ is acted on by a force 
to the ,r(Min)inin,i^ cliari^ahs ; i.e. the surface of a charged conductor 
in any cxpeibnicchs a sti’css of uiagnitude per xxiiit area 
diivcted at ev(‘r\' point along the outward normal to the surface' 
If the distribution of charge is known we can calcula.tie from 
this {orniula tlie forces acting on the conductors in the field 


35. Lines and tubes offeree. The theory of theso follows 
on the same lines as the corresponding theory for ma^gnetism 
(Art. 18). Recapitulating th(‘ir jirojierties in free space wo have 

(1) The direction of a line of force is that of the resultant 
electric toi’ct; at every i)oint. Tims lines of force run from Mgh 
to low potential. 

(2) ^riie cross-S(>(‘tion of a. small tube of force at a.xxyr point 
of its length varies inversely as the resultant electric .force. 

Th(‘ following irnjxn'tant jiroperty gives a relation Ibetween 
the tubes oi torcr* and the (‘harges in tlie field: 

(2) [dines of foint^ stn rt out from positive charges on conductors 
and emi on m^gat iv(‘ charg(‘s on ecnHluetors of lower potential . The 
amounts of (‘lectricity a,t, the ends of a tube of force ax'c equal 
and opposite. 

Th(i first part of tliis tlieorem is evident from (1). To prove 
the second, let a. small tube of lorce start from a place wHcre the 
surlace-density is a and end where it is <j'. Cut off the hxxbe by 
surfaces parallel to the siiriace oi the conductor and just onhside it 
(Fig. 87), and consider tlu,^ truncated tube so formed. The normal 
component ol eleetj’ic force on (hS is — Arrcr since the normal to 
the truncated tube is opposite to the normal to the conductor. 
Similarly at the end dS'. ^riius^ since the truncated tube encloses 
no charge Gauss’ theorem gives 


irradS -j- 47Tor'cAS'' — 0, or adS — — o'dS\ 


IK E. 


5 



Fig. 37 


Moreover, the constant product of the electric force and cross- 
section of the tube at any point is equal to in times the charge 
from which the tube started out. 

The result (3) follows for any finite tube by addition. Another 
easy proof would have been to produce the tubes into the con- 
ductors at both ends and then close the ends and apply Gauss’ 
theorem. 

Just as lines of magnetic force can be exhibited to the eye 
by means of iron filings, so lines of electric force due to two 
conductors can be shown by , the tendency of small elongated 
bodies to set along the lines of force. Several methods have been 
devised for making such diagrams, but it is not very easy to 
obtain good effects. The following simple method will be found 
fairly satisfactory. 

A piece of stiff, smooth cardboard is stained black and well 
dried, and tinfoil is then pasted on one side to represent the con- 
ductors in the field. The conductors are joined to the terminals 
of a Wimshurst machine by spring clips, and the machine is 
rotated uniformly by means of an auxiliary motor. The place 
of the iron filings in magnetic charts is taken by small crystals 
of a substance which crystallises in prismatic form, for example 
oxalic acid. These are sprinkled uniformly on the cardboard 
out of a pepper castor. As the crystals fall they set along the 
lines of electric force provided that the electric field is strong 

I I enough, and the diagrams are then photographed. Fig. 38, 

‘ showing the hnes of force between a sphere and plane, has been 

obtained in this way. The appearance of the diagrams is improved 
by cutting out pieces of tinfoil of the right shape and pasting them 




ELECTROSTATICS 


over the negative so as to make the parts representing the conduc 
tors absolutely opaque. It is not necessary to tap the piece o 
cardboard during the experiment. 

36. Capacity of a conductor. If a charge e is required tc 
raise an isolated conductor to a potential F, a charge ne will raisi 
It to a potential nV. Thus the ratio ejV depends only on the shapi 
and size of the conductor, and not on its charge. Writing e/T= C 
0 is called the capacity of the conductor. 

Since the charge on a conductor charged to potential Fis OF. 
conductors of large capacity can receive considerable charo-es 
without having their potentials greatly raised. This is exactly 
analogous to a water-reservoir of large area, which can hold laro-'e 
quantities of water without having recourse to great depths. 

For a sphere of radius a, e/F = a, so that the capacity of a 
sphere is equal to its radius. Thus if a concrete notion of the 
unit of capacity is required it is afforded by that of a snberp 
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of radius one centimetre. This is called the electrostatic uni 
capacity. 

As a,n example we may find the capacity of a circular cylin 
wliose length I is large compared with its radius a. The distribiii 
of electricity on the cylinder will be nearly uniform in the mid 
and only appreciably disturbed at distances from the ends C' 
|)ai‘al)le with the radius. Thus if 0 is the middle point of 
axis tlie potential at O will be approximately that of a unif' 
la 3 n‘r of surface-density cr over the 
curved surface, the electricity on the 

(Uids being neglected. The charge \ 

on tlic strip between planes distant / 

and s + from O is ^rrraadz, giving j 

rise to potential ^rraadz {a^ ‘ 
iit O. Hence the total potential at 
(), i.e. the potential of the cylinder, \ ^ 

is given by \ 

^rraadz . -1.1^ ^ — 

V — 1 = 4:'7Tcxa sinh"^ , 

= Ancya log, jA + (l + 

4:7Tcra log^ - approximately. 1 

. . \ 

Also the charge on the cylinder is ap- \ 

proximately equal to 2rrala. Hence \ 

n _ ^ ^ 

' - y 2 log, da) 

logio da) 

For example, an isolated -wire 1 metre long and 2 mi 
diameter has a capacity of 7’2 electrostatic units. ^iVliei 
wire is joined to other pieces of apparatus, however, the disi 
tion of charge is altered and the total charge on the wire i 
ffiven hv the above formula. 

O 

37. Electrical screening. If an electroscope is snrroi 
by a wirC"’ gauze cage connected to earth, the two heing insi 
from each other, no movement of the leaves can he produc 
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of radius one centimetre. This is called the electrostatic unit of 

^ As an example we may find the capacity of a circular cylinder 
whose length I is large compared with its radius a. The distribution 
of electricity on the cylinder will be nearly uniform in the middle, 
and only appreciably disturbed at distances from the ends com- 
parable with the radius. Thus if 0 is the middle point of the 
axis the potential at O will be approximately that of a uniform 
layer of surface-density a over the 
curved surface, the electricity on the 
ends being neglected. The charge i 

on the strip between planes distant / 

s and dz from 0 is 27rora dz, giving / . ^ 

rise to potential ^rraadz {or -\- z^) 
at 0. Hence the total potential at 
0, i.e. the potential of the cylinder, 1 ^ ’ 

is given by \ 


^Traadz 


J —^l '-j- 

4:7rcra log^ 


: 4:7Taa sinh"^ h- 
2a 


L+(i + Jiy 

2a ^ V ^ iaV 


= iTTcra loge - approximately. \ 

Ala n the charge on the cylinder is ap- \ 

proximately equal to 2rrala. Hence \ 

" 7 “ 2 log, (l/a) 

0- 2171 I'ig- 39 

~ logio {Ija) 

For example, an isolated wire 1 metre long and 2 mm. ii 
diameter has a capacity of 7-2 electrostatic units. When th( 
wire is joined to other pieces of apparatus, however, the distribu- 
tion of charge is altered and the total charge on the wire is no' 
given by the above formula. 

37. Electrical screening. If an electroscope is surroundec 
by a wire-gauze cage connected to earth, the two being insulat0< 
from each other, no movement of the leaves can be produced b; 
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tlie t)l th** jHAVi*rful 4*ltH‘trii» <*harijrt.\s outside the 

(‘a,ue. If tin* is reuto\t*d tlii‘ Waives, of euurse, divtu-^e Tinder 
tin* intlu4Uic4‘. Tin* senMUtnei etlVet dt*jHUids on tin* fa(*t that the 
eatife is very in*arly a eloped eunduetor Hurrnundin,^ tlu^ <‘le(*tro- 
seepe. It ean In* ^!ln\v^l that tin* seriauiinir fnnn outside aetioii 
is (‘oiu|>h‘te in tin* ease of a eoriduefor »*ntirely surnniiuliiei aiu>ther. 

Of thris* eoiiduiiors Oj, (\ insulated from (me another, 
let r eum|.tlefe!y eiielosc* i\ and l»e ke|it at a fixed [lotential V\ 
.The IlLUtre slness fiie i’onduefors. willi a skeleft trf file lines (d* 
foret* [lassiny luaweett fln*m : N| i,s the iitmu’ surfaee of and 



tlie outer. Idrst inyuiiiie tliat S., is removed tfj iidinitv. (\> heinu 
ahs(mt, so that f * iieeomeH an inlinite eondmior with a eavit\^ /Sj . 
Thert* will be a, eertain elist rilmtion of eleetimaty on and A'| 
eorn‘S|)oudiny to a eharm* mi f*| when V is at zero 

potimtial. S(*eondlva snpjaise that tin* whoh* of the inferior of 
r is filh*d u|> with nietah Tlnm there wilt In* a siaamd distrihntion 
ol ehs'trieify int th and eefrresjjondintr to a mven fTaiyn* on 
f.h wlien O is in;untaim‘d at potenfiai T. If ntiw the two distri- 
hutious an* snper|HjS(‘d we uet a dmirihiition of eharLO's on (fj, 
'*'^0 4S2 whieli satisfies all the tanitlitions of the aetnal riroldem. 
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and. is therefore the distribution when all the conduptors are 
present. For the first distribution gives zero potential everywhere 
outside while the second gives potential 7 everywhere inside 
/Sg. Hence in the combined distribution we have potential 7 
in the space between and S^, and also constant potential over 

and C^. 

The two distributions are evidently entirely independent of 
one another, so that the charge on does not move about when 
the position of is altered, nor is the potential at any point inside 
C changed in any way. Similarly Gi has no effect on the electro- 
static phenomena outside the conductor C. 

This theory explains a celebrated experiment of Faraday, 
which consists in fixing a long metal cylinder to the knob of an 
electroscope and lowering small charged bodies into it by means 
of a silk fibre. On lowering a charged insulated body the leaves 
diverge, as the body induces an equal and opposite charge on 
the walls of the cylinder and repels a charge of its own sign on to 
the electroscope. It is found that the divergence of the leaves 
is independent of the position of the body inside, provided the 
body is fairly inside the cylinder, and that it does not alter even 
if the body touches the wall of the cylinder. 

A second experiment of the same kind is to verify the fact 
that equal and opposite charges are produced by friction, required 
by electron theory. Let a silk handkerchief be tucked into the 
cylinder, and a glass rod then thrust inside and turned round 
vigorously. No , divergence of the leaves of the electroscope is 
observed, so that the total charge generated is zero. The sensi- 
tiveness of the experiment may be tested by withdrawing the 
glass rod: the negative charge on the silk then causes a large 
divergence to take place. 

The principle of screening is constantly used in the construction 
of electrical instruments, depending on the fact that, since a closed 
conductor screens perfectly, a nearly closed one is nearly perfect. 
Wires leading to electrometers are screened from outside influence 
by passing them down the centre of earthed brass tubes fitted 
with ebonite plugs, the instrument itself being screened by means 
of a brass case connected to earth. The electroscope in Fig. 28 is 
screened to some extent by its case. 
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38. .Condensers. While it is easy to measure a difference 
of potential accurately, the direct measurement of electric charge 
presents great difficulties. It is thus advantageous to reduce the 
measurement of charge in some way to that of potential ; and 
this might he done with the aid of conductors of known form 
and capacity, the charge on which would be known in terms of 
their potentials. There are however two difficulties in the way, 
namely that to obtain a large enough capacity large conductors 
would have to be used, and that isolated conductors are consider- 
ably affected by chance external influence. These difficulties are 
obviated by the proper use of condensefs. 

A condenser consists essentially of two conductors, all or 
nearly all the lines of force from one of which (called the inner 
plate) end on the other. Evidently one way of securing this is 
to have the latter conductor enclosing the former almost entirely, 
an arrangement which also protects the inside plate from outside 
influence. The capacity of the condenser is the ratio of the charge 
on the inner plate to the difference of potential between the two 
plates. 

In addition to its great utility as a measuring instrument, 
the condenser is also used to store electricity temporarily, as a 
condenser of large capacity can store a great deal of electricity 
by the use of a low source of potential only. 

If the potential-differences are very large (of 
the order of 100 electrostatic units or 30,000 
volts) the insulation of the air will give way : 
in this case it may be necessary to emplov 
compressed air between the plates. At these 
potentials, however, insulation generally gives 
rise to some difficulty. 

We can obtain a condenser whose capacity 
is the sum of two given condensers by joining 
them in ^mmllel. This is done by joining the 
outside plates together with a wire, and also 
the inside plates, as shown symbolically in 
the figure. Let C, O' be the capacities of the 
two condensers, V the difference of potential 
between the terminals’’ A, B when the condensers are in parallel. 
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Then the charge on the inner plate of the first condenser is CV, 
and on the second C'F. In the compound condenser the total 
charge is (0+ C')V, so that the capacity is 0+ C'. 

A large capacity is conveniently built up by taking a number 
of smaller condensers and joining them in parallel, when we get 
a capacity which is the sum of those of the separate condensers. 
It is also possible to make a condenser whose capacity is less 
than that of any of the condensers by joining the inner plate 
of each condenser to the outer plate of the next, but this method 
of joining condensers is seldom used. 

39. Parallel plate and cylindrical condensers. Guard- 
rings. Two parallel plates brought close together form a condenser, 
and then it is immaterial which plate we regard as the inner one. 
Suppose that we have two plates 0^, Gg, each of area A, so great 
in comparison with the distance d apart that the plates may be 

c, 

I — 

cr 

-cr 

1 — ...—zin : 

Cq 

Fig. 42 

considered as infinite. The lines of force then run practically 
straight across between the plates, and the surface-density is 
uniform except near the edges. Further, if the plates are joined 
at the back to other apparatus, nearly all the electricity lies on the 
opposing surfaces of the plates and there is very little at the 
back. If io- are the surface-densities, the charge on the positive 
plate is a A, Each plate gives rise to an electric force of magnitude 
Sttct, and it is easy to see that the separate forces assist one another 
between the plates and are in opposite directions everywhere 
else. Hence there is an electric field of strength iira between the 
plates, and no force at the back. The difference of potential 
between the plates is 47to-(^, so that the capacity is aAI4:7Tad=Ali7rd. 

Thus if d is made small the capacity can be made large without 
the use of large plates. Parallel plate condensers are sometimes 
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construcj^ed with three plates, the two outer ones being joined 
together to a single terniinal. The capacity is tlieii Ahlnd, and 
the arrangement is a better one for screening the inner plate. 
Fig. 43 shows a diagram of the lines of force between the plates 


Fig. 4a 

of a condenser, prepared by tlie method previously desci‘il)ed. It 
will be noticed that the lines of force pass straight across 1)etween 
the plates even when the latter are quite small, but that they 
spread out near the edges. Tlie irregular arrangement of the 
crystals at the back of the plates shows that there is very little 
electric force there. 

The spreading out of the lines of force near i\w makes 

the capacity of an actual parallel plate cond(‘ns(‘r somewliat 
greater than tliat calculated from tlie formula AUttcL 7^116 

Cg Cj 


Fig. 44 
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guard-ring is a device due to Lord Kelvin for avoiding this 
uncertainty. The top plate is composite, consisting of a circular 
disc Cj surrounded by a concentric ring C 2 separated from it by 
a narrow gap. When 0^ and are at the same potential the 
lines of force from C 2 pass very nearly straight across to (7j, and 
the charge on the inner plate is AVjiard, where A is the area 
of C'l and F the difference of potential between and (7„ . Tn 
using such a condenser the plates must be at the" same 

potential at the time of making the experiment, otherwise there 
vill still be an error due to the edges. 

Another arrangement is the cylindrical condenser, consi.stimr 
of two coaxial cylinders G^, C'„ whose length is large compariHl 
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the charge on the inner plate approximately c ~ Iq. Hence the 
capacity of the condenser is 

? ^ 0 - 217 ; 

2 log,, (bja) logio {hja) 

The leader will notice that the total charge on the outer cylinder 
is not necessarily equal to that on the inner, as there may be 
charges present on the outermost surface of all. 

Jig. 46 shows a convenient form of cylindrical condenser for 
laboratory work. Here 6'^ is the inner plate, 0^ the outer plate, 
and 6;j 6., are short cylinders separated from C\ by narrow air-traps. 
A\hen C] and C'.j are at the same potential the lines of forces jiass 



Fift. 40 

nearly straight across from C, to (\, and we can malce use of 
equation (10) to calculate the charge on C,. In use the end rings 
6.J C.j are usually earthed, and the condenser is valinilile in experi- 
ments in which the inner plate is at zero potential at the time of 
measurement (cf. Art. 69). 

40. Theory of a system of conductors. The comhmser is 
a particular arrangement of two, or with a guard-ring three, con- 
ductors. We have now to consider the principles invo!\-ed wlnm 
there are n conductors at potentials V^, V^, . . . F„, the total 
charges being rq, e,, ...c„. Since the f)otential at any point 
of a field only involves the charges to the first degree, there must 
be a set of linear ei|uations connecting Cj, e.,, . . with F, V 
Hence ' “ a 

^1 = qnV^■hq^,V, ^ + 

Ca = 721^1 -f ^22^2 + . . . + (72,, F„, 


- qn1 Fi -I- -f . . . ^,„„F„. 
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Here is the total charge on the first conductor when its. potential 
is unity and that of all the other conductors zero ; and then q-i^ 
is the charge on the rth conductor, and so on. The coefficients 
are called coefficients of capacity, and q^s, with r and s unequal, 
coefficients of influence. The coefficients have several properties, 
the most important being the reciprocal relation q rs 9.ST ' 
A little reflexion will show that Gauss’ reciprocal theorem 
XeV' == Se'F (Art. 24) can be extended to the case in which e is 
the total charge on a conductor and V the corresponding potential. 
Taking as the two distributions those in which 

(1) all the F’s vanish except V^, 

(2) all the 7'’s vanish except 7/ ; 
we have CsV/ = e/7,.. But by definition we have 

Cg == r ^nd e,. == g^rg7 § . 

Hence qrs^isr- 

The coefficients q depend on the form and position of the 
conductors, and are only known in a few simple cases, since the 
electrostatic problem of the distribution of electricity over the 
surfaces has to be solved before they can be calculated. In 
particular, the coefficient q^^r the same as the capacity of 

the rth conductor when it alone is present in the field. We may 
illustrate this theory by considering the cylindrical guard-ring 
condenser depicted in Fig. 46. The general equations are 

== qii^ 1 + 

^2 = + 7221^2 + q%zyz> 

^3 = 1 + fel^2 + 2331^3 • 

Take 7i = Fg = 0, = 1. Then Cg = 63 =- 233- 

Since Cg acts as a guard-ring to 0^ we have, from the last article, 



2 log^ (hja) ' 

Hence g^o = — 7^1 — ^ , \ . 

2 log, (6/a) 

The other coefficients g^, q^^, ggg, q^^, q^^ are difficult to calculate. 
If G3 is at zero potential, but Gj at potential Fj, we should 
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have == ?iiFi + ^i 2T72. Thus the charge on wovilcl })e 

I 

incorrectly calculated from the formula c. — i . (Ft — F.*) 

2 log,, {o/a) 

unless Oi and were at the same potential, and the error eould 
not be estimated precisely, since is unknown. This ilhist rates 
the improper use of guard-rings. 

41. Two-dimensional problems in electrostatics. Tlte 
distribution of electricity on infinitely long paralhd eyliiHlrieal 
conductors can be found in many eases by the m(‘thod of 
coTijugate functions. Taking tlie axis of s })arallel to tin' g<‘norat(H’s 
of the cylinders, the problem reduces to finding a, solution of tlie 
ecpiation S-F/3rr- + 0"I79y^ 0 which shall make V eoustani over- 

two given curves, namely the cross-sections of the c^dinders, 
e.g, by the plane z 0. Ileal (|ua.ntities U and F such that 
i!7 -~h is a function of x ig only are stiid to conjtigate 
functions of x and //. It is well known that in this (ais(‘ 


Hence the curves = const., F -- const, cut at right angles ovm’v- 
where, and F may be taken as the potential in some t‘lectrosfatio 
problem. The curves F — const, are the e<juip(>tentia,l cur\'i'S, (u- 
sections of the equipotential surfaces, and const, the lim*s of 
force. 

By making different assumptions as to the form of tlu^ ftinet ioti 
we obtain the solution of various problems. 8tippose for <‘xampl<* 
that U + iV is connected with, x + iy by tlie inverse relation 
X + iy ”= c cot .1 (U -f iF). 

Writing t = tan |a[7, r == tanh IF, we liave 


ly -- c 


t ir ' 


On multiplying up and equating real and imaginary jiarts, t ins 


xt — yr = c, 
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The equipotential curves are found by eliminating t from these 
equations. ^ 

Thus + t ey {r + -^ + =0, 


Qj, ■\- [y c coth F)^ = cosech^ F , 

ou reduction. Hence the equipotential curves are a family of 
coaxial circles. The circle corresponding to the potential F has 
centre (0, - c coth F) and radius c cosech F. The lines of force 
are easily found to be given by the equation 

{x-c cot Uf & cosec^ U (11), 

which represents the orthogonal family of coaxial circles. 

Let it be required to determine the distribution of electricity 
on two parallel conducting circular cylinders of radius a whose 
axes are at distance 2h, apart and which carry equal and opposite 
charges. Taking as origin a point half-way between their axes, 
we can identify the cross-sections with the equi potentials F = ± Fq 
of the preceding transformation by writing 

^ = c coth Fo, a = c cosech Fo . 

Hence c = (h^- a^)^, - cosh Y^^hja (12). 

Since c is now known, the line of force for any value of U can 
be constructed from equation (11). Fig. 47 shows the lines of 



Kg. 47 


force for equidistant values of U. It will be noticed that the 
system is really equivalent to a condenser when the charges are 
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equal and opposite, as all the lines of force from one cylinder t‘iid 
on the other. In order to find its capacitv we lia.\'e onI\‘ ti» fiml 
the charge per unit lengtli of eitlier conductor. This is (hqtnMnim’il 
by the following general theorein. . ^ 

Let V (Fig. 48) be the normal to ^1/ 

an equipotential, s the direction of the 
tangent, E tlie resultant electric force P 

at P. The direction-cosines of s are 

. 1/1 3F 1 dV\ A 

easily seen to be - , so \ 

V B dij E dxj \ 

that ' ' 

/roy _ i | idvdv 

\ ^<'> / /’('(Hist. E Bx ‘ hi f-x ctj 

F \\d,j) ' UJ i E 

But now it the e(|uip()tential considered is tln‘ surfac(^ of a (’ondnetor 
E — Ittcx. .Hence, disregarding signs, we liav(‘ 

I dU 

or 

•I 77 OS 

The charge per unit length of the conductor l)etwt‘en the gmuontors 
through the points P, Q is tlierefore giv<»n by 


^ ds / /’const. 
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Hence if IJ is found in terms of the iiosition of ii point, on the 
cross-section, the charge between any two points is known. Siin'i* 
the lines of force in tig. 47 are drawn for cipiidistant valiu's of 
U they divide the conductors into regions carrying wpial cliargc.s, 
thus showing graphically the greater concentration of (diarge on 
the parts of the cylinders which are, nearest together. In iroiiiL' 
once round one of the cross-sections U increases by dw. so fliaf 
the total charge per unit length of either eylindiu’ in the present 
case is from equation (13). Since the dilTerenee of potential 
between the cylinders is 2F(,, the capacity per unit Iimgtli is 

1 _ 1 

4F|, 4 cosh'"* [hja) ' 

This formula will be practically applicable to two finite eyiinder.s 
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whose length is great in comparison with the distance apart o£ 
their axes. Writing I for the former and d = 2h for the latter. 


the capacity is 

0 = 


0-1091 


4 cosh“ 


4a2 


For example, if we take a length of wire of 2 mm. diameter, 
covered with cotton insulation mm. thick, cut it in two and lay 
the halves alongside one another so as to touch everywhere, we 
have a condenser whose capacity is 13 electrostatic units per 
metre of wire used. The capacity of long coils of wire wound 
back on themselves is often considerable*. In case the wires are 
at a great distance apart compared with their diameters, equation 


(14) becomes 


0-1091 
logic {dja) 


(15). 


42. Sensitive electroscopes. Electroscopes are verysensi- 
tive to charge on account of the small capacity of the gold leaf, by 
virtue of which a small charge produces considerable difference 
of potential between the leaves and the case. They are not, 
however, usually sensitive to potential itself. This sensitiveness 
can be obtained by improved design and by reading the deflexion 
of the leaves with a microscope. C. T. R. Wilson has designed 
a very delicate electroscope, an improved form of which is shown 
in Fig. 49. The “knob” is represented by a mercury cup C to 
which the external apparatus can be connected, leading down a 
quartz tube to the gold leaf L. An insulated plate P is arranged 
Qp^Qglte h, so that its distance from L can be adjusted by means 
of a screw. The whole is surrounded by a metal case B connected 
to earth, a small window being left for microscopical observation 
of the gold leaf. The case is mounted on a stand so that it can 
be tilted at various angles to the horizon. In use the plate P is 
maintained at a constant potential of about 200 volts (i.e. about 
I electrostatic unit). When the gold leaf is connected to earth 
it is attracted more or less to the plate, and on having its potential 


The capacity of a 500 ohm coil in a resistance box may amount to 100 
electrostatic units, i.e. if cut in two the coil would form a condenser of this 
capacity. 
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raised ^ by a small amount the leaf moves to the right or left 
dccoiding as its potential is of the same or opposite sign to that 



ol the plate F. The object of tilting is to diminish the effect of 
gravity on the gold leaf. If the angle made by the plate with 
the horizon is small, or if the potential of the plate is large, the 
mutual attraction of plate and leaf may be such as to make the 
equilibrium of the leaf unstable, but by seeking a position in 
which the leaf is just stable great sensitiveness can be obtained. 

In another sensitive form of electroscope two small plates are 
set up parallel to one another and a fine quartz fibre is stretched 
between them on insulating supports. The fibre is silvered to 
make it conduct, and maintained at a high potential by means 
of a battery of small cells. If the two plates are at different 
potentials the fibre is pulled aside and the deflexion is read off 
with a microscope focused on the fibre. This instrument is 
very (piick in action and suited to the observation of transient 
phenomena, since the fine fibre quickly takes up its position of 
eqiiilibrimii. 

43. Electrometers. An electrometer .is an instniment for 
the accurate measurement of differences of potential. Certain 


P. E. 
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electroscopes really fulfil this condition, but it is usual to reserve 
the name electrometer for instruments of rather difierent types, 
of which the following may be taken as examples. 

Kelvin’s absolute electrometer depends on measuring the pull 
between the plates of a parallel plate condenser. If A is the area 
of a plate fitted with a guard-ring, the thrust exerted on it is 
'2mc^A, where a is the surface-density. If d is the distance between 
the plates and V^, their potentials, then 7i - 7.^ = 47rad. 
Thus the thrust on the plate is 

A (7i - 7,7 
Stt(P 

It is clearly immaterial which plate is taken as positive. 

Fabry and Perot have designed a very sensitive absolute 
electrometer, in which the plates are separated by three springs, 
variations of the distance being observed by an optical interference 
method. Their electrometer was capable of measuring accurately 
the difference of potential between the terminals of an ordinary 
electric battery, that is, differences of potential of the order of 
l/200th of an electrostatic unit. The ordinary form is only 
suited for high potentials of the order of 10 electrostatic units. 

Absolute electrometers are not suited for ordinary laboratory 
work, for which the best type is the i^ucidTUTit elcctTOTytcicT, also 
due to Lord Kelvin. We shall describe a modification due to 
Dolezalek, now in general use (Fig. 50). The moveable part of the 
instrument is a so-called needle made of paper covered with tin- 
foil and cut out in order to decrease the weight. This is suspended 
from the central rod of the instrument by a fibre of quartz, which 
is very strong and true in its elastic properties. If the fibre is 
not silvered it can be made conducting by dipping it every now 
and then in a conducting liquid, for example a solution of calcium 
chloride. The needle can be charged up to a suitable potential 
by means of a battery of small Leclanche cells. The quadrants 
are four insulated pieces of brass so shaped that they fit close 
together and form a box nearly enclosing the needle. A light 
mirror is fixed just above the needle so as to show the angle 
turned through by reflexion of the light from a lamp on to a 
graduated scale. Fig. 51 shows a suitable arrangement. The 
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electrometer is enclosed in a brass case connected to earth to guard 
against outside influence, and pierced only with small holes for 
the terminals and a smaU window for use with the lamp and 

Mg 52 gives a top view of the needle, the upper half of the 
quadrants being removed in order to show it. The quadrants 



Q1Q4, Q2Q3 are joined together, and each pair connected to a 
terminal of the instrument. 

Suppose now that the pair of quadrants QiQ^ is at potential 
the pair Q^Qz potential V 2 , and the needle charged to 
potential V. We shall show that the deflexion of the needle is 
approximately proportional to (7i— Fg) (27- 7i — 72)- ^^7 

point where the surface-density is a the needle is acted on by 
a force 27Ta^ per unit area normal to the surface. Thus the 
only forces tending to produce a couple about the suspension are 
due to the charges on the straight outside edges of the needle 
and if a and a are the surface-densities at these edges the couph 
tending to turn the needle round is proportional to 
The angle of deflexion shown in Fig. 52 is considerably greate; 


Ill] 


ELECTROSTATICS 


85 i 

than tha-j; occurring in practice (about 7°), so that the edges ^ 

always remain well within the quadrants in which they are to i 

begin with. The edge a' under the quadrant is thus practically [ 

affected by this quadrant alone, and the surface-density at the 1 

edge is proportiona] to the difference of potential between the 
needle and quadrant. Thus o-' oc V - F, and o- oc F - F^ , so 
that the couple on the needle due to all the charges is proportional 
to (F - F.,)2 - (F - F,)^ i.e. to (F^ - F„) (2F - F^ - F^). If ■ 

9 is the deflexion, the torsional couple due to the fibre is propor- 
tional to 6. Hence in the position of equilibrium we have 

(Fi- F,)(2F- Fi- F„) = A0 (16), 

where A is some constant. ' 

In the ordinary (or heterostalic) method of using the electrometer 
one pair of quadrants is earthed, and the potential of the needle 
is much higher than that of the other quadrants. Thus the 
deflexion is nearly proportional to the potential of the othei- pair i 

of quadrants. Greater accuracy could be obtained if desired by j 

reversing the potential of the needle and taking the mean of the | 

two observations. Dolexalek has recently introduced an electro- ! 

meter in which the needle is cut in two and the halves raised to I 

equal and opposite potentials, the four quadrants being reduced | 

to two “binants.” The slight error due to the needle is thus I 

elimiiuited and, accurate I'cadings can be taken with deflexions | 

on one side only. , I 

The quadrant electi'ometer is much, more sensitive as a mere | 

detector of electricity than the common electroscope. Ordinary 
patterns will detect a difference of potential of about l/lOOth of | 

a volt (l/3(),0(,)(.)th of an electrostatic unit of potential), so that in | 

spite of its considerable capacity (about 50 electrostatic units) very | 

small charges can be measured. The sensitiveness depends of j 

course on the use of a very fine fibre for the suspension. Of late I 

years fine metal suspensions have come into use instead of quartz | 

fibres, and are convenient when the greatest sensitiveness is not I 

required, as they require no dipping to make them conduct. j 

44. Contact potential. Piezo- and pyro-electricity. 

lig. 53 represents diagrammatically a parallel-plate condenser 
with one plate connected to an electrometer and the other to earth. 
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The other pair of quadrants is earthed as usual, while A is earthed 
to begin with and then insulated. If the plate B is moved about 



Y Earth 

Fig. 53 

in front of A the electrometer is unaffected as long as the plates 
are of the same metal. With different metals, however, if we 
start with the plates close together and then draw them quickly 
apart, the spot of light moves away, returning to its original 
position when the plates are moved back again. These influence 
effects are exactly what would happen if we moved one plate of a 
charged condenser about in front of the other, and we are thus 
led to suppose that two plates of different metals take up different 
potentials even when joined to a common conductor. It is easy 
to show that there is a definite difference of potential for every 
pair of metals, since it is found possible to prevent the motion of 
the spot of light altogether by raising or lowering S to a definite 
potential above or below A. The natural difference of potential 
of two metals is called their contact potential-difference. 

We cannot determine contact potentials by connecting the 
two metals directly to a quadrant electrometer, because there 
would be no deflexion at all if this were done. This is due to the 
fact that contact potentials are additive, i.e. the contact potential 
of two metals A, C is the sum of the contact potentials of A, B 
and of B, C, where B is any other metal. Since the quadrants of 
an electrometer are both of brass no difference of potential arises 
between them on account of contact effects in connecting wires. 
Contact potentials can however be determined if the quadrants 
themselves are of different metals, as was originally done by 
Lord Kelvin. 

The property of insulators which corresponds most nearly 
to the contact potential of metals is their behaviour during 
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friction. The electroscope, and for delicate tests the quadrant 
electrometer, enable us to examine very easily the characes 
produced by friction. It is found, for example, that while a silk 
handkerchief will acquire a negative charge by friction against 
•glass, it is positively charged when rubbed against metals or 
ebonite. More generally, substances can be arranged in a series 
such that each when rubbed by the next acquires positive electricity 
the following being the general order : Catskin, glass, wool, silk’ 
metals, sealing-wax, ebonite, sulphur. 

The effect is additive, i.e. any member of the series is positively 
electrified by friction with one later, and negatively electrified 
by friction with one earlier than itself. 

In 1880 J. and P. Clurie discovered that crystals devoid of a 
centre of symmetry, such as tourmaline and quartz, became 
electrified on tho^ application of stress. This phenomenon is 
called piezo-elecli'icity, and has been found to consist in blie 
production of a pohu'isation analogous to that occurring in flie 
inside of dielectrics, the dii'ection depending on the external forces 
applied. The case of quartz lias been carefully investigated. 
It is found tliat when a ijuartz crystal is compressed along its 
crystallographic axis of thi'eefold symmetry (optic axis) rro 
polarisation is produced, but polarisations do occur for other 
directions. If the crystal while under stress is passed through 
the flame of a Bun, sen burner so as to remove the surface layers 
attendant on polarisation (Art. 47), and the stress then removed, 
the crystal is found to possess free charges at every point of its 
surface equal and opposite to those originally produced. 

It has been known for at least 200 years that a crystal of 
tourmaline becomes electrically polar when heated, and the 
polarity iicrsists in the parts into which a heated crystal is separated 
when lirokeu. There is good reason to believe that these pyro- 
elednc ell'ects depend on alteration of form caused by rise of 
temperature, i.e. that they are really piezo-electric in nature, the 
temperature playing only a secondary role. 

45. Dielectrics. We have hitherto regarded an insulator 
merely as something which prevents the passage of charge from, 
one conductor to another : but the insulator plays a very distinct 
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part in electrical experiments, as is shown by the following. Take 
a parallel plate condenser and join one plate to one terminal of a 
quadrant electrometer in the ordinary way. Begin with the 
•outer plate to earth, and discharge the electrometer and inner 
p)late by connecting them temporarily to earth with a wire. If 
the outer plate is now raised to a definite positive potential there 
will be a negative charge induced on the inner plate, and a positive 
•charge repelled to the electrometer, the latter showing a deflexion. 
If the experiment is repeated with a slab of glass or ebonite between 
the plates of the condenser the deflexion is much greater than 
before, showing that more charges reside on the plates for a given 
applied potential. In other words, the capacity of a condenser 
is increased when a solid insulator replaces the air between the 
plates. 

This effect was first demonstrated by Cavendish about 1770, 
and rediscovered by Faraday. In view of the important part 
played by insulators Faraday gave them the name of dielectrics^ 
and this is generally used when we wish to draw attention to the 
electrical phenomena occurring in the insulators themselves. 
Faraday showed that the capacity of a condenser was increased 
in a constant ratio when another dielectric was substituted for 
air ; this ratio is called the dielectric constant (or specific inductive 
capacity) of the dielectric, and denoted by K, This increase of 
capacity is found very convenient in practice. For example, 
in order to separate the plates of a condenser by a finite small 
amount a solid insulator such as mica is used ; and the capacity, 
already considerable, is increased in the ratio of about six to one 
by the presence of the mica. 

Strictly speaking, air itself is a dielectric, though its properties 
differ but slightly from those of a perfect vacuum. However, 
it is convenient once for all to take a vacuum as the standard 
in electricity, and assign to it the dielectric constant unity. In 
other words, the electrostatic unit of charge is defined to be 
that which repels an equal charge placed one centimetre away in 
vacuo with a force of one dyne. This will be adopted henceforth. 

The experimental methods of measuring dielectric constants 
are described in the next chapter : the following table gives their 
values for certain common insulators. 
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Dielectric constants {K), referred to vacuum. 

Ebonite 

2-7 

Alcohol 

26 


Glass 

5 to 7 

Paraffin 

2-1 


Gutta-percha 

2-5 

Petroleum 

2-1 


Mica 

6 

Water 

81 


Paraffin wax 

2-3 

Air 

1-00059] 

at 0° C. 

Quartz 

4-4 to 4-6 

Hydrogen 

1-00026 

and 760 mm. 

Sulphur 

3*8 to 4 

Carbon dioxide 1-00096 J 

pressure 

The results for gases 

show how little 

error is 

committed 


taking A = 1 for them. The dielectric constant of air need not 
he taken into account in ordinary experiments. 

46 . Various forms of condenser. Many practical condensers 
are made with solid or liquid dielectrics between the plates, the 
size of a condenser of a given capacity being thereby considerably 
reduced. In addition, the insulation at high potentials is greatly 
improved by the choice of a suitable medium, the use of air 
being inadmissible when the plates are very close together, 

on account of the danger of a spark passing between the 
plates. 

The Leyden jar (Fig. 64) is a convenient form of condenser to 
handle, and consists of a bottle with a wide neck covered outside 
and inside with tinfoil. Contact with 
the inside is made by means of a brass 
rod carrying a screw terminal, dipping 
into the bottle through' a wooden or 
ebonite stopper. A hanging chain is 
often used to connect the rod with 
the inner tinfoil, but brass springs are 
much more reliable. As the Leyden 
jar is frequently used with high poten- 
tials good glass must be used, and the 
outside of the jar should be covered 
with shellac or other varnish to diminish the leakage of charge 
over the surface. The capacity of an ordinary jar is of the order 
of 1000 electrostatic units. Small Leyden jars are usually fitted 
to influence machines to store the electricity as it is formed and 
to strengthen the spark. 
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Fig. 55 shows a condenser whose capacity can be varied 
continuously within wide limits. By turning the handle a greater 
or less area of the moveable vanes comes opposite the fixed vanes, 
and the capacity is changed accordingly. These condensers are 
extensively used in wireless telegraphic work, and are often 



Fig. 55 

immersed in oil to improve the insulation at high potentials. 
This also increases the capacity. For accurate work variable 
condensers must be calibrated, i.e. the capacity corresponding 
to any position of the pointer must be determined by comparison 
with a standard condenser. 

Very large condensers, whose capacity is of the order of a 
million units, can be made of quite small dimensions by using 
mica or paraffined paper for the dielectric and tinfoil for the 
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plates, a large number being connected in p<ara]lel. For example, 
let us calculate the number of sheets of tinfoil :20 cm. sepia re 
required in the construction of a condenser of a million units 
capacity, using mica insulation 0*2 mm. thick. As the sheiks of 
tinfoil are laid alternately the capacity is w/01/2W, wh(‘ri‘ tliere 
are n sheets each of area A connected to each terminal. 1'aking 
li = 6, this gives n ~ 52, so that about a hundred slnads would 
be required altogether. 

Fig. 56 shows the method of mounting large eo ml (‘ns(u*s for 
laboratory use. All the outside plates arc joined togidlnu* to 
one screw terminal Tj, while any number of tlie iivmu- plates (‘an 



Fig. 50 


be connected througli a collectiiig bar to a terminal 7’._, by means 
of metallic plugs, thus joining any number of tiic separafe eon 
clensers in parallel. The values of the .separate (•apaei(i<‘s are 
marked on the metal lugs supporting the plug-lmle.s. 
large condensers are now often made by taking two long .strips 
of tinfoil, covering one of them on one .side with an insulating 
varnish, and tluni rolling the two up on top of eacii other. Sueii 
condensers are vc'ry portable and inexpensive. 

Commercial condensers often show the phenomenon of the 
residual discharge-, that is, for some time after tluir plates hnvi- 
been connected together they continue to di.seharge slight Iv. 
Well-made condensers with mica insulation, how(‘ver, show"'litt’le 
of this effect. 



I 



I •’ii 

i -f 
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47. Theory of dielectrics. The point of theoretical im- 
portance in the discovery of Cavendish and Faraday is that 
the proportional increase of capacity is the same for all possible 
shapes of condenser employed. Thus for the same charges on 
the plates the difference of potential with a given dielectric is 
\jK times its value for a vacuum, i.e. the electric force at any 
point is IjK times its value in vacuo. Hence we have the funda- 
mental rule that the electric force at distance r from a charge e 
immersed in a homogeneous dielectric is 




.(17). 



A satisfactory theory of dielectrics was first propounded by 
Kelvin on the lines of a corresponding theory of magnetisation 
due to Poisson. Translated into modern notation this theory is 
as follows. The electrons of insulators, except under special 
excitation such as friction, remain attached to their respective 
molecules. A certain freedom of motion however remains, and 
we may picture the electron as joined to the molecule by 
something like a spring. On applying an external electric force 
the electron and the residual positive charge move in opposite 
directions somewhat as shown in the 
figure. The actual state of affairs may 
not be as simple as this, but in any case 
we shall have positive electricity on the 
whole at one end of the molecule and 
negative electricity at the other. This 
state is exactly analogous to a small 
magnet if we imagine magnetic poles to 
be replaced by electric charges, and the molecule is said to be 
polarised. 

By analogy with the simple magnet we can speak of an electric 
doublet, i.e. a positive charge e and a negative charge — e at a 
small distance I apart, the moment of the doublet being le and 
the line joining the two charges being its axis. The electrical 
efiect of a polarised dielectric is now calculated as in Articles 19 
and 20 of the last chapter, since the laws of action of electric 
charges and magnetic poles are exactly similar. The total electric 


Impressed Force 
Fig. 57 
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moment of an element of volume dr of a dielectric m-ar llu- point 
{x, y, z) 'has components P^dr, Pydr, P-dr, where tlie vedor 
P{Px< Py, Pz) is called the folarmilion at the point. l*oi.s.s(m'.s 
analysis shows that the polarised dielectric is equivalent to a 
volume-distribution p of electricity through the volume of tlie 
dielectric and a surface-distribution a over its bouudarv, where 


mP„-| n/b. . .(IK). 


The potential at an external point A is given by 


where r is the distance Iroin A ol tlie elenumt of volume or surface 
considered. 

When tlie point A is actually inside the dielectric there is 
some doubt as to the. definition of electric force ami the e,\act 
meaning of e(|uation (17). We sliali take the electric force fn be 
that due to the surface-distribution a over the extm-iial boiimlarv 
of the dielectric and the volume-distrilmtion p, which mav of 
course e.xtend right up to A without giving rise to dilliclilfv. 
With this understanding there exists a (lotential f\ and the 
components of electric force are ~ f)] . ri’v*-;. 
Further, we liave by Poisson’s tlieorem 


We shall show that tlie behaviour of dieiectrics is com[>li‘teiv 
explained by the hy])oth(‘sis that the polaiisation at an\’ point 
is proportional to the (‘lectric force. Let us write 


For the sake of generality we shall suppose that the fad or of 
proportionality k is a function of ./•, y and 0 , i.e. wi' consi<!,.r a. 
dielectric w^hose properties vary from point to point. Sulist it ut im^ 
from (20) in (19) we have 


{ f 2 
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Writing Z = 1 + irrh, this may be written 



The symbol K has been used because* it is really identical with 
the dielectric constant as previously defined. To verify this, 
and also to gain additional insight into the action of dielectrics, 
let us calculate anew the electric force at distance r from a charge 
e immersed in a homogeneous dielectric. 

Draw a small sphere Sq of radius with e as centre, and 
imagine the dielectric inside the sphere removed to make room 
for the charge e. Let V be the potential at a point in the dielectric 




Fig. 58 


at distance r from e. Since K is now constant, equation (21) 
reduces to Laplace’s equation. Hence F = a/r, wLere a is some 
constant ; and the corresponding electric force at any point in 
the dielectric is a/r^ radially outwards. It is easy to show that 
the volume-density p of Poisson’s equivalent distribution vanishes, 
so that the electric force is that due to the charge e and the surface- 
distribution on Sq, The corresponding surface-density, which is 
h times the electric force along the normal pointing away from 
the dielectric, becomes — The total charge thus arising 

on So is therefore — 4^1ca, and this acts on external points 
as if concentrated at the centre of the sphere. The potential 
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F is that due to this charge together with the charge e, so 
that 

a __ __ e 4:7Tha 

f f f 

Hence a = e - i-rrka, or a = - — t . 

1 H- iirk K 

The electric force at distance r from e is thus ejivfi as we should 
expect. It should be noticed that has disappeared from the 
equations, so that the dielectric can be taken to approach c as 
nearly as desired. 

On this theory the reduction of the electric force from to 
is due to the loi'inatiou of an induced cliarge on the con- 
tiguous surface of tht> dielectric, the magnitude Of the cliarge 
being - c (1 - ]//v). Since K = ] i- Airk, we should expect the 
dielectric constants oi ail substances to exceed unitv', and this 
is found to be the case. Oases, wliicdi contain but few molecules 
per unit volume, have small values of /,■, and K dill'ers by very 
little from unity. .Substances with large values of k ar(i those 
w'hich allow a largii pohuisatiou for weak electric forc(‘s, i.e. tho.se 
whose electrons ari' but weakly bound to th<‘ niolecuhvs. We 
should thus expect conductoi's to behave like dielectrics of infinite 
dielectric constant, and we find in fact that those results in the 
theory of diehafi.rics whiidi retain their meaning when /fi = ao 
hold for conductors. For example, |)utting K =- co in tlie dielectric, 
just consideiod, we have an induced charge —c on /S'„, as we. 
should expect. This cha,rge of course screems tlie inmn-' charge 
completely at external points, while the .screening for dielectrics 
is not perfect. 

48. Condenser with a partial layer of dielectric. Let d 

be the distance betwecm the plates of a pa,rallel-plat (3 condenser 
(h ig. t)9) and A, the aiaai of either plate, the linear dimensions 
being supposed large in comparison witli d. Let tliere l)e a slab 
of dielectric of thickness h between the plates, the rest of the 
space being occupied b}' air, for which K may be taken as unity. 
The polarisation being uniform and of magnitude P, there is no 
volume-charge in the dielectric, but only two surface-charges of 
density ± P . Let X be the electric force in the air-spaces and Y 
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that in the dielectric, ± ct the surface-densities on the plates. 
The electric force due to the surface-layers is easily found from 
Art. 30, and thus we have 

X = 4'7TCr, r = 477 (o- — P). 


cr 



But since P — kY by definition, this gives Y = 477o-/ir. The 
difierence of potential between the plates of the condenser is 

X {d — h) + Yh = 4770- (d — h-\- and the charge on the top 

plate a A. Hence the capacity of the condenser is 

KA 

4.7r{Kd-{K-l) h]‘ 

This reduces to AI4:7Td when h== 0, and to KAjiird when h = 
as we should expect. The electric force inside the dielectric is 
l/K times that in the air-gap. This is a particular case of a 
general theorem which will be given in the next article. 

49. Boundary conditions at the surface of two di- 
electrics. Conductor immersed in a dielectric. Let C be 

the surface separating two dielectrics K^, and let Pj, 



Fig. 60 


'Norma! 
to C 
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be the tangential and normal components of electric force i 
inside F.,, JV.^ the same (|uautities just inside lu. In ord^ 
to gain some insight into the effects where two dielectrics meeT 
imagine a thin air-gap to be left between them, its position 
coinciding very m-arly with the surface of separation C. x,et 
F, N be the components of electric force in the air-gap. 

(1) The Uaigoilidl. component of electric force is the sceme on 
either side of the surface of separation. On crossing a surface- 
layer of surface-density o- there is a sudden change of i-ncr in the 
normal component of electric force (Art. 30), but no change in 
the tangential component, since the surface-layer acts pract^ally 
as an infinite charged plane as regards points very near to it 
either side. Thus Fi = F == F.^. 

(2) The product of dielectric constant and mrnuil component of 
electric force is continuous in crossing the surface of separcct-ion 
Let crj, a., be the surface-densities of Poisson’s distribution oii 
the two dielectrics. Then from what lias just been said, we 
have 

N = iVj -1- Array, N., — N -|- iTra.^. 

Thus Ny h ‘Ittct, == N.i - ■iva.^, 

and we also have 

ay — • k y Ny , O’., ~ — JCyy N . 

Hence Ny (1 + Arrky) == N.f I + Arrhf), 

or KyNy = /uA.,. 

(3) The electric force just outside 
a conductor immersed in a didectric 
is ATrajli. As before, imagine a tliin 
air-gap to be removed between the 
conductor and the dielectric. The 
electric force in the air-gap is E — Arra 
at right angles to the surface of the 
conductor ; and the preceding tlico- 
rems show that the electric force E' 
just inside the dielectric has no 
tangential component, and that 
EE' = E. Hence E' = Ana/K normal 
to the conductor. 

P. E. 
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50. Electric force and electric induction. It is of some 
importance, in view of later developments, to inquire what 
happens when the proportionahty of polarisation to electric force 
does not hold. In this case we have at every point two vectors 
to determine the state of affairs, the electric force E and the 
polarisation P, independent of one another. Since E^= - d Vjdx, 
equation (19) gives 


dx dy 


dE, 

dz 


+ Itt 


^ dpA 

Kdx ^ dy dz ) 


-0. 


If we define a vector D as having the components 

Da: = 4:7rP^, Dy — Ey + 4:7rPy, Dz = E^-\- 4:7rP^, , . ( 22 ), 


this becomes 


dP^ dPy dP, 
dx dy dz 


= 0 


(23). 


The vector D will be called the electric induction, and (22) may 
be written briefly D E AmrP, The vectors D and E enjoy 
characteristic properties. Thus from (23) it follows that P is 
always solenoidal, but in general is not derivable from a potential. 
On the contrary, E is derivable from a potential, but in general 
is not solenoidal. These characteristic properties are lost in 
particular cases : thus in a homogeneous dielectric D is a mere 
multiple {KE) of E, and the two vectors behave identically. 

The boundary conditions of the last article are easily investi- 
gated in the present more general case. We thus find that the 
tangential component of electric force is continuous in crossing the 
boundary between two media, and so is the normal component 
of electric induction. The normal component of electric force and 
the tangential component of electric induction, on the other 
hand, undergo in general a sudden change. 


CHAPTER IV 

ELECTEIC CURRENTS 



51. Electricity in motion. It has been seen in the last 
chapter that whenever two charged bodies of different potential 
are connected by any third conductor, such as a piece of wire, 
there is a redistribution of charge which brings the bodies to a 
common potential. This movement of electricity along the wire 
is called an electric current, and it will appear shortly that the 
effects are the same whether the charges move through the 
conductors, or whether the conductors themselves move with 
appropriate velocity carrying their charges with them. 

In this chapter currents in solid conductors will be chiefly 
considered, and it is necessary at the outset to remember that 
whereas static charges are always confined to the surface of con- 
ductors, charges in motion, i.e. electric currents, in most cases 
move through the volume of the body. It is only in a single 
exceptional case that we can have currents confined to a thin 
skin on the surface of the conductor (Art. 203). The electric 
current produced by joining two conductors at different potentials 
is only momentary, and it is at this stage immaterial whether 
we consider the current to be due to the movement of positive 
charge alone, the negative remaining at rest, or vice versa, or to 
both moving simultaneously. For the sake of generality the last 
assumption will often be made. 

Imagine for simplicity the case in which the conductors have 
originally equal and opposite charges, so that after connexion 
neither will have any charge. Let attention be confined to some 
particular cross-section of the connecting wire : then, excluding 
the possibility of instantaneous neutralisation, a charge -p 
passes over the section in one direction in an interval of time 
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dt, and - de^ in the other. This is regarded as a total transfer 
of charge in the first direction equal to de, where 
de — de-y — (— de^ = de^ + de^- 

The definition of strength of current is that it is the rate of transfer 
of charge in a given direction ; current strength will be denoted 

d& 

by i, and if de is the charge transferred in time dt, i = -^. In 

this definition the (electrostatic) unit of current consists in the 
passage of one electrostatic unit of charge per second. In the 
case considered above i is not constant, all that is known at present 
being that it is zero at the beginning and end of the operation. 

It should be observed that, provided there is no accumulation 
of charge anywhere along the wire, the current is at any moment 
the same at all points of the wire. 

The passage of an electric current along a wire is accompanied 
by a number of effects which are not present in the case of charges 
at rest, but the above-mentioned method of producing a current 
is not suitable for their study, partly because of the smallness 
of the current and the short time for which it is acting, but 
chiefiy because it is not constant in magnitude. But however 
currents are produced in practice, it is necessary to grasp clearly 
the idea that the ‘"electric current” is merely the passage of 
electric charge. 

52. The voltaic cell. So far the only methods described for 
producing differences of potential have depended upon friction 
or electric infiuence. Speaking generally, these methods produce 
small charges at high potentials. We shall now describe a method 
by which larger quantities of electricity may be generated at 
much lower potentials, the necessary energy being derived from 
chemical sources. If two different metals are taken and placed 
in a solution they will produce a deflexion when connected to the 
terminals of a sensitive electrometer, thus revealing a very 
essential difference between this arrangement and the case of 
metal plates separated by air, described in the last chapter under 
contact- potential. The liquid has a more extended property 
than that of merely allowing contact differences of potential to 
arise where it touches the plates. 
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The earliest observations in this subject are those of (Iqi 
published in 1791. He noticed that a fro<r\s letr. attiudnnl 
iron hook so that the nerve touched the metal, co'ntra<t.«(l suaci^ 
when touclied witli a [(iece of metal in contact witli the t 

Since the same contractions could be produced with an elec-fcr’^ 1 
machine they were concluded to lx; electrical in nature. Xt 
reserved for Volta to point out the essence of (Jaivani’s tliseov^c^^ 
namely that the production of .‘lectricity did not d,>p.:md oia 
presence of aninia.I i)r(‘parations, Imt rather on that of eert ’ ^ 
liquids. Replaciufi tl.e froRs le- by acidulated wat.u-. l.e devis'l'd 
in 1800 the arrangennmt already ilescrihed, jicnerallv ciUloa. tl 
vol/aic cell .If two simple cells ai-e taken and the coiiper -olate 
of one joined to the zinc of the other, thev form a conmound 
cell or electric hattery, ami if the two r.nnainin. plat4 ^re 
]oined_to the terminals of an electrometer the dilference of 
potential is found to be twic(> as ^rreat as before. ..\nv mii-nHer- 

of cells can h.' joined “in series,” as if is called, so as to Xorm 

a battery. ' 

Other metals and li(|uids can be used in tlie c.mstructiori of 

voltaic cell, but certain combinations are advanta^r,.„us 
giving comparatively large differences of ia)t(mtial. 'I’he (iilfei'ence 
of potential betwe(m five jilates of a sim{»le c<‘ll, howi*ver, falls after 
It has been delivering current for anv iengf h of time. 'rbe'o<-ll j. 
then said to be pdnriml. 

One of the best forms of voltaic ■ 

cell is the Daiiiell cell, shown in hig. (jo. 

A stout zinc rod or cylimler is jilaced 
in zinc sulphate solution contained in 
a porous pot of unglazed earthenwari*. 

Outside the [lot is a larg(‘r ve.ssel con- 
taining a solution of copper sulphate, 
into which dips a. pi('c(‘ of shei't copper 
bent into the form of a cvlinder. Tin* 
action of the cell will be dis.mssed in 
Oh. X: it will give current without 
becoming unduly polarised and is 
therefore useful for performing .simple 
experiments, such as the following. 





fig. 02 


102 


ELECTRIC CURRENTS 


[CH. 


Suppose that the zinc and copper, or as they are called, the 
poles, are joined respectively to the two plates of an uncharged 
condenser, and that then these connexions are broken and the 
plates connected to the terminals of an electrometer. Care must 
be taken by the use of insulating keys not to discharge the 
condenser in the process. The electrometer will show a deflexion, 
shoving that the plates have been charged up by contact with 
the terminals of the cell. If now the condenser is discharged 
by joining the plates with a wire, and the cell again connected to 
them, it is found that they are charged up as before, and the 
process of charging and discharging can be continued almost 
indefinitely. It appears that the cell can go on supplying charge 
to the condenser, and it is natural to suppose that the energy 
of charging has come from certain chemical changes which the 
cell undergoes. Each time the condenser is discharged there is 
a momentary electric current, and if it was charged and discharged 
sufficiently rapidly an approximation to a continuous current 
might be obtained. An obvious modification is to do away with 
the condenser and connect the terminals directly by a wire; 
when several effects will be observed. Thus if the wire is thin 
and not too long it will become appreciably warmer. If the 
poles are joined to an electrometer it is found that the potential 
difference between them is somewhat less when they are connected 
by a wire than when they are not ; thus the wire may be regarded 
as constantly tending to equalise the difference of potential 
while the chemical action in the cell strives to maintain it at its 
original value, with the result that an intermediate stage is 
reached. 

The direction in which the spot of light of an electrometer is 
deflected by a positive charge, say, on one pair of quadrants 
may be found by an electrostatic experiment, and thus it is easy 
to determine which of the two poles of a cell is at the higher 
potential. In the Daniell cell the copper is found to be at 
a higher potential than the zinc, and it is called the positive pole 
of the cell. In the connecting wire, or external circuit as it is 
called, the current therefore flows from the copper to the zinc ; 
and generally it is not difficult to find out beforehand the direction 
of a current flowing in a wire. 
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53. Magnetic action of currents. The tangent gal 

meter. The most, important fact discov.n'ed in exfjerimeu-fcT^^R 
voltaic cells is tliat a current in a udre produces a inagnetdc fi 
in its vicinity, thus revealing an essentia,! ditference betwee 
effects of an eh'ctric cd.arge at rest, vvhieli produces no nia^ 7^^ 
field whatever, a, ml the .sa,me charge in motion which does 
discovery dates from 1820, wlien Oersted found that a con.ar. t ^ 
carrying a current would defh'ct a comj»ass-n(;edh‘ near it, TV^ 
affords a ver^' coniumient meu,ns of detecting (‘l(-ctri(! cvirr t^^ 
and it will appear shortly that the imignitmle of n current 
appropriately measure,! by its imignetic ellVct. The laws of th^ 
action of cmrrents on magnets are in some wavs very eomplicat ^ 
so that we shall oidy consider here as much as is nccc.s.sarvV 
understand tl.e use of the magnetic elTcct in the .nea,su”rern.n? 
of currents. 

If a straight wire is |)laceii over a compass-ntsHlle. pointiiifr north 
and south, and current jiasscs iilung the wire from soix-fcli to 
north (Fig. (!3), the positive pole of (,he needle is deflected from north 


N 


^ direction 
of current 







■Fig. «J4 


■« •?»*» 

towards the west. This effect may la- .h-smil.,.,! conci.sely by wlxat 
IS known as the ni/Zif -handed screw law of electric curremts ; namely 
thatthe magnetic force is related to tl... .lirtadion of the current 
in the same way as the rotation to the <lirectian of traiisla,-bion 
O' an oidmary (right-handed) corkscrew, as shown in Fig. (M-. 
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If a vnve is doubled back on itself, the parts being insulated 
from one another, no magnetic effect is produced at points a large 
distance off compared \¥ith the distance between the two parts. 
This result is frequently applied in electrical experiments, as we 
can neutralise the magnetic effect of any wire by providing it 
wdth a return wire near to it. Further, if a straight wire carrying 
a given current produces a certain deflexion to the west when 
Ijdng vertically over a compass-needle and pointing magnetically 
north, turning the wire through two right angles produces an 
equal easterly deflexion. Thus the magnetic field changes sign 
with that of the current. 

A simple compass-needle may be used to detect electric 
currents ; but there are other instruments designed for more 
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accurate measurement which are called galvanometers. Of these the 
fundamental one is the tangent galvanometer (Fig. 65). It consists 
essentially of a circular coil of wire of one or more turns, moveable 
about a vertical axis, a small compass-needle being placed on a 
pivot at the centre of the circle. The compass-needle is fitted 
with two pointers and lies in a box with a graduated circle like 
that used in magnetometers. The graduations of the scale are 
most conveniently made so that the line of zeros is perpendicular 
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to the plane of the coil of wire. Thus who,, tiic plane of th r. 

IS m the magnetic mm-idiau ami no current is flowim' ihe i,,);, 
will read .ero. If the coil is turned tl.rough a rQht an.,1 
that It hes magnetically east and west, and a current an,*/: i'" 
either no deflexion is observed or the needle turns innum /r 
through two right angles. This shows that tlie mauneti.. fv!'® ^ 
at the centre of the circle is at right angles to the plane J 
coil since It either, a, ssists or direi-tly opposes the earths 
held. ^he,i the plane of the coil is in the magnetic meridi-. 
lowevei, the two fields are at right angles, and we h-i v ’ 

a detie^um, the direction of which is iletermined i.v the C I 

handed screw law. * 



The tangent galvanometer measures m-incrllv il. 
fo.e r ,, 

If "I in u.m i., will, l|„. pi,,,,,. ,| 

the magnetic imnhiian. If // is the earth’.l maL'i.etic fid } 
deflexion of to (he west means that the force F acts u! I } ^ 

•rlrf 'h th<. comjia.ss.needle s,.ts 

in the direction of the resultant of tlie two lields If 11,,.,. f ^ 

we can find the connexion laTwmni // •nal ft, 

be ili a po.sition to measure li::' 

question is discussed in tlie following urfieles ‘ 

It ns very convenient, ami for many pnrpo.ses ab,sol„t,d.y 


Fii4. f»j* 


necessary, to have special keys for putting currents 
reversing their directions, without taking tin 


on and oil', and 
* apparatus f.tx 
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pieces. A simple form of key consists of two stout pieces of 
brass fastened on a board so as not quite to touch, and carrying 
screw terminals for attaching wires. A brass plug fitting into a 
conical hole makes contact with both pieces when in the hole. 
Fig. 66 shows a form of reversing key. Here the main circuit is 
connected to the two fixed terminals, while the part in which the 
current is to be reversed is joined to the other pair. The mode 
of action of the key will be readily understood from the figure. 

54. Electromagnetic unit of current. We can prove experi- 
mentally that the magnetic force due to a current is proportional 
to the strength of the current. (These relations are not self- 
evident : thus the heating effect of a current is proportional to 
its square.) Two similar insulated coils of wire are wound close 
together round a wooden frame as shown in the figure, and a 
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compass-box is fixed witb the centre of the needle in the plane of 
i, current is sent (1) through one coil only, 

through both coils in the same direction, (3) through both coils 
m opposite directions, with the coils in the magnetic meridian. 
I he equality of current in the three cases is tested with a tangent 
galvanometer at a considerable distance from the coils : evidently 
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the tanseiit galvaiio.noter will on any theorv always 
same ddlexion for a- given current passing’ through it 
following table g.ia-s tl.e reailings in an actual experiment: ^ ® 


tie 


Deilcxion 0^ with 
current in ono 
coil only 


j Deilcxion tU with 
_ eumuit in winK* 
direction in hof h coils ^ 


Dell ex ion tl> witl t 
current in tlic two 
eoilri ofipo.sed 


t'lin ^2 
tun 


Id ’ 24' 
20*" 24' 
2r 24' 
2 T :u>' 
31 " 48 ^ 
35" 30^ 
30" 244 
42" 54" 


30* ir 
30 30' 
4 V 0' 
40 18' 
51 V/ 
55"‘ 12' 
58" .12' 
til 30' 


O 0' 
O 12" 
0 0 ' 
0 0 ' 
O 12' 
O 0" 

O 24' 


1-07 

1-90 

2*01 

24K) 

24)0 

24)0 

24)0 

14)8 


i he stualluess of the numbers in the tliini column verifi « 

Now when (he <-„rrent Hows i„ both coils in the saim^ .lirectio^,' 
the amount oi elecrimaty passing a, given point ..f ti c " 
wire IS riv.ee as much as when the current Hows in one win o.^x? 

should’ tl "r'T ' «rea 1 as before. We 

•shouhl therelo.^^^^ have tan fri . 2 tun 0 , , uml the nnmbers in thJ 
hist column conlirm tiiis relation 

oirc ii" "f th<> eoils. A eurn.nt i* 

in a’siiHe wire «* «'■ '■t.rrenti 7 ..a: 

rn U, wini^U Sinct* t H» Ons^niffv <ef /di.i*.,, . • 

'r::f 

eimuci to give J< m ga„sses is now peiHeetly d.Hinile, 
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since i is defined as the number of electrostatic units of charge 
passing per second. Its value has been shown to be about 
2 X 10“^® ; but as it is not easy to make an accurate measurement 
we shall define a new unit of current, and incidentally a new unit 
of charge, by giving k an arbitrary value, leaving the question 
of the relation between the two units for later examination. 
It is most convenient to' take k equal to 27r , and if this is done 
i is measured in what are called electTomagnetic units of current. 
Thus the electromagnetic unit of current is such that it would 
give a field of 27 r gausses at the centre of a circular loop of wire 
of radius 1 cm. With this understanding the deflexion 0 of a 
tangent galvanometer used in the customary way is given by 

2^m „ « 

= E tan d, 

r 

or i = |^tan0 (!)• 

Inn 

The quantity is called the constant of the tangent galvano- 
meter. Hence if E is known we have a practical method of 
determining the absolute magnitude of a current in electromagnetic 
units. 

It appears at first sight a little artificial to put ^ == 277 instead 
of putting k=l. This is however done because it gets rid of 
an inconvenient factor in the subsequent theory. For in a tangent 
galvanometer of one turn the magnetic force at the centre is 
^nijr for a length 27rr of wire, that is per centimetre, so that 
the efiect of a given length of wire is expressed in its simplest form. 

Since the presence of electric charge gives rise mainly to 
electric repulsions, while the most important effect of a current 
is its magnetic efiect, it is convenient to suppose charge measured 
in electrostatic units and current in electromagnetic units. This 
will be understood, in the absence of qualifications, throughout 
the book. 

The ratio of the electromagnetic to the electrostatic unit of 
current will be denoted by the letter c, so that a current i 
in electrostatic units becomes ijc when measured in electro- 
magnetic units. We shall describe later (Art. 140) experiments 
by which c has been shown to have the value 3 x 10^^ very nearly, 
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and we slu.II adopt this value in all nun.eri.'al .■alculatinns. Thu 
^act that we do not know c at present does not lead t.. anv ineon 
vemence heeause we are here chiefly concerned with currents a> 

deiined l)y tluMr niMyiietic (:*ffeet8. 

55. The derived system of electromagnetic units. 

(1) ^f>e derm-d clfT/romu/Hetir rNr^ l>n„pur) Mufh 

vie electroinau.H.,,,. electrostatic systenus of units hav,- l,e..„ 

• ■ S ''r'"'!'"" *'"■ in -iU-stion. lint 

0,. "i'n niiit is (hat if stnndd he ,„,„e 

3:: si::.;;!:;;':, 

magnetic nt.it; a.ul like all th!''deriv,V,iritllt\^ ' '‘'i 

name, being called the nnt.avv/ dV' " 

magnitude f on the true elecCnna-n ' 

amperes or to cf electrosta.tic units" so that 1'“‘ 

valent to a eurnnit of np , 1 ’ V . ^ ih 4a|tii 

eftects must not lu^ 1 hiu|hi( , mn o}i‘rfrira 



(»— ). '>C^z:rtz:f 

time i js e ■: i( or if fhn , ,, , • ‘ currmjt / m 

±r c ’ eurront is variable f//// he t ' 

therefore, that the units of ehar-m i„ the e " 

related to one another in exaetb the 

ampere flowing for one second is e-dh I ' ' , "* 

units » 10,./,. I , ' "*■' I'ln-i,.., I,. 

nnits of I , I,,, 

(3) n. ,„„v 


no 
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(volt). Like the electrostatic unit, the electromagnetic unit of 
potential is defined in such a way that two points are at unit 
difference of potential when one erg of work is required to move 
a unit charge from one point to the other. Let P, Q be two points 
whose potential difference is one electrostatic unit. Since the 
electromagnetic unit of charge is c electrostatic units, the work 
done in moving a charge of one e.m. unit from P to Q is 
c ergs, and therefore the difference of potential between P and Q 
is c electromagnetic units. Hence the electrostatic unit of 
potential is c electromagnetic units, and a potential V measured 
in electrostatic units = cF in electromagnetic units. 

The derived unit of potential is taken as 10^ times the absolute 
E.M. unit, and is called the volt. The electrostatic unit of potential 
is thus c/10® = 300 volts, a fact it is convenient to remember. It 
should be noticed that if we multiply charge in coulombs by 
potential difference in volts we do not obtain work in ergs, but to 
do so we must first convert to absolute e.m. units and then form 
the product. 

The difference of potential between two points is often referred 
to as the electromotive force (b.m.e.) between them ; a term in 
very general use, though objection can be taken to it on the 
ground that the word ''force” is misleading. We shall use it 
generally for the difference of potential between the terminals 
of a cell or other source of electricity. The potential differences 
occurring in current electricity are usually small compared with 
those produced by electrostatic means. It is an easy matter 
to charge up a body by friction to 1000 volts ; the e.m.f. of 
electric lighting circuits is from about 100 to 250 volts, while 
that of the Daniell cell is only 1*09 volts. There is, however, no 
difficulty in measuring small potentials by electrostatic means. 
Thus the quadrant electrometer when used heterostatically gives 
a deflexion of 80 scale divisions (mm.) or more for a potential 
difference of one volt between the quadrants, when the needle 
is charged to 50 volts. 

(4) The electromagnetic unit of capacity. Farads and niicro- 
farads. The capacity of an isolated conductor in any system of 
units is the ratio of its charge to its potential, potential being 
defined so that it vanishes at infinity. Suppose that we have a 
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conductor of capacity 1 e.s.u. at a potential (.f ] p « u 
electromagnetic units its charge wcmld be I/c and its potent; l 
so that its capacity u-ould be Hence the el(a.tronia.n, 

unit of capacity is c^ electrostatic units p ■ 
units. ‘ twostatic 

The derived unit of pacify is calh-d the farad and is ei 
capacity of a conductor which recpiires one <a,ulond.’ to nil. 
potential by one volt. In practice we nee, I only conside; /x 
capacity of con.lcnsers, and the above .hdinition niav be' restar f:? 
by saying that a <'ond..nser ha.s a capacity of one farad if" wt ^ 
one plate is earthed, coulomb given to the nflnn- raise 
potential by one volt. It is easy to show as above that tL' fa, ? ^ 
IS equal to 10 « electromagnetic uruts : it is howei-er an in^ ' 

part of a farad, is used instead. We !iav,> “outii 

1 microfarad:. 10 k.m. units POO.OOO k.s. units of capacity 

_ The microfarml is its.df a large unit : thus an ordinary Leyd,lx 
jar has a capacity ol about lOOO k.s. units or I doo n.iVrofarad 
ReaUy small capaiaties are best nu-asurcd in elect rostati,. unit' 

Ihe leiation of the various units is .■.yhibifd in a form .suitable 
lor reference m the Ajq.emli.v. togetlier with a table of „o .th ' 
and other units to Ire intro, Iue,‘d h,-reaff,>r. 

56. The magnetic effect of a moving charge. As tlu^ 
ordinary electn,. enrrent is simply a pa,s.sa,ge of eleet.t dutn! 1' 

IS to be e.vp,.et,.d that a, .diarged .•ondnetor wlnm moved .shoul,? 
affect a magnet m its n,Mghbonrhoo,|. Such nn cllV.-t w,« < ! 

ImTZr' 

A thin insulating <lisc A (Fig, OH; was mon„t,-.l mi an a.xle ami 
oil it was pastel a circular strip of tinfoil /iCl) e.xtcmline ur-arh- 
round Its circuinf,.nau-c. One cml /I of the strip was p,u imi,' 
connected to an insulate,! l.niss slip ring mi th,- a.xl,.. and could 

part. ' OthL '""'s me, ms „ne millimif l, 

merj; meaning a million liim-M. ' ' Had in some I'a.ses 
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be charged up by means of a brush E pressing agiihist tlu* sli]) 
ring. The disc was surrounded by a li.xed (‘artlu'd nietiillie ease 
F nearly enclosing it, but with an aperture wliieli enabled tlie 
end D of the tinfoil strip to be eartlied at will. I'lie magnet 
was suspended above the disc by a torsion libre, and shielded 
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i 

from electrostatic influence. It consisted of a glass rod (S carrying 
; at each end a short horizontal magnet, tlu' a X('s of t he f wo inaguet.'i 

; being turned in opposite directions so as f.o neutralise the. elTert 

i of the earth’s magnetic field, ’riie position of the magnet was 

; read off by reflexion with a lamp and scale, using the small mirror 

■ H attached to the magnet. 

In the direct experiment the di.sc was charged to ])ot(‘ntiul 
: V by means of the brush and rotated « times pm- si-eoml, an<l tlw 

j small deflexion 6 read. The passage of the charge ('V n times 

I per second is equivalent to a current of electrostatic nnits. 

I Hence we should have nOV — kd, where k is a certain constant. 
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The constancy of nOVjd in Eichenwaid’s 
in the following t.a.l)le : 


ll3 

experiments is sHown 


77 

77 

77 

15 

30 

77 

150 


3 < 1 «() 
5()-0 
50-0 
45-8 
45 * 5 
45-5 
50-2 


V 


1875 

3750 

5000 

0250 

0250 

0250 

0250 


5-8 
14-1 
10*2 
4- 1 
8-0 
21-4 
45-5 



The end 1) was next put to earth and a current of i electr 
magnetic units jjassed (iu'oiigli the strip from a battery tlio di 
remaining at rest. 'Phis cur'rent is e.,uivalent to iv. e.iVctros-fca.t?'^ 
units, wliere c is tlie ratio of tf.e „„its. Hence we shoidd 

wheiu is tlie ilellexion produced. The va,luo of - 

known from tlie preee.ling exiieriments. and tlius c cam be found^ 
Eichenwald founil values ranging from >' l()i<i f.o ‘p|(; 

mean ;3-01 < l()«. This agrees very well with 'the acceiDted 
value 3 V i„u. (,v,.t. If(l), and thus the re.sults a, re entirelv coii- 
cluisivo as to tlie magnetic effect of moving charges. 


57. Electrolysis. 7'h(> currents considered «„ far have 
moved along metaJs,^ or been carried along by their motion as 
m the experunents of Eiein'iiwald jnst mentioned. The passage 
of ehictricnty thrinigh eiiiuluetiiig liquids is somewhat dilferent, in. 
that cheiuieal aetion is involved. This phenomenon is known by 
the name ol cl, •r/ndi/sis, and liipiids tha.1, eonduet in thi.s way are 
called ekclmli/fcs. 'I’he current i.s conveyed to and removed from 
the lupud liy wires lir plates diiiping into it, and called declrades 
the one at higher potential being lailled the anode and the one 
at lower potential the mihode. d'he whole apparafns is called n 
mUameter. Pun> water is a had conductor, the. best electrolytes 
being acids and .salt .solutions. 

When the current pa.sses const itmmts of the acid or salt appear 
a tit e ectKxIef:;, wIhmx' thty art ,s(4'. free in some eases. In o-tlioj? 
cases secondary actimis take place depending on the material of 
tie electrode. The following are two typical instances. 
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(1) A and B (Fig. 69) represent two platinum electrodes joined 
to a battery or other source of potential and dipping into pure 
hydrochloric acid. A current passes 

and bubbles of hydrogen appear at 

the cathode B, chlorine at the anode I h n 

A. These bubbles rise and are set 
free, and it is found that the volumes 

of hydrogen and chlorine, if cob ^ 

lected separately, are equal. Here 

the sole chemical action is the 

liberation of the constituents of 

the acid. 

(2) A slightly more complicated 
case occurs when A and B are 
copper plates dipping into a solu- 
tion of copper sulphate. As a result of the passage of the 
current copper reaches the cathode and is deposited there, while 
the radicle SO4 reaches the anode and combines with it to form 
copper sulphate, which enters the solution. The final effect is 
that one electrode gains copper and the other loses it, the solu- 
tion remaining unaltered. 

The quantitative laws governing these actions were first 
enunciated by Faraday in 1833. They are 

(1) For any given substance the amount set free at an 
electrode is proportional to the quantity of electricity which 
passes, regardless of the time taken to do so. 

(2) The amount of a substance which is set free by a given 
quantity of electricity is proportional to its chemical equivalent 
weight. By chemical equivalent weight is meant the atomic or 
molecular weight divided by the valency. 

We can easily verify Faraday’s first law by means of three 
voltameters containing the same electrodes and electrolyte. If 
the current after passing through the first voltameter divides, 
part passing through the second voltameter and the rest through 
the third, the amount set free altogether from the second and 
third voltameters is the same as that set free from the first. 
Similarly if any number of voltameters are arranged in series so 
that the same current flows through each, the amounts of the 


Fig. 69 
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various substances liberated are easily aseertained, and I^'ar;uia\ 
second law can be verified with fair accuracy (el Art, Id:i). 

For our present purpose the first law is of irnportanct* bmatrsi* 
if the amount of a substauee liberated by one tamlomb has nner 
been measured, we can apply tliis knowled^m tu darmuiti** \um 
many coulombs have passed in, a circuit in a given tinn\ ami thus 
to measure currents. For theoreticail purpost»s C’urrtuifs are 
defined by their magnetic effects, as already exjilainetl, and if 
is probable that tlie true ampere will always l>e di‘liiied in this 
way. But the experiments necessar}' to <li‘termim^ a ctirren? 
accurately in absolute measure are elahoratt* and diflietill, wJult* 
great accuracy can easily be oiituined liy elect rnlvsis. If is 
therefore better to take tlu^ nxsults of eerfaiti standard e,x|H*rinnmfs 
and re-define the ampere for pracdicad purposes bv its eh-rtnih tir 
effect. At an internatiomd conferema* held at lamdtm in 
the vnterndt loHftl aaijterf* vvais defined as the iinvarvinn i’unsmf 
which, when {)asse(l through a solution of nitrate^ of sih <*r in 
in accjordance with an aiitliorised specificafiom deposits silvn*f ni 
the rate of Mi8t)0 niilligrams ])er seta)nd. 

A good form of silver voltameter fm determining the ammim 
of silver deposited by the passage of one cendomb, or tin* ahuorH 
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chemical equivalent of .silver jw it i.s enlled. is .shown in Fi,.,. 7,1. 
The cathode i.s a platinum bowl PB which also ,s»‘rve.s fo hold the 
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silver nitrate, a suitable strength for the solution being 15 per 
cent. . The anode is a silver disc SA, which is covered with filter 
paper in order to prevent any particles which may become detached 
from the anode from falling into the bowl. The current enters and 
leaves at T, T, and after a known current has passed for a known 
time the amount of silver deposited on the bowl is determined. 

Perhaps the most reliable of the many experiments that have 
been made on the electro-chemical equivalent of silver are those 
performed by T. Mather and P. E. Smith in 1906-7. The 
current was measured with a very accurate ‘^current weigher” 
designed by W. B. Ayrton and J. V. Jones (see Art. 88), 
and great attention was paid to the purity of the electrolyte/ 
The electro-chemical equivalent of silver was found to be T1182' 
milligrams per coulomb, estimated correct to about one part i 
50,000. Incidentally, Faraday’s first law was subjected to 
very searching test, for it was found that the same number w 
obtained, within the limits of experimental error, for several fori 
of voltameter and for currents differing in the ratio of 16 to 
while the concentration of the solution could vary from 1*5 
50 parts of silver nitrate per 100 parts of solution without affeci 
the value appreciably. There seems little doubt that the in 
national ampere is too small by about 1 part in 4000, but th 
not enough to cause trouble in any ordinary laboratory experinn 

Currents produced by purely electrostatic methods can 
be shown to cause electrolysis. For this purpose a small \ 
meter with electrodes of fine platinum wire is suitable, an 
require a rather powerful influence machine. It is advisal 
keep a large condenser connected across the terminals o 
machine during the experiment. A sensitive tangent gal 
meter included in the circuit will also be deflected, showin 
currents taken from an influence machine produce magnetic ( 

In fact, the experimental evidence for the identity of the 
current with a flow of ordinary electricity is overwhelrnin,* 

58. Polarisation. Cells and accumulators. 

circuit containing a voltameter is closed a comparative] 
current may flow at first, but it will diminish to a stead 
in time. This may be shown to be due to the formatio 
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E.M.E. between the electrodes tending to oppose the applied e.m.e., 
for if the voltameter is taken out of circuit and the electrodes 
joined to the terminals of an electrometer a deflexion occurs which 
remains steady, under favourable conditions, for some time. The 
voltameter itself will now act like a cell, and if the cell in Fig. 69 
is replaced by a galvanometer a current will flow in a direSion 
opposite to that of the original current. The voltameter is then 
said to be polarised. The effect disappears more or less rapidly 
when the electrodes are joined by a thick wire, or short-circuited 
as it is called. Polarisation is due to some change in the surface 
of one or both electrodes caused by the passage of the current : thus 
it does not occur in tlie electrolysis of copper sulphate with copper 
electrodes, where the anode lo,ses copper and the cathode gains 
it, without either electrode undergoing any change of composition. 

When a voltaic cell is elo.sed through an external circuit the 
current which circulate.s has an electrolytic effect inside the cell, 
and the polarisation of cells is of the same nature as that now' 
described. Tlie curi'eut in the interior of a cell flows from the 
negative to the positive pole ; for example in the Daniell cell from 
the zinc to the copper. The effect on the electrodes is that copper 
is deposited on tlie^ po.sitiv'C pole and zinc dissolves into the zinc 
sulphate, so tliat the surfac('s dipping 
into the licpiids are not altered, at any 
rate for some time. 

The Leclanche cell (Fig. 71) is con- 
venient if weak currents a, re required 
at irregular intervals, as it requires very 
little attention and keeps well. The 
positive pole is a stout rod of hard gas- 
carbon closely packed with manganese, 
dioxide and contained in a porous pot. 

Outside the pot is a saturated solution 
of ammonium chloride, in which dips 
a zinc rod forming the negative pole. 

When a current passes the layer of 
hydrogen which tends to form on the 
positive pole is removed by the oxidising 
action of the manganese dioxide, but as 



118 ELECTRIC CURRENTS [CH. 

this takes place slowly there is considerable polarisation for large 
currents. The e.m.e. on open circuit is about T4 volts, falling 
rapidly on the passage of a current and recovering when left to 
itself. 

In the bichromate cell, which also has zinc and carbon poles, 
the electrolyte is a mixture of dilute sulphuric acid and potassium 
bichromate solution. The latter depolarises rapidly by oxidation, 
but the zinc pole is corroded even on open circuit. The e.m.e. 
is about 2*1 volts. 

In many cases the effect of passing a current through a volta- 
meter is reversible ; that is, the chemical changes accompanying 
polarisation are reversed when the voltameter is removed from 
the circuit and its electrodes joined by a wire. Such a voltameter 
acts like a cell which has to be made (or charged, as it is called), 
and the energy expended in charging is stored up in the form of 
chemical energy which can be partially recovered on discharge. 
Thus the voltameter can be used to store electrical energy : this 
is the principle of the accumulator or storage cell, which is by far 
the most useful source of electricity for ordinary laboratory work. 

The simplest form of accumulator, invented by Plant6 about 
1879, consists of two lead plates immersed in dilute sulphuric 
acid and charged up for some time. The normal e.m:.e. of the 
lead accumulator is from 2 to 2*1 volts, and it is not advisable 
to use it when the e.m.e. falls much below 2 volts. The 
amount of current obtainable depends very much on the size oi 
the plates and the treatment they have received. The following 
simple experiment shows the behaviour of a very small cell whose 
plates were 10 sq. cm. in area. It was charged with a current 
of 2 amperes flowing for 5 minutes, and the e.m.e. was 2*2 volts 
at first, falling rapidly to 2*1 volts and then remaining steady. 
On short-circuiting for one minute the e.m.e. fell to 1 volt, but 
recovered to 1-5 volts in one minute more. Further short- 
circuiting reduced the e.m.e. still more. 

Accumulators are made up in various forms giving e.m.e. ’ s 
from 2 volts upwards for laboratory purposes (Art. 168). A battery 
of small accumulators in series is a convenient source of high 
potential when but little current is required. Fig. 72 shows a 
battery of 10 cells yielding about 20 volts. Batteries of small 
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LccJanche eclLs giving about, 50 volts are also used for charging 

up the tieedhss of electroineters. ^ ° 


59. Standard cells. It is very desirable to have a concrete 
leahsation of potential difl'erence in the .shape of cells whose e.m.p. 

. ^ constant as lon^ as the temperature 

remains he saiue. The Daniell cell .satisfies this condition fairly 
well , hut the W eston and Clark cells, which wo shall now describe 
are even more suitable, and the former is now almost univensally 

used as a staiuhird. ^ 

d’he lTe,v/«a normal rdl (Fig. 73) is very reliable wlien properly 
up. I he K.M.K.’s of well marie cells differ by only one or two 
jiarts Ml I()(),()()(), iuid remain constant for years. Cells which are 



Fig. 7;! 


accurate to about one part in a thousand may be constructed 

as follows. 
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(1) The vessel. The cell is prepared in an H-shaped glass 
vessel in which are fused two fine platinum wires. Rinse the 
vessel with dilute nitric acid and then with distilled water. 

( 2 ) Pfe'pdTdtiou of ifie sotUTCited solution of sul/phciie. 

Take about 10 c.c. of commercially pure cadmium sulphate 
•crystals and add 25 c.c. of distilled water. Prepare a saturated 
.solution of cadmium sulphate by rubbing the ingredients together 
in a mortar for 10 minutes. 

(3) Preparation of the mercurous sulphate paste. Take about 
5 c.c. of commercially pure mercurous sulphate, ad(l a little 
mercury and rinse it in a beaker with a little dilute sulpliuric 
acid (1 part of acid to 6 parts of water by volume), afterwards 
rinsing twice with distilled water and once with a little of the 
cadmium sulphate solution for some time. Then pour off tlie 
solution. 

Grind 1 c.c. of cadmium sulphate to a fine powder in a inorta,r 
together with 2 c.c. of the mercurous sulphate just pr(‘])ar(‘(l and 
I c.c. of pure mercury. Add calcium sulphate solution il n(*(*t\ssary 
till the whole forms a thin paste. 

(4) Preparation of the arnalgani. Weigh out about (5 gm. 
of commercially pure cadmium, and to each gram take | e.e. of 
pure mercury. Heat the mixture to about i)if (J. in a beaker 
over a water bath, and while still warm rinse with dilute sulpluirie 
acid and then with, distilled water. 

(5) Pilling the cell. Pour enough of the warm amalgam to 
cover the platinum wire into one limb of the H-vessel witli a w'armed 
pipette, and let it solidify. Into the other limb pour nuu’cniry 
to cover the platinum wire, and over it a layer of the nunvurous 
sulphate paste about 1 cm. deep, using a pipette so that none 
of the paste adheres to the sides of the tube. Add the saturated 
solution of cadmium sulphate up to the level of tht‘ (‘ross tube, 
and afterwards put some crystals of cadmium sulphati^ into each 
arm. The corks, previously soaked in distilled water, can now be 
inserted and the cell sealed. 

The Clarh cell is practically the same as the Weston cell, but 
with zinc everywhere substituted for cadmium. It has been 
extensively used in the past, but is now almost universally replaced 
by the Weston cell, on account of the much smaller variation of 
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the E.M.P. of the latter with temperature. Both cells show ^ 
recuperative power after being short-circuited. Thus a Westi#^ 
cell short-circuited for one minute was found by F. E. 
to have recovered its e.m.p. within one part, in 10,000 oi 
minute afterwards. Short-circuiting for five days affects the 
seriously for some days, but it recovers completely in six week> 
As actually used, standard cells are not called on to yield ai" 
but very small currents for short spaces of time. 


E.M.F, of Weston and Clark cells (volts). 


Temp. 

Weston 

Clark 

Temp. 

Weston 

Clark 

1 Temp. 

Weston 

Cla rli 

10 

1-0186 

1-4386 

17 

1-0184 

1-4304 

i 24 

1-0181 

1 .4-'> 1 

11 

1-0186 

1-4374 

18 

1-0184 

1-4291 

' 25 

1-0181 


12 

1-0186 

1-4363 

19 

1-0183 

1-4279 

i 26 

1-0180 

l-4iS’^ 

13 

1-0185 

1-4351 

20 i 

1-0183 

1-4267 

! 27 1 

1-0180 

; l-^IV;- 

14 

1-0185 

1-4340 

21 1 

1-0183 

1-4254 

i 28 

1-0180 

1-4 1 » * 1 

15 

1-0185 

1-4328 

22 

1-0182 

1-4241 

i 29 1 

1-0179 

' 1-4 14 . "7 

16 

1-0184 

1-4316 

23 

1-0182 

1-4228 

i 30 i 

1-0179 

1 - 413-4 


For most purposes the e.m.p. of the Weston cell may be takei i, 
as 1-018 at all ordinary temperatures. The measurement c>i“ 
E.M.P. in absolute measure depends on principles not yet develoj^ed « 
so that we are not yet in a position to explain how the numbers 
in the table have been arrived at (cf. Art. 139). 

60. Ohm^s law. We shall now consider more closely tlie 
relation between the current and the e.m.p. in a circuit. The* 
first step is to satisfy ourselves experimentally that the deflexion 
of a- quadrant electrometer as ordinarily used, that is the differeiiee^ 
between the actual reading on the scale and the reading w-heii th^-* 
quadrants are at the same potential, is proportional to the difference* 
of potential between the quadrants. This can be done by makiii ^ 
use of the fact that batteries keep up a constant difference of 
potential on open circuit. Let two different cells when applied 
separately to the terminals of an electrometer give deflexions 
and 62 ; then if the two in series give a deflexion 61 + 02 tiio 
law of proportionality will hold. Testing an ordinary electrometc^ r 
ip this way with various cells we find that the readings may be* 
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on to about one part in 200, provided that we take the 
no-a!: uf the cietiexioiis with the cells joined in opposite ways 
T** M/aadrants. The direct (one-sided) readings are not so 
r»diarh% dviiig about i per cent, discrepancy. 

Having now means for measuring current strength such as a 
'galvanometer, and having also the quadrant electrometer 
mve the diiterence of potential between any two points, it is 
to examine the way in which the current set up in 
u euLdiieting wire depends on the potential difference between 


its rwo ends. 


file principles involved in the passage of currents through 
etuidiietors were not clearly grasped in the early days of electrical 
science. By 1827, however, G. S. Ohm had perceived that the 
ideas of current and electrical pressure, previously confused, 
were disrinet though mutually dependent, and enunciated the 
law bearing his name. The idea of potential was not yet com- 
filerely specified, so that the form in which Ohm’s law was given 
difered somew'hat from the form in w^hich it can now be stated, 
whicii is as loilows : If A, B are two points on a wire at constant 
temperature, the difference of potential between A and B is 
jjropoitiona! to the current, other things being equal. 

The wire AB to be tested is prolonged, and connexion made 
with a moveable contact to a cell and a tangent galvanometer. 
The ends oi the wire are joined to the quadrants of an electrometer, 





Fig. 74 


it being understood that both instruments are provided with 
re. ersmg keys. By moring this contact about we can get various 
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currents m AB and observe also tbe corresponding different 
of potential between the ends of the wire. The following i’q 
result of an actual experiment : ^ ^ 


Deflexion 6 of 
tangent 
galvanometer 


15 ^= 30 ' 
23 ° 12 ' 
33 ° 

43 ° 

50 ° 6 ' 


Deflexion E of 
electrometer in 
arbitrary units 


24-0 

37-8 

56*6 

78-3 

105-0 


E 
tan i 


86-8 

88-2 

87-4 

87-0 

87-8 


The figures in the last column show no systematic variation 
and therefore give a sufficient verification of Ohm’s law. 

A much more accurate verification can be made by indirect 
methods, that is by assuming the law and testing the deductions 
om It. Chrystal showed in 1876 that a deviation from Ohm’s 

law of one part in ten million could have been easily detected if 
it had existed. 

If the above experiment is repeated with a wire of different 
material, or of different length or cross-section, the ratio of the 
difference of potential to the current, i.e. F/f, will still be a con- 
stant though the constants will be different in each case. Thus 
the final result is reached that the magnitude i of a current 
flowing between two points differing in potential by F is given 
by Vji = R, where iS is a constant depending upon the nature 
length,^ and cross-section of the wire. This constant R is called 
the resistance of the wire ; it also depends upon the temperature 
But It is independent of both F and i except in so far as the 
current may cause a change in the temperature of the wire. 

The derived electromagnetic unit of resistance is called the 
ohm, and a wire is said to have a resistance of 1 ohm if a current 
of 1 ampere flows when the difference of potential between its 
ends IS 1 volt. The ampere being of the absolute unit and the 
volt 10® absolute units, it follows that the equation i = VjR can 
be used unaltered in the absolute system if we take as the absolute 
unit of resistance 10“® ohms. Large resistances are conveniently 
measured m megohms, a megohm being a million ohms. 
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h^.'Tafiees oi resistances that may be mentioned are that of a 
•12 landle-pywer metallic filament lamp for a 100 volt circuit, 
wLich aives 3(i0 ohms when hot : the resistance of a small electric 
i< 2, or I ohms. Ordinary flexible copper wire, used in houses 
mr t*:ei‘trie light connexions, has a resistance of about 1 ohm per 
P* n.rtres, and that of solid copper wire of 1 mm. diameter is 
miicL the same. 

It will appear later that electrolytes have real resistances, 
.ihn that the same is true of the interior of a voltaic cell. The 
internal re-istance of certain ceils, for example accumulators, is 
i*jw and IS iisiially negligible in laboratory experiments with 
hundred ohms in circuit. The behaviour of electrolytes 
h*jwever not simple; Ohm’s law is not satisfied in the sense 
of the current being proportional to the applied potential, but only 
wlieii the disturbing effects of polarisation are eliminated. The 
contiuctioii of electricity through gases affords a striking instance 
♦if deviation from Ohm’s law (cf. Ch. xii), and another example 
is given by certain crystalline substances used in wireless tele^rauhv 
'Art. 179). ^ 

61 . Resistances in series and parallel. Two resistances 
.III /it having the end B of the first joined to the end B of 
The second are said to be in series, and if A and C are joined to 


-"WvVV-^-AWAAr 


Fio; 


a battery die current flows first through AB and then through 
^ . Let hi and be the resistances of the two coils 7, 7^ 
and i ,, the potentials of A, B, C respectively when a’ current 
and i the current. Then apphdng Ohm’s law to the 
part f B V, e have T ^ - T , = 2?^*. Similarly V^~V,= R,i, and on 
d htion we have , - f, = (R, ^ R ^) gut now if the whole 
uni acts hke one of resistance R we shall have 7, - y, = Ri by 
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Ohm’s hw. Hence i? = i?, + i?,. Thus the resistance equival. 
to two coils in series is obtained by adding the separate resistanc * 
and so for any number. 

Since a uniform wire of length I centimetres may be regard . 
as I pieces 1 cm. long in series, it follows that its resistance ' 
proportional, caeteris paribus, to its length 1. ^ '■ 

Two resistances joined up as in Fig . ’76 are said to be 7 




t 

'O' 5s. 



flowing from the battery divides at 4 
through Since 


parallel. The current i 

part i, going through R, and° the rest .^.^ugu n,. smee 
Aere is no accumulation of electricity at any point of ‘the wire 
» - ti + ta. If Fi, Fa are the potentials of A and B respective! v 

siXir^ hZ •; - 

But f (Fj V^)IR, where R is the equivalent resistance of 
the branched circuit. Thus 


or 


i = 1 i 1 
R ^ R.: 

X+Ri 

It should be noticed that the equivalent resistance is less than 
either of the separate resistances R,, R^. It is often necessarv to 
calculate the fraction of the main current i which passes throu<^h 
each branch, and it is obvious from the above that RA, = rX. 
i.e. the current divides in the inverse ratio of the resistances.’ 

The current through R, is and that through R, is . 


126 


ELECTRIC CCBRENTS 


[CH. 


If there are any number of resistances in parallel we easily 
liu>l instead of (2) the formula 


1 

R 


1 

R, 


1 

I, 


1 ^ 

R. 


.( 3 ). 


Although we cannot go inside a wire to see how the current 
is hx'ated in the interior, there is good reason to believe that steady 
I urrents are uniformly distributed across the cross-section ; thus 
in electrolysis of copper sulphate the film of copper deposited on 
the ('.ithcHle is appreciably uniform. Now suppose that a certain 
iriiinh of a wire, the area of whose cross-section is a, has resistance 
R. Then a wire of the same length and of cross-section tia behaves 
hke n of the preceding wires in parallel, and from (3) has a resistance 
Rii. so that the resistance varies inversely as the sectional area. 
Hence, to sum up. the resistance of a uniform wire is proportional 
to its length and inversely proportional to its sectional area, 
provided that the temperature remains constant. Thus the 
reshtance is .given by R = Ai'a, where I is the length and a the 
area of the cross-section, and k is a constant. 


The constant I: at a given temperature is a characteristic of 
the metal ; it is called its specific resistance and is the resist- 
ance 01 a cube of metal of side 1 cm. for currents normal to 
one face. 


The best conductors are those whose resistances are lowest 
when drawn into a wire of given size, that is, those for which h 
is least. The cpiantity 1 A-, which is a measure of the conducting 
piwer of the material, is called the conductivity and denoted by a. 
In speaking of the specific resistance and conductivity of substances 
we are dealing with their intrinsic properties independent of the 
dimensions of the wires into which they are drawn, and these 
are the appropriate quantities in terms of which the effect of 
mduences such as temperature should be expressed. This we 
pri«,'ee<t to do in the ne.xt article. 


62, Variation of resistance with temperature. Fig. 77 
shows the variation of the specific resistance of certain metals 
with Temperature, taken from the results of the best modern 
e.\i.enmeut.s i Dewar and Fleming, .Jaeger and Diesselhorst, 
bee.,. Kamerlingh Onnes and Clay). The metals were in all 
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cases carefuUy purified, but discrepancies always arise which c. 
not be explained as errors of experiment, being due to dilferen * ' 
m the physical state of the metals used. Thus the resistan^*" 
of a metal IS increased by cold-drawing and diminish erT*' 
nneaing. Impurities generally cause a rise in the resistaur-^'^ 
gold and gatinum being very sensitive in this respect 
case of is •na.rfimilQ-r.U-r • . ^ 



Fig. 77 

studied down to very low temperatures (10° abs.). There is reason 
to believe that pure metals have very low resistances near the 
absolute zero, but for higher temperatures (100° to 500° abs ) the 

terpSiturT proportional to the absolute 

de co#cfe«<, or fractional rise of resistance per 

degree centigrade, affords a means of judging the behaviour of 
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a metal over a small range of temperature. In the following 
approximate table the numbers in the last column are the mean 
temperature coefificients between 0° C. and 100° C. 


Xletai 

Specific resistance 
at 1S= C. 

(ohms per cm. cube) 

Conductivity 
at 18° C- 

Temperature 
coefficient of 
resistance 

Silver 

1-65 X 10-‘ 

6-06 

X 

10° i 

•00400 

Copper (drawn) 

1-7S X 10-8 

5-62 

X 

10° . 

•00428 

C4olcl 

2-4 X 10-8 

4-2 

X 

w 

■0038 

! Aluminium ... 

3-0 X 10-8 

3-3 

X 

10° 

•0038 

Zinc 

6-1 X 10-8 

1-6 

X 

105 

•0037 

Platinum . . . 

1-16 X 10-8 

8-62 

X 

10^ 

•00367 

Xickel 

1-2 X 10-8 

8*3 

X 

10* 

•0062 

Iron 

1-4 X 10-8 

71 

X 

10^ 

•0062 

Lead 

2-1 X 10-8 

4-8 

X 

10-* 

•0043 

Merem'v 

9-41 X 10-8 

1-06: 

2 X 

Kd 

•0009 

Bismuth 

1-2 X 10-^ 

8*3 

X 

103 

•0042 


Specific resistances are reduced to absolute electromagnetic 
units by multipl}fing by 10®, conductivities by dividing by 10®. 

The curves for brass and manganin (Fig. 77) illustrate the 
beha\dour of alloys, the temperature coefficient of which is 
generally smaller than for pure metals. Manganin (84 % copper, 
1*2 % manganese, 4 % nickel) has a very small temperature 
coefficient (about *00001) and is almost universally used for 
laboratory and standard resistances as the correction for change 
of temperature is usually negligible. CTerman silver (temp, 
coeff. about *0004) is useful if great constancy is not essential. 

The specific resistances of indifferent conductors are given in 
the following table, but the numbers are only approximate, 
and for the best insulators include to some extent the effects of 


surface-leakage. 


Substance 


Specific resistance 


Graphite 

10 solution of sodium 

chloride 

Tap water 

Ordinary distilled water ... 

Pure water 

Paraffin wax, quartz, ebonite, 
sulphur ... 


•003 


8 

1500 

1*5 X 10^ 

2*5 X 108 

Of the order 10^^. 
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It appears from these numbers that the criterion o( eoo. ) 
msrdat.cn rs nrrrch less stringent in current eiee.rieity th.f 
trostahc work. AH thatis required for experiments In current 
eleetncty rs that practically all the current in a circuit shril 
be earned by the metallic wire and that none leaks away thrcuJL 
the msulalrng sheath. Now if we hare a copper wi]e and ^ 
wire of ebonrte cf the same site in parallel, the current divides 

mt.0 lli' tc (Art. 61 ); that is, in the 

, .... hnity. Even if the available cross-section of ebonite 
was a bdhon rimes that cf the copper no appreciable part cf the 
current wculd be ™ed by the insulator. It is thus no] surprisiae 
that substances like wood and oil can safely be regarded as insu- 
lators for these purposes. 

The resistance of selenium is very much reduced irhen light 

a s on it. This fact has been applied to the telegraphic trans- 
mission of pictures. 

63. Rheostats and other resistances. The slidinff rheo- 
stat (Fig. 78) is a convenient laboratory instrument for adjustincr 



Fig. 78 

the current in a circuit. It consists of a long coil of German 
silver wire wound in grooves on a slate cylinder, with its ends 
connected to two screw terminals. A third terminal is connected, 
ivith a slider by means of which more or less of the coil may be 
inserted between it and either of the other terminals, and' the 
adjustment of resistance is practically continuous. Fig. 79 shows 
a form of rheostat for high currents of the order of 10 amperes. 
Here one terminal is joined to one end of a continuous coil of thick 
wire interrupted at intervals by heavy brass studs, and the other 
terminal (not visible) is joined inside to the moveable handle, 
carrying a brass slider which moves over the studs. The 
adjustment proceeds in a number of stages. For some purposes 

P.E n 
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Fig. 79 


a tray of electric glow-lamps (Fig. 80) is useful for controlling 
the current in a circuit. Here one or more lamps can be joined 
in parallel between two fixed terminals. 



An arrangement of coils known as a resistance box is generally 
used for accurate laboratory work. Fig. 81 shows the completed 
instrument, Fig. 82 the arrangement of the coils. Each coil 
consists of a manganiii wire doubled back on itself and wound 
on an insulating spool, and its ends are fastened to the lower 
sides of the heavy brass strips which form the top of the box. 
When a brass plug is placed in a conical hole between two strips 



.re accmately adjusted to tkei, marked values, and bv eombWn. 
b.a« .. press tbe plugs in dr^y, 

resistance, otherwise variations will occur in the current Man^ 

font /kV nieasurements can he traced to insufficiem 

contact between parts of a circuit, and care should be taken tc 

ThZotTff experiment.. 

one ^t if loot 

nufwfT'^t P°«®ible an exact 

bath It f k ’ T ^ 

bath at a known temperature. It vull appear shortly that all 

resistlncer^ th experiments is to co,npare 

rl h ^ resistances in a laboratory may be 

supposed known in terms of a single coil, which we may oJ the 

tlTrtT t t-e 

(seflrt tS) “ investigation 

maf hereof voltameters. Mention 

cunef Inf “f ^"boratory instruments for measuring 

dp- • f ^ imat it IS convenient to defer the detailed 

description until the principles of their action have been discussS 
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(see Arte. 80, 81). Sensitive galvanometers are generally read by 
the refle 3 don method with a lamp and scale : many of those 
in current use will give a deflexion for a current of one- 
millionth of an ampere. A modern galvanometer is independent 
of external magnetic fields such as that of the earth, and may 
therefore be fitted with a pointer moving over a scale graduated 
so as to give the current directly in absolute measure. Fixed- 
scale instruments of this kind for measuring large currents are 
called am7neters. 

The accuracy of the scale-readings of an ammeter may be 
checked by the electrolytic deposition of copper as follows. 

The electrolyte is a 25 % solution of copper sulphate to which 
1 % of sulphuric acid has been added. The electrodes are copper 
plates, the cathode B being removeable and smoothed off at the 
edges. Set up a circuit containing the ammeter, a rheostat R 
and a key in addition to the cell and voltameter. If it is desired 
to test the accuracy of (say) the reading 50 on the ammeter scale, 
first take a trial observation to adjust the current roughly to its 
right value. Cut off the current and clean the cathode thoroughly 
with sand-paper, then dip it in dilute sulphuric acid and after- 
wards in distilled water and alcohol, dr}dng it very gently over a 
Bunsen flame. The cathode is then weighed accurately and put 
in its place, and the current turned on. During the experiment 
the rheostat is used to keep the deflexion of the ammeter as near 
to 50 as possible, and the time the current is flowing is measured. 
On cutting off the current dip the cathode successively in 
dilute sulphuric acid, distilled water and alcohol, then dry gently 
and weigh as before. If yn is the mass of copper deposited and t 
the time of the experiment in seconds, the true current i in amperes 
is given by 

yn = 3*294 x 10“^ it. 

The reading of the ammeter is compared with this. 

The voltyneter is an instrument which indicates directly the 
difference of potential between its terminals. A common type of 
voltmeter consists of a sensitive fixed-scale galvanometer in series 
with a high resistance. At present, however, we may confine 
our attention to the electrostatic voltmeter^ which in principle is 
the same as an electrometer in which the needle is joined to one 
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pair of quadrants. An electrometer so used is said to be connecteci 
up idiostatically , as it works witkout extraneous charging of thic* 
needle. Referring to the theory of the quadrant electrometer 
(Art. 43) we have in general 

(7i- Fa) (2F-Fi- Fa)=A0 (4), 

where 6 is the deflexion and A some constant. When F = 
this becomes 

{y,~v,f = xe ( 5 ). 

Thus the deflexion of a quadrant electrometer used idiostaticall 
is proportional to the square of the difference of potential betweeii 
the quadrants, so that it increases very rapidly with increase of 
potential. This is a common characteristic of electrostatie 
voltmeters. 

It is interesting to compare the sensitiveness of an electrometer 
when used heterostatically and idiostatically. In the first case, 
taking as large compared with Yj and we have 

2ViV,-~V,)^Xe ( 6 ). 

When y = 50 volts, 7^ = 1 volt and 7,^ = 0, a fair deflexion 
isd = 100 (mm. on scale 1 metre aw-ay). This gives A = 1. But 
now in order to produce the same deflexion idiostatically we must 
have, from equation (5), n=========---=====^^ 


Fi — Fg = 10 volts. 

A difference of potential of 1 volt 
between the quadrants, in fact, 
only produces a deflexion of 1 
scale division instead of 100. 

Commercial electrostatic volt- 
meters usually consist only of 
the “needle” and one set of 
quadrants, the other set being 
suppressed. Fig. 83 shows a pat- 
tern designed by Lord Kelvin for 
voltages up to 10,000 or so, in 
which the motion of the needle 
is controlled by gravity. 
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65. Heat produced by currents. Let V be the difference 
of potential between two points x4, 5 of a circuit, and in time dt 
let a charge iei of positive electricity pass from!^ to B and a 
charge — de^ of negative electricity from B to A. The work done 
on the positive electricity is Vdei and on the negative — V (— de^ ; 
in all F(dei-t- de^ = Yidt by ilrt. 51. The work done in driving 
the current is therefore Ff ergs per second as far as the part AB 
of the circuit is concerned, and this work must reappear as heat 
developed in AB. For steady currents the heat developed in 
time t is therefore Fff measured in work units ; but in case the 
current is not steady it is expressed by \Yidt. True electro- 
magnetic units must here be used. 

For steady currents we have in addition F == Bi by Ohm’s 
law, and the heat developed is Ui^lJ calories per second, where 
J = 4*18 X 10" is the mechanical equivalent of heat. Thus the rate 
of heat-development is proportional to the square of the current. 

A simple laboratory experiment is to find the mechanical 
equivalent of heat by electrical methods. To do this we require 
a coil of fine wire immersed in water in a calorimeter, wdth thick 
leads which do not become appreciably heated. First weigh the 
calorimeter and coil when dry, and also when containing enough 
water to cover the fine part of the wire. Take the air-temperature 
a and the initial temperature 6^ of the w^ater. Set up a circuit 
containing the calorimeter, an ammeter and a key, together with 
a cell of E.M.F. sufficient to cause a rise in the temperature of the 
calorimeter of at least half a degree per minute. Pass a current 
through the coil for about 20 minutes, reading the ammeter each 
minute and stirring the water in the calorimeter constantly. 
Xote the final temperature dj and the time t of the experiment 
in seconds. After stopping the current observe the falling 
temperature each minute for 10 minutes, stirring as before. In 
this way w’e find the average fall of temperature oj per minute 
on account of radiation at the temperature 9^. The mean tem- 
perature during the rise is | (9^ -f 9^), so that we may expect 
radiation to go on during the rise at an average rate 

^ 11 (^0 V ^i) — a}/(di — a) 

per minute, assuming that the rate of radiation is proportional 



to the difference of temperature between the calorimeter and thL^ 
air. The radiation correction to be applied to is therefoir#- 
approximately 

cA = ^ I (^0 + Oi) — a 
60 d^ — a 

If f is the mean current in amperes and R the (known) resistariee 
of the coil in ohms, the heat developed in the coil is / jr 

calories per second. Hence if W is the water value of the calori- 
meter and m the mass of the contained water, the mechanica.1 
equivalent J is given by 

10'’Ri^ 

j t - (m-\- W) (^1 - ^0 -r cf}). 

The values of J obtained electrically agree with those derived 
from mechanical experiments, thus justifying the application of 
the principle of energy to these phenomena. Further, 
experiments afford a fresh test of Ohm’s law. which is in sonio 
ways more satisfactory than the one already described. For 
since the same value of J can be obtained with widely differeiif 
currents, it follows that the rate of development of heat is propor- 
tional to the square of the current, and the proof of this result} 
involves Ohm’s law. 

The development of heat by electric currents is utilised in 
many ways, the electric glow-lamp being a familiar example. 
Another is afforded by the use oi fmes, or short wires of fusible 
metal inserted in a circuit, which become heated and melt wbexi. 
more than a certain current passes through them, thus protecting 
the ammeters or other electrical apparatus in the circuit from 
excessive current. That the action of fuses is due entirely to heaf 
can be* shown by immersing a fuse wire in water to keep it cool, 
w^hen it will carry many times its normal current without yielding. 

The unit of work in the derived system of electromagnetic 
units is joule, named in honour of J. P. Joule, who first showed 
that the heating effect of currents was in accordance with tbc 
conservation of energy*. Its value is 10” ergs, and it is the work 
done on one coulomb moving through a difference of potential 
of one volt. The watt is the derived unit of power, and denotes 

* The law is often called Joule’s law 
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the performance of work at the rate of one joule or 10'^ ergs per 
second. It follows that if a current of i amperes is flowing in a 
circuit, the rate at which energy is being converted into heat 
in a part AB of the circuit is measured by Vi watts, where F is 
the difference of potential between A and B in volts. 

Since the mechanical equivalent of heat, in terms of the 
calorie at 15' C., is 4-18 x lO*^, we have 

1 calorie = 4*18 joules. 

The joule is however a small unit of energy, arid a more usual 
unit of energy is the Board of Trade unit, or hiloivatt-liour . This 
is the energy consumed when 1000 watts are used for one hour, 
so that 

1 kilowatt-hour = 3*6 x 10® joules. 

It may be mentioned that the cost of electrical energy for lighting 
purposes is generally from id. to %d. per kilowatt-hour. This 
amount of energy will keep a 16 candle-power metal filament 
lamp alight at normal brilliancy for about 60 hours. 

66. The Wheatstone^s bridge. The arrangement of four 
resistances R^, R^ shown in Fig. 84 is due to Wheatstone 




(1843) and known by his name. A and C are joined to the poles 
of a battery, B and D to a galvanometer G. 
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Tte special advantage of tlie Wheatstone’s bridge is th-,^ 
the current in BB is made zero, and therefore it is possible 
compare resistances accurately without depending on the unifor/ 
mity of the scale-readings of galvanometers. We shall show thai-' 
if the resistances R^, R^, in the arms of the bridge ar*-^ 
adjusted so that no current flows in the galvanometer whether 
the battery in AG is on or ofl, they satisfy the condition 

^iIR2 = RzIR, ( 7 ). 

For if there is no current in BB the current in AB has the 
same value ^ as that in BC. Similarly the currents in AB and 
JJt have the same value j. Then applying Ohm’s law to the 
tour arms in succession we have A — B = B — C R 

= Raj, B~0 = RJ, where the letters A, B, C, B are usJ d 
for the potentials at the corners of the bridge. But B = B since 
no current passes in BB. Hence R^i = R^j and R^i = R^j, boxxi 
which the above result follows. Thus if we have three known 
resistances Rj^, R^, R^, equation (7) enables us to measure anw 
other resistance R^ in terms of them, and great accuracy is obtain- 
able by the use of a sensitive galvanometer. A resistance box 
should be inserted in the galvanometer circuit and a key in both 
this and the battery circuit. 

The so-called Post Office box (Fig. 86) is a Wheatstone’s 
bridge ready for the measurement of unknown resistances. The 



method of using the box to measure a resistance R^ will be evident 
from the diagram (Fig. 85) which shows its relation to the 
theoretical form of bridge. 
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The following example shows how the variation of the 
resistance of a coil of we with temperature may be determined 
ill the laboratory. The coil employed was of copper, wound 
on a hollow spool inside a thin-walled glass tube so that it could 
be placed in a water bath, and a thermometer was passed down 
the spool to indicate the temperature of the coil. A Post Office 
box was used in which = 100, = 1, and balance was obtained 

when the coil was cold with R^ = 108. Thus the resistance of 
the coil when cold was 1*08 ohms. When was altered to 113 
tlie balance of the bridge was destroyed and the galvanometer 
deflected, but the balance could be recovered by heating up the 
coil slowly imtil the galvanometer returned to zero. The thermo- 
meter was read when this occurred, and thus the temperature 
at which the resistance of the coil is 1*13 ohms was known. 
Proceeding similarly with R^— 118 and so on, w^e can find the 
variation up to the temperature of boiling water. 

The principle of the Wheatstone’s bridge is very important 
and is very extensively used. One application is to compare, 
with great accuracy, the resistances of two coils A, B known to 
}3e nearly ec|ual, for example two one-ohm coils from a resistance 
box. Let C, D be two other resistances, also nearly equal. Then 
a Wheatstone’s bridge made up with the four coils is very nearly 
balanced, and exact balance can be obtained by shunting A with 
a comparatively large resistance a and B with a resistance b. 
Then 

1 1 
A ' a D 

B ‘ b 

Next interchange A and B and balance again with shunt a' and 

¥ respeetivelv. Then 

A ' a' C 
B ' ¥ 

from which we have 
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Witt well-made coils A and B wiU not differ by more ttan 
pMt m 1000, ..d Alu. B/i. etc. „e of th, o.m. order of magoituar 
Hence neglecting terms of tbe order IQ-® we have 

J- ^1 = 1/111^ 1/1 In 

A\a^ a') BKh^h’)- 


A and B are bott nearly equal to A^, this gives approximatelx- 

^ - 5 = f^lVl m 1 _ 1 

2 U ' a' h h'J’ 

so that tte difference of the resistances of A, B is known. 

iLr-d.° ° resistances correct to the order 

1 . ^ necessary that and the shunting resistances 

should be known to one part in 1000 of their value, for we hay-e 

- l_i i\ 

Ho 2 [a a' b b'J’ 

and the terms on the right are already smaU of the order 10-*. 

67. Comparison of electromotive forces. The poten- 
tiometer.^ A cell such as the accumulator will deliver a current, 
or a considerable time without suffering any appreciable change 
m its e ectromotive force, but standard cells are not constructed 
to give more than the minutest current. It is thus advantageous 
to compare the electromotive forces of two cells without requirinor 
both of them to deliver steady currents. This can be done bj 




Eig. 87 


the compensation method due in principle to Poggendorf and 
du Bois-Eeymond. 


I 
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Let i?i, J ?2 (Fig. 87) represent two resistance boxes connected 
in series with an accumulator of electromotive force F. A ''shunt’’ 
circuit containing another cell v, a resistance box and sensitive 
galvanometer, is connected to the ends of the resistance and 
can be put into operation by means of a key. If the adjustment of 
the resistances Ro is such that no current passes in the galvano- 
meter circuit, we have vjV = Ro)- To prove this let i be 

the current flowing in the main circuit, and let A, B, C stand 
for the potentials of the corresponding points in the diagram. 
Then A — B = R^i and F = A — C = (i?i -f R^ i, and since no 
current flows in the shunt circuit v = Hence 


V __ Ri 

V Ri -f i?2 


( 8 ). 


The E.M.F. of the cell F in the main circuit must exceed that in 
the shimt circuit if balance is to be obtained. In practice it is 
convenient to keep R^ -f- i ?2 at a fixed value by using two resistance 
boxes of the same pattern with only half the full number of plugs, 
and arranging so that the plugs in one box correspond to gaps 
in the other, and vice versa. 

If V is a standard cell, the e.m.p. F of the accumulator is 
accurately known from (8), and then the e.m.p. of any other 
cell can be found by substituting it for the standard cell in the 
shunt circuit. Moreover, a voltmeter can be attached to the 
poles of F during the experiment, and its reading can be compared 
with the true e.m.p. given by (8). We can thus calibrate a volt- 
meter at the points on its scale corresponding to 2, 4, 6, . . . volts 
approximately. 

The arrangement of the two resistances R^ is also useful 
as a potential-divider or potentiometer. Thus the difference of 
potential between A and 5 is the fraction RJiRi + R 2 ) of the e.m.f. 
of the cell applied to the extremities of the compound coil, 
and AB can be applied to keep any two parts of an apparatus 
at an adjustable difference of potential. A sliding potentiometer 
giiung adjustment in small stages is found useful in experiments 
in electrostatics and in the conduction of electricity through gases. 
A number of equal coils of wire are prepared and soldered to brass 
strips arranged alongside one another as shown in Fig. 88, the 
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two end strips A, B acting as terminals. A sliding brass piece ^ 
moves over tbe segments and also slides on a brass rod from wbiclx 



connexion is taken ofi at C. If there are 50 coils of (say) 20 ohms 
each, and a 2 volt accumulator is applied to AB, tbe difference of 
potential between A and C may be quickly adjusted to 1/50 volt 
2/50 volt, etc., at will. 


68. Other applications of Ohm^s law. 


( 1 ) Standardisation of a sensitive galvanometer hy shunting. 
It is often necessary to determine the cnrrent in a sensitive 
galvanometer which corresponds to a given deflexion in absolute 
measure ; or the current per scale divi- 
sion if this is the same all over the scale. 


An accumulator V is used, and 
a circuit set up as shown. Here R 
and S should be considerable (at least 
100 ohms) and X is either 1 ohm or 
ohm. i? or 5 is then adjusted 
until the right deflexion is obtained. 
Neglecting the internal resistance of 
the accumulator, it is not difficult to 
show that the current i through the 
galvanometer is given by 

V ~ i + — (>S-f ff)| j 

where Q is the resistance of the gal- 
vanometer. 





Fig. 89 


I- 

'ii 
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In practice X is small compared with R and S, and we have 

VX 

* 

This approximate formula is more easily arrived at as follows. 
Since ~ G is merely a large shunt to X, the equivalent resistance 
of the parallel circuits is nearly equal to X, so that the difference 
of potential between A and B is approximately YXjR. Appl}dng 
Ohm's law to the gaivanometer circuit then gives the formula (9). 
The E.M.F. of the accumulator may be read on a voltmeter if 
necessary, but it often happens that the same cell is used in another 
part of the experiment and that F cancels out. 

(2) Meas urement of a small resistance. Let 12 be the terminals 
of the small resistance X which it is desired to measure, 34 those 
of a standard small resistance F, for example the ohm coil 
of a resistance box. Set up a circuit as shown with an additional 



Fig. 90 


rebistance R sufficient to prevent the passage of an excessive 
current, leaving the gaivanometer circuit free to connect to any 
points in the main circuit. First join the galvanometer circuit 
to 12 and adjust S for a certain deflexion 6 of the galvanometer. 
Since S — & is large in comparison vnth X the current in the 
galvanometer may be taken as XiKS -f 6r), where i is the current 
ill the main circuit. Now disconnect the galvanometer circuit 
fioiii 12^ and connect it to 34, changing the resistance S to the 
value S necessary to make the deflexion 6 once more. Then 
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since the galvanometer currents are the same in the two 
we have __ 


Z 
S+6> 


'S' + ff’ 


giving Z. 

69. Laboratory experiments with the quadrant elec 
trometer. 

(1) Oomparison of capacities. With the key up insulate the 
electrometer. Then adjust the ratio 
of the resistances R^, R^ till there is 
no deflexion on pressing down the key. 

On pressing down the key the outside 
plates of the condensers, previously at 
zero potential, take up the potentials 
+ Z 2 ) and + 

respectively. Since the electrometer 
is not deflected the inner plates are 
both at zero potential, and therefore 
the charges on the inner plates are 

"^1 + -^2 + R ^ 

But there is no charge on the electro- 
meter, and initially no charge on either 
of the plates. Hence the actual charges 
on the plates must be equal and oppo- 
site, i.e. 



of 




known capacity is taken as 


.( 10 ). 

Cl (cf. 


If a condenser 

is t-aKen as (ct. 
rt. 39), the capacity of another condenser Cg is found from the 
last equation. It will sometimes happen that one of the con- 
densers leaks slightly, so that on pressing down the key the 
electrometer moves off continuously. In this case what should 
be looked for on making the circuit is a sudden jump of the needle, 

and the adjustment made until this vanishes as nearly as can 
be judged. 

(2) Measurement of the charge required to produce a given 
deflexion of the quadrant electrometer. 

For this we require a condenser of known capacity C. First 
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insulate the electrometer with the battery circuit open, and then 
close the circuit, obtaining a steady deflexion of 6 scale divisions. 
If r, r are the potentials of the outside and inside plates of the 



Fig. 92 


condenser, the charge on the electrometer, being equal and 
opposite to the charge on the inner plate of the condenser, is 
e = C (F- r). Here F = RxVqI(Ri-{- R^). To find v connect the 
electrometer directly to the point M and reproduce the deflexion 
6 with resistances Si and S^ instead of Ri and iJg. Then 

v^SiVoliSi + S^). 


It is convenient to make Ri -f R^ = + ^2 suggested in Art. 67, 

in which case the charge on the electrometer corresponding to the 
deflexion 6 is 


0{Ri-Si)Vo 
Ri “T R‘2 


( 11 ). 


Fo is read on a voltmeter and reduced to electrostatic units 
by dividing by 300, and then e is obtained in electrostatic units. 
Or, if preferred, C is reduced to farads by dividing by 9 x 10^, 
and e is then in coulombs, Fq remaining in volts. 

It is usually found that the charge is proportional to the 
deflexion if the latter is not too large, and then the charge per 
scale~di\ision is C (i?i — Si) V^KRi i- R 2 ) 6. Again if c is the 
capacity of the electrometer at the given deflexion, we have 
e = cr. 


Hence 


C(F-r) _ C {Ri - Si ) 

V Si 



The capacity of a quadrant electrometer is of the order of 
50 electrostatic units. 
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(3) Measurement of large resistance with a condenser and ar 
electrometer or electrostatic voltmeter. We skall describe a suitaMe 
arrangement for resistances of the order of 1 megobm. For 
larger resistances a smaller condenser is used. ' 



Earth 


Charge up the condenser C (about 10 microfarads) to (sa%-) 
150 volts by bringing a wire from an influence machine near to' a 
wire extended from the condenser circuit, the other terminal of 
the influence machine being earthed. The potential of the inner 
plate of the condenser is read on an electrostatic voltmeter. 
Having observed this, press down the key for about 10 seconds 
and then insulate and wait for the deflexion to become steadv 
again. If the potential drops from Fp to F in i seconds, the 
resistance R is given \>j t = RC log, (Fp/F), or 

i = 2-302FOlog,„^ (13). 

For if V is the potential at time t, the current is -CdV/dt, and 
Ohm’s law gives 7 = - ECdVIdt, from which the above result 
follows on integration. The insulation in the experiment must 
be carefully looked after. 

(4) ]M.BcisuT677i67it of co7%t<xct ‘potGfhticbl. The plates whose contact 
diifference of potential it is re(][uired to measure are placed in a metal 
case so that they can shde in and out while remaining parallel to 
one another (Fig. 94), and the case is put to earth to protect 
the inner plate from electrostatic disturbances. It is possible 
to adjust the ratio so that the electrometer is not afiected 





i 
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by pulling tbe right-band plate away from a short distance in 
front of the other (cf. Art. 44). The natural contact potential 
of the right-hand above the left-hand plate is then equal to 
RJj{R^ + R^). 



Fig. 94 


The magnitude of the contact potential depends very much 
on the state of the opposing surfaces. The following table, due 
to Anderson and Bowen, gives the values for freshly-cleaned 
surfaces. 


Contact Potential Differences 

{volts). 

Aluminium — copper . . . 

“T *83 

Zinc — copper 

+ -76 

Lead — copper 

-{- -55 

Brass — copper ... 

“f- ’ lo 

Gold — copper 

- -11 

Silver — copper ... 

- -13 


The additive law is always found to hold within the limits of 
experimental error. 

70. Measurement of dielectric constants. Dielectric 
constants of well-insulating sohds may be measured by using two 
parallel-plate condensers of identical dimensions and comparing 
their capacities as in the last article. The two condensers may 
be combined into a single composite condenser with a common 
middle plate (with guard-ring), having air on one side and the 
solid dielectric on the other. As the induced charges will leak on 
to the dielectric in time, it is advisable to close the battery circuit 
only momentarily. 
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The use of the electrometer is not advisable with badly-insu- 
lating solids or with liquids, but the capacities can be compared 
in all cases by the following method, which does not differ in 
principle from the preceding one. The two condensers Q 
form a Wheatstone’s bridge with two resistances R^. ^ The 


B 



battery is replaced by a small induction coil I (see Art. 135) 
which gives intermittent currents alternating in direction, and 
the galvanometer by a telephone receiver T, which is a ’very 
sensitive detector for these currents. The resistances R-^, R^ 
are of the order of 10,000 ohms, and are preferably liquid 
resistances (for example electrolytic cells with platinised platinum 
electrodes, filled with distilled water). It is not very convenient 
to vary the resistances, so that one of the condensers must be 
adjustable. The adjustment is made till there is no sound in 
the telephone, i.e. till there is no current in the arm BD whatever 
changes occur in the arm AC, Then if i is the current in the arms 
AB^ BG and j that in the arms AD, DO, we have 

A-D = R^j, D-C = R^, 

where A, B, 0, D stand for the potentials at the corresponding 
points. Since B — D, this gives 

R^G^ = R^O^ (14). 

10—2 
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Suppose that the condensers have plates of the same area A, 
and that one or both of the distances are adjustable with 

micrometer screws. Then if 0i is the air-condenser, 

= Ajind^, 62 = KA/ind^. 

Hence (14) gives E^ldi == KRoj^, so that K is known. 

This method is not applicable to gases, for which K differs 
bv verv little from unity. The dielectric constants of gases 
mav be measured by the following method, due to Boltzmann. 

A parallel-plate condenser is placed under a bell-jar connected 
to a mercury manometer and an air-pump, and the bell-jar is 
then exhausted. One plate of the condenser is joined to an 
electrometer by a wire leading out through the bell-jar, and the 
other to a source of high potential consisting of a battery of 
cells one pole of which is earthed. Suppose that the electrometer 
is initially earthed and the outside plate at potential Vq, On 
insulating there is then a charge GVq on the inner plate, where 
C is the capacity of the condenser. Air is now admitted to the 
bell-jar, and the electrometer shows a slight deflexion d. The 
potential of the electrometer is Xd where A is some constant. 
There is thus a charge KC(Vo — Xd) on the inner plate of the 
condenser and cXd on the electrometer, where c is the capacity 
of the electrometer, making KC {V q — Xd) + cX9 altogether on 
the insulated system. A second experiment, wuth exhausted 
bell- jar, consists in first insulating the electrometer and then 
changing the potential of the outside plate of the condenser from 
Fq to Yq ^ F, producing a deflexion Since the charge on the 
insulated system is the same in all three cases, we have 

CFo = KG (Fo - Xd) 4- cA6|= C (Fo + F - Xc^) + cX<l>. 

It follows from these equations that 

( Ji - 1) CFo = {KG - c) Xd, and CF = (C - c) Xcf>, 


Hence 


(/i-l)Fo AC-c d 

V G~c ' 


Since K differs by very little from unity, the last equation is 
practically equivalent to 

K-l = 

Boltzmann satisfied himself that the deflexions observed were 






really due to tlie difference of the dielectric constants of air o i 
vacuum, and not to charges produced by friction durinc^ thr 
letting m (or out) of the air. In his experiments was of rh! 

order of 300 volts, V 1 volt, and of the order 1/10. 


71. Platinum resistance thermometry. The variation 
of the resistance of metals affords a ready means of ascertatnhi“ 
their ternperature or that of any vessels in which thev mav ho 
immersed. Platinum has been found most reliable, and"^ platinum 
thermometers can be used between temperatures of - 200- f 
an 1000 C. Suppose we have a cod of platinum immersed in 
a vessel, and that its resistance is R If is the resistance 
when immersed in melting ice and R,,, in boiling water, the 
platinum temperature” t is given by the equation 


j__ R- Ho- 
rn r;^^o 

Callendar has found that the relation of t to the correspondino- 
true temperature d (thermodynamic temperature with 0° and 
100 fixed points) is accurately given by 

= (16), 


where S is a constant for a particular specimen of wire, and alwavs 
nearly equal to 1-5. To determine S it is only necessary to take 
an observation of the boiling-point of sulphur, which has been 
shown by CaUendar and Griffiths to be at d = 444-53° C. For 
low-temperature work the boiling-point of oxygen (— 182-5° C.) 
may be used ; but platinum thermometers cannot be advantage- 
ously used at very low temperatures. 

The resistance of the platinum coil is measured by a Wheat- 
stone’s bridge method. Fig. 96 showing the connexions. The 
thermometer itself, shown diagrammatically in the figure, consists 
of a platinum coil wound on mica in a glass or porcelain tube. 
In order to avoid the uncertainty as to the temperature of the 
leads in the upper part of the tube a pair of dummy leads is also 
used, identical with the true leads except that they are not 
attached to a coil. The leads are of copper or platinum and are 
ept apart by discs of mica inserted in the tube, which also serve 
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to prov 0 nt convection currents from circuluting tioo • Tli© 

difference of Ae resistances of the coil and dummy leads is measured 
bv an arrangement known as the 
Carey Foster bridge, in which the 
two fixed arms of the bridge are 
kept equal. The point of contact C 
of the galvanometer can be moved 
alongf a stretched wire Xi by means 
of a sliding contact, and adjustment a 
is made till the galvanometer shows 
210 deflexion when the battery is on. 

The resistances in the arms AD, DB 
are equal, so that if x and y are the 
resistances of the two segments of 
the wire, the condition of balance is 

p Pii~ X = p R -r y, 

w^here p is the resistance of the 
dummy leads and p -r R of the 
thermometer coil with its leads. 

Hence 

which gives R, and then 9 is known 
from equations (15) and (16). Several 
values can he given to Rj_ — R^ on 
the same bridge by means of plug 

contacts, so that the range of variation of R may greatly exceed 
that obtainable from the bridge-wire alone. As it is difficult to 
obtain a wire of any prescribed resistance, the bridge- wire is often 
shunted so that the range afforded by the wire corresponds to 
some particular rise of temperature, for example a rise of 10 
platinum degrees. For very accurate work it may be necessary 
to take account of the heating of the platinum coil by the 
battery current. 

Langley’s holometer is an instrument for the measurement of 
radiant heat depending on the variation of resistance of a blackened 
platinum strip. 
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72. Currents in solid conductors. We have now t 
inquire how currents are specified when they flow in solid eon” 
ductors which cannot he even approximately regarded as wires' 
Consider a solid metallic cyHnder in which the flow is uniform over 
the cross-section and parallel to the axis of the cyhnder. Thei 
the most important quantity with which we are concerned is the 
current per unit area of the cross-section ; this is called the current- 
density. We may define current-density more generally as follows 
To fix ideas, suppose that only the negative electrons move' 
that each carries a charge of e electrostatic units, and that their 
average velocity near a point {x, y, z) of a solid conductor is 
v^). The stream of electrons is practically equivalent 
to a moving electric fluid of electric volume-density p = ne, where 
w IS the number of electrons per c.c. near {x, y, z). Then it 
foUows from Art. 5 that the current through any surface-element 
dS described in the conductor is {Ipv^ + mpVy -f npv,) dS electro- 
static units per second, or -i- -i- dS electro- 

magnetic units of current. The vector j with components 


n -PJk 

c ’ 


3y 


P^v 


3z = 


p% 


( 18 ) 

and now the 


is called the current-density at the point {x, y, z) 
current through the element dS is 

jndS (19). 

If positive charges are supposed to move as well as electrons 
equations (18) become 

3X = - (pV^ + p\’), jy = I (pVy ^ p'Vy'), ^ ^ ^ ) ^ 


The expression (19) 


where p and v' refer to the positive charges, 
remains unaltered. 

There is an important relation connecting current- density with 
electric force in a solid conductor. Firstly, the direction of flow 
at everj- point of an isotropic conductor is clearly that of the im- 
pressed electric force. Imagine a small cylinder PQ of cross-section 
a and length I described with its axis parallel to the electric force E 
(Fig. 97). Then the cylinder maybe regarded as a short piece of 
■wire carrying a current -ja, the difference of potential between 
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its eads being IE. The resistance is l/aa where a is the con- 
ductivity, so that Ohm’s law gives 


or j = or£..(20). 

This form of enunciation of 
0 lull's law corresponds more closely 
tlian the former one to Ohm’s 
original ideas on eoncliietion, which 
proceeded on an analogy between 



eit?etric and thermal conduction. 

The electric force in this formula must be measured in electro- 
magnetic units, true or derived. 

The conditions that hold good while crossing the boundary 
separating two different conductors in contact are 

(1) the tangential component of electric force is continuous, 
|2) the normal component of current-density is continuous. 
To prove (1), let AB represent the surface of separation, and 
draw a rectangle PQRS whose sides PQ, RS parallel to the surface 


A 


First medium 

P F Q 

> 

> 

S F' R 

Second medium 

Fig 98 


B 


are of the first order of small quantities, PS and RQ being of the 
second order. Let F, F' be the tangential components of electric 
force at F, S respectively. By the principle of energy, no work 
iiiiist be done by the forces of the field when a unit charge is taken 
round PQRS. Hence F . PQ - F'. FQ = 0, or F == Fh To 
prove (2), imagine a surface-element dS drawn on the interface, 
and let be the normal components of current- density in 

the first and second media respectively. The charge entering 
(or iea^fing) the first medium through dS is jJiS, and that leaving 
(or entering) the second medium per second. Hence 
since there can be no accumulation of charge on the boundary. 

The theory of conduction in solid conductors has important 
applications to the question of electric wiring. The current in a 



electbic cuerekts , 

wire must not be so great as to cause a dangerous rise of tempera 
ture m rt. Now it is easy to prove that the rate of developSt 
of heat IS per c.c. per second, measured in ergs if o- and 1 ? 
are measured in true electromagnetic units. In derived units this 

becomes watts, or ~ calories per c.c. per second, which 

may be written //8-36a, where y is the current-density in ampere^ 
per sq. cm. Obviously y must not exceed a certain amount unless 
there m some special arrangement, such as a water bath for 
removing the heat supplied and keeping down the temperature 
A current-density of 200 amperes to the square centimetre is a 
safe limit with large copper cables, but larger current-densities 
can be used with smaU wires, in which the radiating surface is 
greater in proportion to the volume. 

_ The size of wires in the United Kingdom is usually specified 
in terms of the standard wire gauge (s.w.G.) numbers, and cables 
are made up of separate wires by stranding. Thus a 7/22 cable 
means one composed of 7 strands of wire of No. 22 s.w.g. The 
following table gives the metric dimensions of the s.w.g. wires and 


Diameter 
in mm. 


Copper 

Manganin 

German | 
silver i 

Safe 

Ohms 

Ohms 

Ohms 

current 

(amperes) 

per 

metre 

per 

metre 

per ! 

metre ■ 

15-0 

•0032 

•077 

•041 

9*8 

•0054 

•131 

•070 1 

6*8 

•0083 

•204 

•109 ! 

4*2 

-0148 

•361 

•193 1 

2-6 

1*7 

•0260 

•645 

•345 

•0435 

107 

•57 

1-1 

•070 

1-73 

•92 

•7 

•105 

2-58 

1-38 

•5 

•155 

! 3-82 

202 

•4 

•222 

5-45 

2-90 1 

•3 

•293 

7-18 

3-83 

•2 

•404 

9-90 

5-27 

•15 

•590 

14-5 

7-74 1 

•1 

•950 

23-2 

12-4 1 

•06 

1-48 

36-3 

19*4 

•05 

2-10 

53-4 

27-8 i 

•03 

3-30 i 

81-7 

43-5 

-02 

5-90 i 

1 

145-5 

77-4 1 
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CHAPTEE V 

MAGNETIC EFFECT OF CURRENTS 

73. Rectilinear currents. In this chapter we shall study 
closely the laws of the action of currents on magnets and 
of magnets on currents, beginning with the simplest case of a 
thin straight wire carrying a current. Iron filings strewn on a 
flat surface encircling the wire tend to set along circles with the 
wire as centre. This suggests that the 
lines of magnetic force due to the current 
are circles round the wire, the direction 
of magnetic force being related to that 
of current by the right-handed screw rule. 

Quantitative results are easily obtained 
by using a compass-box with a graduated 
circular scale, such as those used in mag- 
netometers. If the wire is set in a vertical 
position magnetically east or west of the needle, either no de- 
flexion is observed or else the needle turns through two right 
angles. Thus the magnetic force at any point due to the current is ) 
accurately at right angles to the radius vector from the wire to 
the point. A horizontal wire in the plane of the needle may tend ^ 
to lift it somewhat at one end, but does not cause any scale 
deflexion in any position, so that there is no component of 
magnetic force parallel to the wire. Now suppose that the wire is 
placed in a vertical position either magnetically north or south 
of the needle. Just as in the case of the tangent galvanometer, ^ 
a deflexion d of the needle will result, which is connected with 
the magnetic force F due to the current by the relation F = H tan 0. 
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1 0 f .> 

Using this method of determining F we find that F is inver-d 
proportional at any point to the perpendicular distance r ofVl' 
point from the straight wire. The following table gives the re^nl! 
of a series of observations : ^ 


T 

e 

F in 
arbitrary 
units 

rF 

8-05 

61° 30' 

1*842 

148 

10-4 

55° 20' 

1*446 

150 

12-9 

49° 5' 

1*154 

148 

15*4 

44° 

*966 

149 

20*4 

35° 45' 

*720 

147 

22*9 

32° 30' 

•637 

145 


This experiment is however not very easy in practice, on 
account of the considerable length of wire required. A more con- 
venient way of verifying the law, which is called the law of Biot and 
bavart, is the following. Let the wire be set vertically (Fig. 100), 
and a plate pierced with a hole ° 

arranged horizontally round it, 
being suspended by three equal 
strings attached to the wire. A 
magnet laid on the plate will 
take up a certain position of 
equilibrium under the action of 
the earth’s field, but this position 
will be unaltered when a current 
is sent through the wire. For if 
we have an elementary pole of 
the magnet distant r from the 
wire, it is acted on by a force 
mF perpendicular to r, resulting 
in a couple mrF round the ware. 

Since rF is constant the total 
couple tending to turn the whole magnet round the wire is 
}-F2>n., and this vanishes because the total strength of all the 
poles of a magnet is zero. 
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Since F varies directly as the current and inversely as r, we 
niav write 

f-'s-' (1), 

where A is a constant, as yet undetermined, depending on the 
unit chosen for the measurement of current. 

To find the magnetic potential of a straight current, take 
cvliiidrical co-ordinates (r, d, z) in space, and let the infinitely 
long wire coincide \vith the axis of 2 :, the positive direction of 
current being the positive direction of the axis. If P is the 
point If, d, 2 ) and Q a near point (r -f- dr, 9 + 2 -f dz), the 

'Work done by the magnetic force of the current when a unit 
pole is moved from P to Q is 

0 . dr -f — . rd6 -r 0-. dz = 2Xidd. 
r 

This is the perfect difierential of 2Xid: hence there exists at P 
a magnetic potential 

O = const. — 2Xi6 (2) 

due to the current. 

The magnetic potential differs in one essential respect from 
that due to a distribution of magnets — it is not single- valued. 
Quite apart from the arbitrary constant, O is indeterminate since 
6 might equally well be written 
6zz: 2w, d± 4:77, etc. In fact, the 
magnetic potential decreases by 
47rAi whenever the point considered 
describes a curve like that shown 
in the figure, where the current i 
is supposed to flow verticalh' up- 
wards from the paper. This process 
of going once round the current in 
a right-handed screw direction we 
shall describe as interlacing the cur- 
rent positively, so that the work done by the current on a unit 
magnetic pole in one positive interlace is 47rAi. When the pole 
' describes a curve which does not interlace the current, Q resumes 

^ its original value '^fithout increase of 27 t, and no work is done. 

e can obtain another representation of the magnetic potential 
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m terms of the area which the current appears to subtend wK 
seen from P. Although we speak of an infinite straight currenT 
the circmt must m reality be closed, and we can imagine tl : 
ends of the long straight wire to be joined to the battery by 
which are always at a great distance away. For instance if tn'" 
current flows along the axis of 2 in Fig. 102, the circuit may be 



supposed to be completed by an infinitely distant line described 
m the negative part of the *2 plane. That is, the circuit may 
e regarded as a plane one enclosing tlie region given by y = 6 
® < 0 The distant return wires wiU have no magnetic effect’ 
Now describe a sphere of radius 1 cm. with the point P as centre, 
and let AFB be a diameter parallel to the axis of Let ACB 
be a plane parallel to the plane y = 0, and APB a plane through 
the axis of 2 . In this case an observer at P would regard tL 
shaded area ACBD as the projection of the circuit, supposed 
completed as above, on the unit sphere. Such an area of pro- 
jection is called the solid angle subtended at the point P. If 
now P is the point (r, 6, 2 ), the angle CAD = 8, and therefore the 











The most remarkable phenomenon is the tendency of lines of 
force to interlace the circuit, which acts, so to speak, like a girdle 
binding the tubes of force together in a sheaf. This may readily 
be explained by the remark that although the current is no longer 
straight, yet the tendency to twist the lines of force round the 
wire persists in the bent state. It is easy to show, by means of a 
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shaded area has the value ^ = 20. Thus the magnetic potential 
sAi jP IS \ • / /Qx 

Q = — Xl(f> 

where cf> is the solid angle subtended by the circuit at P. 

74, Circuits of any form. The magnetic effects of cur- 
rents in wires of general shape are very complicated from the 
quantitative point of view. The general effect can however 
be illustrated by means of iron filings, the figure showing the 
lines of magnetic force due to a circular current at points in a 
plane through its axis. 


Fig. 103 
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sir, ail eo„,i,ass-needle. that the lines of force pass thrmnrh the 
cirevnt .n the drrection shown in Fig. 104 , that is. they intexiaee 



Z itt article"'"" ■’ " 

The great difficulty in constructing a theory of electromagnetism 
om experimental data lies in the fact that we must deal ^ 
the who e circmt, as there is no way of examining the action of 
any part separately. We shall therefore proceed at once 
generalised hypothesis about the magnetic potential, which will 
of course have to be tested by experiment subsequeiitlv. The 
current of any shape is so far analogous to the rectilinear' current 
in that Tines of force interlace it, so that it is possible to have a 
closed line interlacing the current and such that at everv point 
of It the magnetic face tends to urge a unit pole round t'he line ' 
If the line does not interlace the current a miit pole taken round 
the line will be assisted in part of its path and resisted in the 
other It IS thus possible that the law already found for the 
straight current holds for any current, namelv that work IwAi 
IS done on a unit magnetic pole in one positive interlace of the 

® interlacing it 

We shaU go further and suppose that the magnetic potential at 

a point P due to any circuit is 

O = — Xi<j) 

where is the solid angle subtended by the circuit at P. The 
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solid angle is sliown in Fig. 105, which wHl he seen to correspond 
exactly with Fig. 102 drawn for the rectilinear current. , 


a 



The direction of the current with reference to P should be 
noticed, as it is regulated by the right-handed screw law. An 
observer at P reckons a solid angle as positive when the current 
circulates round in a right-handed screw direction with reference 
to the direction in which he looks. If the positive direction had 
been taken otherwise we should have had to write -h for the 

magnetic potential. ^ _ .... 

When the point P is at infinity, </> = 0 since the circuit, if 
finite, subtends no angle at P. Thus no arbitrary constant is to 
be added to O, if we suppose one of its values to vanish at infinity. 
As P moves in towards the current from its position in Fig. 105, 
the solid angle increases. The reader can convince himself that 
when P describes a closed curve interlacing the current positively, 
the shaded area can increase continuously until it has covered 
the whole unit sphere and its original area as well. Thus the 
magnetic potential has decreased by as we should expect. 

If P describes a curve which does not interlace the current, the 
increase of the shaded area is followed by a decrease which leaves 
it at its original value. 

If the current-carrying wire consists of n turns close together, 
the magnetic potential is - nXi4>. The theory also explains the 
absence of magnetic effect of a wire wound back on itself, as the 
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complete circuit subtends practically no solid angle at anv tioint, 

SO that 0 = 0 everv where. 

75. Experimental verifications of the theory. 

(1) The magnetic force clue to a plane circuit of any form at 
a point in its plane is at right angles to the plane. This i's easiiv 
verified by laying the circuit vertically with its plane magneticaifv 
east and west and observing a compass-needle whose centre is 
in the plane. If P is any point in the plane of the circuit and iirside 
It, the solid angle at P has the constant value dw. Hence no 
work IS done on a unit pole in moving it about inside tlie circuit, 
i.e. there is no tangential component of magnetic force. Similarly 
for points in the plane and outside the circuit. 

(-) magnetic force at points on the axis of a circular wire 
carrying a currerd. 

If 0 is the centre and P a point on the axis distant .r from 0. 
the solid angle subtended by the circular wire at P is dtt (1 — cos 6). 



Fig. lOG 

where tan 9 = rlx, r being the radius of the circle. Hence 

O = - -IttU {1 - a; (P -- x^) - ’}. 

The magnetic force is — cQ, cx, that is a force 

F = irrki P {P P ..( 5 ) 

directed along PO. 

To verify this set up a circular coil in the magnetic meridian 
and find the deflexions S for various distances x of the centre of 
a compass-needle from the centre of the coil, with the compass- 
box magnetically east or west. The following numbers derived 
from an experiment show that F, or tan S, varies as (r- a-) “ i ‘ 

P. E. 11 
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v>e lia-^e merely to put A = 1 to make the formulae applicable 
to currents measured in true electromagnetic units. With this 
understanding ive may recapitulate and say that the mac^netic 
potential of a current at any point is ' 

( 6 ), 

while the work done by the field on a unit pole when the latter 
interlaces the circuit once positively is times the current. 

76. Magnetic force due to a current in a long cylin- 
drical wire. Let 0 be the centre of a cross-section of the wire. 
OA = a its radius, the current being supposed to flow verticallv 
upwards in the figure. The mag- 
netic force at a point P distant 
r from 0 will always be perpen- 
dicular to OP ; for since the cur- 
rent is distributed symmetrically 
round 0, similar filaments on 
opposite sides of OP will neu- 
tralise one another as regards 
the radial component of magnetic 
force. If H is the magnitude of 
the force at an external point P, 
iTrrH is the work done in taking 
a unit magnetic pole once round 
the current in a positive direction. This is equal to where 
i is the total current in the whole wire. Thus H = 21, y, which 
IS the same as if the current i was concentrated aloim the axis 
of the wire. Since Biot and Savart’s law still holds for a finite 
circular wire, we need not trouble to choose thin wires in verifviiur 
the law experimeiitallv. 

The force at an internal point P can be found on the assumption 
that the current is distributed uniformlv over the cross-section 
In this case a circle of radius r interlaces a current of onlv Pi cfi 
instead of f: hence we have now P = 2r('a^ showing that the 
magnetic force is proportional to the distance of P from the 
central line of the wire. This theorv shows that the difficultv 
as to the magnetic force due to a thin wire becoming apparentlv 
inhmte as the wire is approached does not occur with the finite 

11—2 
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wifi-.'- Used in pi-aetiee. Tiie inaiiiietie for(?e has its niaxiiiiiiiii 
value 2i'a at the surface of the wire, after wliich, it decreases 
iiuifuriiily towards tlie centre. 

77. Solenoids. The iiiairnetie action of ciiiTents affords 
the eonveiiieiit means of prodiieiiig a magnetic field of 

kn^iwii strerigtli. For example, let us have a Ting of non- magnetic 
luat^-riaL and wind insulated wire closely over it, covering the 
rim: uniformly with a turns and leaving free ends by means of 
wliieh a eiirreiit i can be passed through it. Such an arrangement 
is called an endless solenoid : for theoretical purposes it may be 
replaced by n similar coils each carrying a current i and spaced 
uniformly round a ring-shaped region. Some of the coils are 
shown in Fig. 109. 



To find the magnetic force at any point P, drop a perpendicular 
PO on the axis of symmetry of the ring. A little consideration 
will show that two coils symiiietricaliy placed with respect to the 
plane through OP and the axis give a resultant magnetic force 
perpendicular to that plane : and since we may suppose all the 
coils arranged in pairs in this way, the magnetic force H at P is 
in this direction, as shown in the figure. 

Imagine that a unit pole is carried round a circle, perpendicular 
to the axis, with 0 as centre and radius OP = r. If P is within 
the ring .all t.iie n turns are interlaced in one revolution, so that 
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the work done by the magnetic force is iTmi Thus 27rrH = irmi 
that is 

H = 2m/r (7^ 

^ The lines of magnetic force inside the ring are circles round the 
axis, and the magnetic force varies inversel\- as the distance from 
t.ie axis. If the cross-section of the ring is small compared with 
Its radius, the magnetic force is therefore appredablv constant. 

If P IS in the space outside the ring no work is done in taking 
the unit pole round the circle, since no cuiTents are interlaced" 
Hence the theoretical solenoid gives no magnetic force outside. 

liie magnetic force inside a long straight solenoid, which is 
practically realised by winding insulated wire closely round a 
long straight core, may be deduced from the preceding results. 
Consider a solenoid in the form of a ring of radius r, large compared 
vith the cross-section. The number of turns of wire is n along 
the whole length 27ri- of the circumference, i.e. the number of 
turns^ per unit length is given by m = If we make this 

substitution in the expression for H and then make r infinite, 
we find that the magnetic force inside an infinite straight solenoid 
is imm, where is the number of turns per unit length. The 
force is constant and parallel to the solenoid, whatever the shape 
of the cross-section of the latter. 

If we wish to measure current in amperes, the formula becomes 


Then H is in true magnetic units and is the number of turns 

per centimetre. 

The formulae will hold approximately for a finite solenoid 
pro^uded that its length is great in comparison with the dimensions 
of the cross-section. We can moreover easily find an exact 
expression for the magnetic force at points on the axis of a finite 
solenoid of circular cross-section, which is of course the most 
usual type. 

Let 21 be the length of the solenoid, a its radius and 0 its 
centre (Fig. 110). Taking the axis of the solenoid as axis of x, let 
us find the magnetic force at P, where OP = g. Consider the action 
of the group of windings between the abscissae ^ and ^ -f- d^. 
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I f iti 

.Supposing the coils very close together, the number of turns of 
wire is mdl. Now from Art. T-o each turn produces at P a magnetic 
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force 2— <«- {«- ^ — •*■)-} ' : hence the total magnetic force of 

the whole solenoid at P is 

H = irrmia^ f {«- ^ (I - a')'} ' 

. r ? - a , ? - a- 1 



LciiL'tli 20 em., radiys 1cm., 10 turns per cm., curreot 1 ampere. 

Fig. Ill 

Yifi. Ill shows the variation of inagiietic force along the axis 
of a solenoid of ordinary dimensions, calculated from the last 
foniiiila. Thus the magnetic field inside a solenoicl whose length 
is ten, times its diameter remains constant to about 10 over 
four-fifths of the length. 
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78. Action of mag^nets on currents. The mechanical 
force exerted by currents on magnets requires corresponding 
reactions of the magnets on the wires carrying the current. 
Some striking experiments can be arranged to show these 
effects. 

Fig. 112 represents an arrangemeiit for producing a continuous 
rotation of a wire round a magnet. A metal cylinder is partly 
filled with paraffin wax, by wffiich a magnet 
is supported vertically inside it, and the 
cylinder is then filled with mercury until 
it nearly covers the magnet. A straight 
piece of copper wire is suspended by a short 
piece of thinner wire from a clamp, and dips 
in the mercury as shown in the figure. When 
a current passes through the apparatus in 
the direction shown, the straight wire moves 
continually round in the countel-clockwise 
direction, while on reversing the current it 
moves with equal spee<h in the opposite 
direction. ‘ 

A second experiment can b^ made with 
a light battery and a small coil V of several 
turns. Connect the coil to the bc^ttery and 
fix the coil vertically, and then fl^t both of them on a small 
board lying on water. Under the induce of the earth’s magnetic 
field the plane of the coil vdll tend to set magneticallv east and 
west. This arrangement is practically the same as that called 
de la Rive\s floating hatter ij, 

A very interesting phenomenon is that known as the electro- 
magnetic rot^ion of a conducting liquid. Take a shallow cylin- 
drical metal vessel and pour a layer of mercury in it. Contact 
can be made by a central electrode and a wire attached to the 
vessel, or better a number of wires soldered to equidistant points 
on the circumference and joined together. By this means a 
radial eurrent can be sent through the mercury layer. When 
a bar-magnet is held vertically over the central electrode and 
near the mercury, the latter will rotate quickly in the vicinity 
of the electrode, and more slowly in the outer parts. Its motion 
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can be easilr followed by observing the movement of dust- 
parrieles on the surface. If the north pole of the magnet is nearer 
the liouiJ, and the current flows radially outwards, the rotation 
us >een irMin above is in the eouiiter-elockwise direction. 

Whatever the forces are which act on the parts of a wire 
earrvirei a eiirrent in a niagiietie field, tiiey can be shown to be 
at all pciints perpendicular to the wire. To prove this it is only 
necessary to make part of the circuit iiioveabie in the direction 
of its ler.nth. for example a straight piece of copper rod sliding 
through two very slightly larger holes, or lying in two V-shaped 
grouves. Such a rod will not move i!i the direction of its length, 
no matter what rnagiietic field it is placed in. 

79. Potential energy of a current and a system of 
magnetic poles. The potential energy of a unit pole at any 
point being — that of a pole of strength ni is — rm<p, where i 
is the solid angle under which the current is seen from the point. 
Now consider the flux of rtuignetic force through the circuit 
(Art. 5). The pole sends out lines of force ecpially in all direc- 
tions, the total flux for a solid angle 4^7 being -^rrm by Gauss* 
theorem. That is. if we write A" = mi for the flux of magnetic 
force through the eurrent-carrying circuit due to the pole, the 
potential energy is — /A". In this expression the strength of the 
pole has disappeared, explicitly at any rate. For any number 
of poles the flux of force through the circuit is got by adding the 
fluxes due to the separate poles : hence we have the result that 
the potential energy of a system consisting of a current and 
any distribution of poles is — iN, where A" is the flux of magnetic 
force through the current due to the poles, N being reckoned as 
positive when lines of force thread the current in the positive 
direction (Art. 74). 

This theorem enables us to find the forces exerted by a magnetic 
field on a current. This action will of course be statically equi- 
valent to the reversed resultant of the forces exerted by the 
current on the poles in the field. Further, without mentioning 
poles at all, we may speak of the potential energy of a current 
in a magnetic field, and find the forces experienced by such 
currents. 
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The motion of a rigid circuit, such as the floating batterv 
IS covered by the rule that the current tries to embrace as rnanv 
lme;> of force as possible. For since it moves so as to make its 
potential energy a minimum, its motion must be such as to make 

A a maximum. 

As an example of the formula we may find the couple on a 
pane circuit carrying a current in a uniform magnetic field 
suppose that the circuit consists of a single turn of area A, and 
flat It is moveable about a vertical axis and carries a current i 
Let ff be the uniform magnetic field, supposed in a horizontal 



direction, and let the direction of E make an angle & with the plane 

of the circuit, as shown. 

The flux of force through the circuit being EJ sin ff, the 
potential energy of the current in the position 0 is W' = - fEA sin 0. 
Thus the couple tending to increase 0 is 

- = lEA cos 0 (9). 

If the current is left to itself it will take up the position 0 = J 

normal to E. If, on the other hand, it only moves through a 
slight angle, so that 0 is small, the couple is approximately lEA. 
The couple is n times as large when there are n windings close 
together, each of area A and canying a current i. 
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The priiieiple of the coil moving in a magnetic field is used in 
iiiaiiv eleetiieal iiieasiiriiig instruments, as will be seen immediately. 

80. The moving-coil galvanometer. Although the defiiii> 
tioii of current in electromagnetic units has been based on the 
tariaent sralva nometer, vet the disadvantages of that iiistrument 
are such as | 3 raet!eally to prevent its regular use in laboratories. 
In order to get an absolute measurement of current it is necessary 
to measure the horizontal component of the earth’s magnetic 
field in the place in which the galvanometer is to be used, as the 
presence of iron in modern buildings makes it quite impossible 
to rake the value of H from the standard observation of a magnetic 
survey. Moreover the galvanometer constant is seriously affected 
by external magnetic fields of the order of *01 absolute units, 
and such disturbances are unavoidable, now that strong electric 
eiirreiits are so constantly used. For example, a long vertical 
wire carrying a current of 100 amperes at a distance of 20 metres 
from a tangent gaivaiiometer would produce a 5 per cent, error 
in its readings. For these reasons, and also to increase the 
sensitiveness of the iiistrument, galvanometers are now very 
largely constructed on the principle of the last article, namely 
by the movement of a coil carry- 
ing a current in a strong magnetic 
field. The so-called Deprez- 
d’Arsonval galvanometer (Fig. 

114). which is really due to Lord 
Kelvin, is on this plan. A rect- 
angular coil, of many turns of 
fine wire, is suspended from a 
ii.xed pillar by a fine metallic 
suspension, and hangs between 
the poles of a permanent steel 
magnet. There is very often a 
solid core of soft iron fixed 
inside the coil. The action of 
this will be better understood 
after we have considered the theory of induced magnetism 
(Art. 115), but for the present we may say that the core serves to 
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concentrate the lines of force, so that they pass almost radiallv 
ill t e aii-gap. Fig. 115 gives a vertical view of the iiistruiiient 
and shows roughly how the lines of magnetic force pass. 



The connexions to the coil are made through the suspension 
and through a fine wire leading to the lower end of the coil • the 
suspension is usually a fine strip of phosphor-bronze chosen so as 
to be as true as possible in its elastic properties. The considerable 
strength of field near the coil serves to increase the sensitiveness 
and also renders the instrument practicaUy independent of external 
magnetic fields. The coil is set so that its plane is approximatelv 
parallel to the magnetic field when no current is flowing. An 
ordinarj gaH anonieter of this type will measure currents of the 
order of one-milhonth of an ampere, while very sensitive instru- 
ments will give a deflexion for about IO -12 amperes. 

It is hardly necessary to say that the couple on the coil of 
an actual galvanometer cannot, strictly speaking, be calculated bv 
the formula of Art. 79, as the conditions do not coincide with the 
ideal state of affairs there contemplated. The eftect of the radial 
field IS to give a couple which is almost accurately proportional 
to i, sa\ Ai. (This would also hold for small deflexions in a 
uniform field, cos d being put equal to unity.) The restraining 
couple due to the twisting of the suspension is equal to ixd, where 
/X is a constant, and the coil takes up a position for which these 
couples balance. ^ Hence Xi = fx,9, or i = 1-9, where k is written for 
ft A. The quantity k is called the galvanometer constant, and 
it is usually understood to be expressed so that the formula gives 
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i hi Tlie deteriiiliiatioii of I: wlieii :ref|iiired is made by 

a >»i»a!aTe ♦^xijeriiiieiit called Mandardisim], explained in Art. 6S. 

T:.e id the galvanometer eau be increased by 

ii'.ak:::v tar !:.ovi!.:i eeii long and narrow, and by bringing the 
u! the inaunet close together. Galvanconett'rs with a large 
ef turns are >ei;sitive to eurreiit land are thto-efore valuable 
for v%jrk hi: the diseiiar^e of siiiall coiidefistn's), but on account 
of rlieir uTearer rcesistaiiee they are not iieeessarilv most sensitive 
to p*jtei:tia] le.g. when used in corijiiiiction with tlie^rmocoiiples). 

Fur ,>oine purposes nioviiig-coil galvanoinetoi’s are made 
tAe'bht-eh that is. so as to eonie to rest in tlieii- proper position 
as soon as possible. Galvanoiiieters with the opposite property 
of swinuinL^ as long as possible without coming to rest are said 
to be hdhdfk. 

In iisinu the lamp and scale method witli galvanometers we 
really measure the tangent of twice the angle turned through 
by the coil, provided the spot of light is originally in the centre 
of the scale. Xow in ordinary use the scale is about 1 metre 
of! the galvanometer, and the greatest deflexion is about 25 cm. 
from the centre of the scale. This gives tan 2d = ^ y or 6 — about 
7h The leduetioii to angle, that is from tan 20 to 26, amounts 
at most to about 2 per cent. It is not however desirable to make 
this reduction, as the uncertainty in the distribution of the lines 
of force near the motdng coil produces in practice the same or 
even larger errors. Thus a moving-coil galvaiiometei' xvhen tested 
with a tangent galvanometer will sometimes show about 5 per cent, 
deviation from proportionality of scale-deflexion to current. It 
is therefore advisable, after having obtained a detl exion in any 
experiment, to standardise the galvanometer at the same de- 
flexion. 


81. Ammeters and voltmeters. The fiincla mental instru- 
ment required for measuring both ciirreiit and jpoteiitial in 
most cases is a sensitive moving-eoU galvanoineler, with a pointer 
moving over a fixed scale. This scale is graduated so as to 
read directly in convenient small units. A coiiiiiioii type is the 
so-called millivoltmeter shown in the figure. The wire suspension 
is done away with, and the coil is mounted between agate bearings. 
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so that It can be carried about tvithout injure. The torsion 
couple IS produced by two light spiral springs above and below 



Fig. 116 


the coil tvhich also serve as the wires leading the current in and 
out of the instrument. The millivoltmeter is so called because 
each dnnsion of the scale corresponds usuallv to a difference of 
potential of one-thousandth of a volt between the terminals. 

If now such a sensitive galvanometer is shunted bv a low 
resistance becomes an ammeter, and if placed in series with 
a high resistance it becomes a voltmeter for measuiing higher 
voltages In the former case let R be the resistance of the shunt 
r that of the galvanometer. Then an incoming current i di^^des 
111 the ratio R to G, RiKR ^ (?) going through the galvanometer 
and the rest through the shunt. If R is smaU most of the current 
goes through the shunt, and the main current mav be verv hi^rh 
vnthout there being much deflexion of the galvanometer. At 
the same time all the currents are cut down in the same ratio, 
and the same fixed-scale instrument may be used with various 
shunts in order to give different ranges of measurement. 

If a galvanometer is placed in series with a resistance 5', 
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only the fraction (riG .S) of the total drop of potential occurs 
between the terminals of the instnimeiit. Thus a millivolt- 
iiieter ' of 1 oiiiii resistance and of 100 scale-divisions, readiii,^ up 
tei C- volt, may be made to read up to 10 volts by placing a coil 
of 00 ohms in series with it. 

imiibiiied ammeters and voltmeters are on the market, and 
are verv coiivenieiit. Fis. 11 1 - shows the terminals and internal 
coiine.xions of one of these. The 
reader will find it an interesting 
exercise to calculate the resistances 
R and J required, say, to make the 
instrument read as an ammeter up 
to 1 ampere (terminals — , — -4) 
and as a voltmeter up to 10 volts 
(terminals - F), given that the 
fiiii deflexion with the terminals 
— and — G corresponds to a cur- 
rent of 1,100 ampere and that 
both *S and G are 1 ohm. 

The use and value of fixed-scale instruments dates from the 
discoverv of methods of producing really permanent steel magnets, 
and thev are now extensively used. There is practically no limit 
to the current that can be measured in this way. All that is 
necessary is to have a shunt of 
siiifieientiy low resistance that 
will carry the current without 
imdue rise of temperature. 

Fig. liS shows a simple form 
of shunt, consisting of a strip 
of maiiganin giving a large cooling surface. 




82. The string galvanometer. For many purposes, for 
example for foliowiiig the changes of current and voltage occurring 
with electrical machinery, we require a galvanometer which shall 
be at once very sensitive and very quick to take up its proper 
deflexion. This is attained in the string galvanometer invented 
by Eiiithoven. The principle of its action is shown in Fig. 119. 
CC is a fine quartz fibre, silvered to make it conduct, and carrying 
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the current to 
strong electro- 


be measured. It lies between the poles NS of a 
magnet, the poles being brought very near to the 



Fig. 119 

fibre and perforated to allow the movement of the latter to be 
observed with a powerful microscope ED. When a current 
passes down the fibre from above to below a mechanical force 

'f direction of the arrow a, causing a deflexion 

ot the hbre. 

The mstrument shares with the moving-coil galvanometer the 
advantage of being independent of external magnetic fields The 
tension of the fibre makes the zero very steadj^ and also renders 
the^ readings practically independent of levelling. The quickness 
of the reading depends on the lightness of the fibre, which gives 
low inertia and also allows the air to damp it so much as to make 
dead-beat. As regards its sensitiveness, currents of 
lU - ampere can be detected with low tension on the fibre and 
gh magnification (750). Increasing the tension of the fibre, 
of course, increases the quickness of response with a correspondiim 
loss of sensitiveness. ® 
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83. The ballistic galvanometer. Whereas the dead- 
tialvaiiOiiieter is suitable for iiieasiiriiig eoiistaiit currents, 

ti'an^ient currents such as those produced by the discharge of 
L-tUidensers can be measured with the ballistic galvanometer. 
When a charue of c couiomb.s is sent suddenly through the galvano- 
meter. the spot of light will begin to swing and move to and fro 
rhrouuh a uradually decreasing arc with the original position as 
centre. The sradual decay of the swing, or damping, should be 
as small as possible. In the absence of damping the spot of light 
would swin 2 through a distance r on either side of the zero position ; 
r is called the thron: of the galvanometer. The fundamental 
fornmla of the ballistic galvanometer is 

e = (10), 

where 1: is the galvanometer constant and T the time of swing of 
the coil. 

To prove this, we have to complete the theory of Art. 80 by 
taking into account the angular inertia of the mo^dng coil. Let 
1 be its moment of inertia about a line coinciding with the 
suspending wire. Then the total couple tending to increase the 
deflexion d is Ai - /xd, and therefore the equation of motion of the 
coil in general is 

= ( 11 ), 

damping being neglected. 

Eciuation (11) may be integrated with respect to t. Thus 
if the coil starts from rest in the position d = 0 we have 

dt Jo 0 

The integral j ^ idt is the total charge e that has passed through the 
* 0 

galvanometer from time t = 0. If this charge has passed through 
quickly the coil has had no time to move, so that j ^9dt is negligible. 

In this case the equation shows that a sudden angular velocity w 
of the needle is produced, given by 

lo) = Ac 


( 12 ). 
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After the charge has once passed, the coil swings without anv 
cnrrent flowing ,n it. Hence putting in equation (lli. 
the motion of the coil is regulated bv the equation 

/ ^ A pd = 0, 

with the condition that = 0 and dfl/d? = ^ ^vhen t = (i The 
equation of energ\* is 

•' \^j + /rp- = constant. 

Apphung this to the instants (1) when t = 0, (2) at the first 
stopping place, for which 6 = r and dBldt = 0, we have 

= (13). 

Further, the time of the simple harmonic oscillation of the coil 
IS given by 

r = 277(//p)i 

Combining the equations (12), (13) and (14) we have 


■ A U; - X 


...(15), 


since h - i^lX. This equation is very important as it gives e when 
the galvanometer constant and time of swing are known. 

M f damping assume a frictional couple propor- 

tiTcL “°®, ( *'*“ »' “«»” »t 

tile coil swinging freely is 


where k is a small constant specifying the amount of dampiim 
If we neglect /c^ the solution is 

9 = e (A cos lit -r B sin nt). 

In the case considered d = 0 when f = 0, so that A = 0 Since 
the damping in a few sivings is small, the early stages of the motion 
are represented by 9 = B (I - Kt) sin nt ; and if the dampiim is 
zero we should have a swing of amplitude B, so that B is ^the 
throw corrected for damping. In the actual case let 9, be the 

P -p 
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first tlirow, the next m the same side. These correspond to 
tiiiies n! = hrr and approximately, so that 

aiKl 

Thus e,), 

i.e. the correction to true throw is got by adding one-qiiarter of 
the difference between the actual throws. Hence the true throw r 
ill equation i ICq is given by 

T=0o-l(^O-0i) (16). 

Thus in a laboratory experinieiit in which the zero reading on the 
scale is (say) 24*2, if the galvanometer swings to the right and 
first comes to rest in the position 48*3, the next reading on the 
right being 47*4, we should have t == 48-5 — 24-2 == 24*3. If 
Jc = 10“^ and 7—4 seconds, the total charge passing through 
the galvanometer is T55 x 10“^ coulombs. 

84. Measurement of a large capacity. The ballistic 
throw produced by the discharge is observable with a sensitive 
galvanometer if the condenser is of the order of a microfarad. 
We require a two-way key ABC such that B can be joined to A 



Fig. 120 I 

or C at will. Start with AB joined, thus charging the condenser I 
to potential T" (Fig. 120). When the key is pressed down so as to 1 
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disconnect AB and ioin BC a chart^p r.t nr , , • 

suddenlv through the galvanometer n v ■ oinbs is sent 

in farads and F f «“0“ieter, C being supposed expressed 

for Sn^iiig kr " ^ 

CF = ^/1-t. 

The time of svdng T can be observed with a stop-watch It is 
safest to have a resistance of several thousand ohms in the .al- 
vanometer circuit: this does not affect the ballistic throw since 
the charge sent through is the same in all cases 

ith the connexions as in the second part of the figure, shunt 
through a small resistance Z (about 1 ohm), obtaining the same 
^teadj deflexion r as the original throw, by adjusting th; resistance 

ohm-i considerably greater than unity (at least 100 

ohms), v e have very approximately 

VX 


R 


Di%flding these equations, 


C' = 


= {S + G) Jcr. 

I and I’T go out, leaving 
IT 


■(11 


/^axis 


^ttR (S -r (?) 

A knowledge of the absolute magnitude of the potential V is 
unnecessary in this case. 

85. Magnetic force of a 
plane current at large dis- 
tances. Let d be the angle be- 
tween the normal to the plane 
and the radius vector OP drawn 
from a point 0 near the circuit to 
a distant point P. If A is the 
area of the circuit and r the dis- 
tance P, the solid angle subtended 
at P is ^ = ~ A cos 9/ A. Hence 
the magnetic potential at P is 
^ ~ cos d/f“, which is the same 
as that of a magnet of moment iA 
iihose axis is perpendicular to the 
plane of the circuit. The relation Fi„. 121 
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between the two is easily seen to be that of the right-handed 
~erew law, as shown in Fig. 121. 

Consider now a solenoid of length I wound on a core of cross- 
section J. with n turns in all. The positive and negative poles 
of the magnets eiiuivalent to the separate turns destroy each 
.ither ill the interior just like the elementary magnets of a uniformly 
magnetised rod. leaving poles only at the ends. Let ± m be the 
pole-strengths when a current i is flowing. The total magnetic 
moment is equal to ml, where I is the length of the solenoid : it is 
also equal to the sum of the moments of the n separate turns, 
namely rdA. Hence m = niAil Thus a solenoid acts on a distant 
point just like a magnet with poles at the ends of the solenoid, 
and this law only fails when the point comes within a distance of 
the solenoid comparable with the diameter of the core. This 
result is easily seen to be true for solenoids which are not straight. 
Further, two solenoids act on one another like bar-magnets. 

Historically, the actions of currents on currents were the first 
to be considered in detail, the exact laws ha\-ing been uirravelled 
bv Ampere verv soon after Oersted’s fundamental discovery. 
From the present point of view a current is supposed to produce 
a magnetic field in its ^■icinity, which acts on any second circuit 
which may be present. We proceed to obtain a general expression 
for the potential energy of the forces between two circuits carrying 
currents. 

86. Mechanical forces between currents. Mutual 
inductance. Consider the case of two circuits of any form, 
carrying currents i, i' respectively, and let the flux of magnetic 
force through the second circuit due to unit current in the first 
be -¥. Then the flux through the second circuit in the actual 
case is A = iM. It follows from Art. 79 that the potential energy 
of the second circuit in the magnetic field of the first, that is the 
potential energy of the system, is — ii'M. 

The symmetry of this result shows that Ji is also the flux of 
magnetic force through the first circuit due to a unit current 
in the second. ¥ is called the 'mutual inductance of the two 
circuits: it evidently depends only on their form and relative 
position. 


Ju 
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Let US calculate the force betweeu a current f iu a circular 
wue of centre 0 and radius « and a current /' in a parallel circular 
of small raius b whose centre P is on the axis of the 
m ciicle. Let OP = a-, and let the currents circulate in the 



directions shown. The magnetic force at P due to the large 
circuit has been found to be 2^icP (a^ directed along PO. 

The hues of force thread the second circuit positively, so that 
the potential energy is obtained by multiplying by - Thus 

the potential energy of the sj'stem is TT = - •l—ii'aW (a--a^) 
The force tending to, increase x is therefore 


The circuits therefore attract one another when the currents are 
m the same direction, and repel one another when iu opposite 
directions. It is easy to show that the force of attraction is 

greatest when x = |-a. 

The first really accurate observations on the mechanical 
forces between currents were those of W. 'Weber (1846). Two 
circular coils of many turns of wire were placed ^vith their planes 
at right angles to one another, and one of the coils was supported 
by a bifilar suspension. By observing the small deflexions caused 
by a current passing through both coils in series, Weber was able 
to verify that the couple on the moveable coil was proportional 
to the square of the current. In a second experiment Weber 
placed the fixed coil in various positions -with respect to the other, 
and showed that the observed couples agreed accurately witli 
those to be expected on theoretical gromids. 
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87. Self-inductance of a circuit. By analogy with the 
iiiiitiiai iiKliietanee of two circuits we may define the self-induct- 
lince £ of a single wire C as the flux of magnetic force through 
it due to a unit current in C itself. Care is however necessary 
ill defining and caleulating seifdiidiictances, because if C is taken 
as a geometrical line L is really infinite, in contrast with mutual 
iiidiietaiices where the circuits can safely be taken as lines. Actual 
wires, however, are necessarily of finite cross-section, and L is 
defined as a mean magnetic flux as follows. 

If dS is an element of cross-section of the wire, the electricity 
passing through dS traces out a tubular region of space which 
we may call a cuiTeiit-filament. Xow when unit current is 
flowing in the whole wire, imagine the wire cut up into a large 
number n of filaments carrying equal currents. Then L is the 
mean of the magnetic fluxes through the filaments, i.e. if N is 
the flux through one of the filaments due to the current in the 
whole wire, 



where the summation extends over all the filaments. Writing 
di = l/i? for the current in a filament, this becomes 

L = jN d I wiiere Jdf = 1. 

It is not assumed in this definition that the curreiit is uniformly 
distributed over the cross-section. 

We can find an expression for the potential energy of the 
mutual electromagnetic actions betw^een the various current- 
filaments of a wire in terms of X. Suppose in the first place that 
unit current is flowing in the wire. Then the potential energy 
of the filament di is —Xdi, and on integration the potential 
energy w'oiild appear to be — L. But in this w’ay the force 
between each pair of filaments is counted in tw^ice, so that the 
potential energy is only — |-X. When a cuiTeiit i is flowing 
the force between each pair of filaments is P times as great as 
before, and the potential energy in general is therefore — ILP. 
This c|iiaiitity is essentially negative, as w'e should expect since 
the major part of the action betw^eeu two filaments is the force 
of attraction betw^een neighbouring portions. 
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of .‘tir self-inductance we may consider the case 

of a solenoKl whose length Z is great in comparison with its diameter. 

to, I n cimss-section of the core and « the number of 

turns the magnetic force inside the solenoid for unit current is 
w'' immediate neighbourhood of a winding. 

Here slight disturbances of the field occur, but the field alwa.^ 
remains of the same order of magnitude. For if the wire.s are 
closely packed the radius of the cross-section of each is U'ln 
and the magnetic force just outside one of the wires due to 'the 
unit current in the wire itself is 2 -- (Z 2ft) = 4n 7. Now the 
disturbance of the field only occurs in a verv narrow belt near 
the winding, so that .N can safely be calculated on the assumption 
of an absolutely uniform interior field. Hence the flux through 
a single turn m dwind/?, and the total flux Iwft-hd/Z, since the effect 
01 tile ends is negligible. Thus 


£ = 477ft w (IS) 

absolute electromagnetic units. For the solenoid of Ficr m 
this formula gives L = 79000 e.m.u. ^ 

The solenoid is easier to treat than the simple circuit or loop 
o wire, because iii the latter case the magnetic force near the 
wire IS generally much greater than that elsewhere. We shall 
resume the calculation of self-inductances in Ch. vin, when the 
reader ivill appreciate their importance better. 


88. Electrodynamometers. Current balances. An 

electrodynamometer is a convenient instrument for measuring the 
forces between two circuits carrying currents. A simple form 
consists of a fixed coil placed verticallv, and within it a moveable 
coil suspended like the coil of a mo^•ing-coiI galvanometer from 
a torsion fibre. Initially the two coils are at right angles. If 
currents flow in the coils there is a couple on the” moveable coil 
due to the magnetic field of the fixed coil, and the instrument 
shows a deflexion. By turning the torsion head round we can 
however bring the moveable coil back to its original position, 
ihe couple reqmred to do this can be found, since it is proportional 
to the angle which the torsion head has turned throush: it is 
also equal to the couple exerted by the fixed coil on the moveable 
coil ill its original position, and this is proportional to the product 
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currents in the fixed and moveable coils. If the two 
coils are joined in scnies and the same current ? passes through 
theiiE the couple is proportional to Electrodyiiamometers 
can therefore be used to measure a eurreiit irrespective of external 
magnetic hekls, and are then known as current-balances. 

Lord KelTiii de.siuned an accurate form of ciirreiit-balance 
known bv his name, the principle being shown in Fig. 123. 
A. /i, C, D represent four fixed horizontal coils wound so that 
the current circulates in them in the directions shown. The 
moveable coils Ah I' are joined in series with the fixed coils, but 



arranged so that the current in Y is in the opposite direction to 
that in Ah A horizontal beam connects X to Y and is supported' 
somewhat after the manner of the beam of a balance. It has 
a graduated scale in front on which a rider of known weight can 
slide. When a current flows through the balance, X is repelled 
by A and attracted by C, while Y is attracted by B and repelled 
bv D, all four forces combining to give a couple in the coiiiiter- 
clockwise direction in the figure, which can be balanced by known 
weights. 

Fig. 124 shows an actual instrument, though the central coils 
are not visible. When no current is flowing a known weight is 
placed in the triangular trough on the right, and the rider, wdiich 
is of the same weight, is placed at zero on the left of 'the scale. 
An auxiliary lever is then adjusted till the beam is in its correct 
position, as shown by the marks on the projections at its ends. 
On applying the curreiit the rider is moved to the right t'ill the 
beam is again in its normal position, and the current is then 


V] 


magnetic effect of ccerexts 


185 


read off on a scale opposite the pointer. Connexion with rln^ 
moveable coils is made through the suspension of the beam. 
that the latter may swing as freely as possible. 



The greatest sensitiveness and freedom from error is obtained 
b\ arranging the distances of the coils so that the couple exerted 
shall be a maximum. If the coils Z, Y were small in comparison 
with the fixed coils, and if the latter consisted of a single turn 
each, we have seen in Art. 86 that the most favourable position 
IS for X to be at a distance from A and C equal to half the radius 
of either coil. In the present case, however, the best distance 
is rather different. 

If the dimensions of an electrodrmamometer are accurately 
measured, the mutual forces can be 'calculated theoretically for 
gi\ en cuirents, so that the electrodynamometer will give a measure- 
ment of current in absolute electromagnetic units. One of the 
most perfect types of instrument for this purpose is that designed 
* Tl. rton and J*. t . J ones, the principle of which is illus- 
trated by Fig. 125. 

Tuo coils A, S, wound on insulating bobbins, are suspended 
from the beam of a sensitive balance. C', D represent hollow 
bobbins also wound with -^vire, which can be raised so as to enclose 
the coils A, B. The windings are arranged so that A repels C 
and B attracts D when a current passes in series through all 
the coils. The couple is then exactly compensated by adding 



MAGNETIC EFFECT OF CURRENTS 


[CH. 


I St] 

weiirhts o!i a seale pan hmmim from the left of the beam. This 
eiirreiir-balaiiee was used in hiKliiig the eieetro-cheniical equivalent 



Fig. 125 


of silver, and was considered to be accurate to 1 part in 50,000: 

In fact, the greatest source of error was thought to be the un- 
certainty ill the value of g. 

89. Action of a magnetic field on an element of I 

current. \\ e shall now show that the force exerted by a magnetic | 

field on a closed circuit can be analysed into forces acting on its i 

elements of length according to a definite law : and although we ■ 

||A], eaiiiiot really deal with the separate parts of a closed circuit, this 

■'I i representation of the forces will sometimes be found useful in 

calculations. The force that mav be considered as acting on an 

^ eienieiit ds is a force of magnitude idsH sin 6 perpendicular to 

ds and H. where 8 is the angle between ds and H : that is, the 
y . vector product of ids and H (Art. :2). In other words, we have 

, to prove that a possible force on the element has components | 

; . ■ / {HJg ™ H,dz, H,dz - HJx, H,dx ^ HJg ) . . (19). I 

If the eireuit is riven a small displacement (|, t], as a whole the 
above force would do work ! 

^ r), C 

' dx, dij, dz \ . ! 

^ H,, ■ 

r I ! 

f- 

I 
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The work is therefore represented by i times the volume of the 
parallelepiped in the figure. Xow the original element of arc 



AD is moved to BC by the displacement : hence the flux of 
magnetic force through the circuit has increased (as far as ils 
is concerned) by- 

area ABCD X H cos 6, 

the latter being the normal component of magnetic force for the 
new area added to the circuit. This latter expression is equal 
to tie volume of the parallelepiped. Hence the decrease of the 
potential energy by the displacement (as far as ds is concerned ) 
is i times the parallelepiped. The displacement (|, c) need 
not he the same for all the elements of current, but the preceding 
theory applies when the current is moved about in aiiv way as 
a rigid body. In this case the mutual actions of the various parts 
of the current do no work on the whole, and the work done bv 
the assumed system of elementary forces is equal to the decrease 
of potential energy. In other words, the assumed forces arc 
equivalent over the whole circuit to the actual forces on the 
circuit, as regards the components of both force and couple. 

This rule enables us to give an easy explanation of the actions 
of magnets on currents described in Art. 78. Thus in the case of 
electromagnetic rotation of liquids, a current radiallv outwards 
calls forth at every point a mechanical force tending to turn the 
carriers of electricity round the axis. 


MAGNETIC El’FECT OF CCREEXTS 


[CH. 


90. Equations of the electromagnetic field. If we 

have eurrtTi!.- of a c|ii.ite ^rerieral kind in space, the iaw of work, 
nana*iy th.C' tie* w*>rk done in taking a unit niagiietic pole round 
any circuit i- 1“ times the eurTeiit enclosed, gives us an important 
>H id' e 4 iiaTioiis eoiiiiectiiig eiirreiit-density with magnetic field. 
At the point ij\ g. :) let 11 be the magnetic force andj the ciirrent- 
flcn.-ity. The work done in taking a unit pole round a circuit 

C IS I HJx — — EJz. Also from Art. 72 the current 

riuwirnr rhroiiLdi the circuit is f -r ~ nj..) dS. integrated 

s 

over any surface *S with C as rim. Hence 


4- i Jlj. -™ - nj^) dS = j H,,dx — Hydy — H.Jz 

= 1 :i - m - H A-lly - is 

. s . \ CZ / ' \cz cx J ' \ CX cy J] 

by Stokes’ theorem. Since this equation holds for all possible 
surfaces S in the field, we must have 


, . cH. 

cH,: 

4:7r — - 


cy 

CZ 

, . cH, 

cH. 

iTTJ, = - 

— -j;— " > 


CX 

u 

11 

1 


CX 


- lyli -r cj, 

Jcz = 0^ 


since the ciirreiit>density in steady flow should be soIenoidaL 
Since work is now done in general whenever a pole is taken 
round a closed circuit, there will not be a magnetic potential. 
On the other hand the lines of magnetic force due to a current- 
fiiaineiit are re-entrant curves, and it is natural to suppose that 
the magnetic force is soIenoidaL Let us try to solve the last 
eqiiaticms so as to give the magnetic force H in terms of j, with 
the condition 

cH^xx - cHy cy -t- cH.xz = 0 .(21). 

Suppose that H is the curl of a vector A, that is, 

jj. cA. cA^ cAy. cA c4 r4 

H.^ - ^ , // == ^ ~ ^ (2^'> ) 


J 

1 
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The equation (21) is then satisfied identicaUy. Hence we have 
4 ^ (^i _ ^ ^ _ cm, 

\CIJ czj cxcy cy- ' cz^ ~ c^'fz 


or 



^ cj^\ _ _ cm, 

cx \ cx cy cz ) cx^ cy^ 



Thub all the 6(]^iiations are satisfied if we put 


*V— -1- • 

cx- ' cy- ' cz- ~ 


c-H, 


and two similar equations. This equation for A, is exactly of 
the same form as Poisson’s equation for T in terms of p. Xow 
m the latter case we know that one solution, at an}- rate, is given 

by taking for the potential at a point P the value P = 

integrated over the whole of space, where p is the density at a 
volume-element dr distant r from P. Hence all the conditions 
are satisfied if we take for the components of A at the point 
P {x, ij, z) the quantities 



where j is the current- density at the point Q (|, ri, 4) at which 
dr is taken, and r = PQ. The vector A is called the vecior ■poferdial 
of magnetic force. 


Since the magnetic field is given by equation (22), it is thus 
completely determined. The solution thus obtained is not unique, 
since we can clearly superpose the magnetic field of anv permanent 
magnetic distribution that may be present. The above solution, 
which gives iT = 0 wheny = 0 everywhere, may however fairly 
be described as giving the magnetic field due to the currenU, and 
we shall neglect the subsidiary terms. 

Thus the work law in its general form, with the aid of certain 
assumptions, determines the magnetic force of any distribution 
of currents in space. Applying the formulae to the linear circuit 
we shall obtain results equivalent to those alreadv used. 
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91. Magnetic field of a linear current. .Let Q (i, {) 

be a point on a closed circuit C, and let a tbi.n wire, whose cross- 
section near Q is A, coincide with C and carry a current i. If 
ds is the element of arc of C, the distribution of current is equi- 
valent to putting j = 0 except in the neighbourhood of C, where 

we write J == and dr = Ads, so that ids ^jdr. Writing id^, Ht], 

idi for j^dr, j^dr, j^dr respectively, the equations for the vector- 

I>otential at the |K>i.nt P {.r, i/, z) reduce to 




the line integrals being taken round C. 

Since etc., we have 

cx \r 




j a z) dc \ 

\’c I 


(I - ^)dTq- {r}- y) dj 


The solid angle which the circuit subtends at P is given by 

6 = f dS cos 0/r^ 

J s 

where S is any surface with C as its boundary and 8 the angle 
between the radius vector from P and the normal to dS, Thus 
if (ii % 1) is any point on S, 




■ L {' k © + I (?) + " k (©■ 


Since ™ 

cx \r 


1(1). we have 


a - L i' $ © + ”' S3; 6) + ” 
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Again writing in the form 

and applying Stokes’ theorem, we have 

„ ^ ^W‘S^^;r-«^W-'^-f^-^-yi'^5• 

Hence H^ - iccl>jcx, with similar expressions for H, and H , ; that 
IS there IS a magnetic potential £1=.- ^, in agreement with 
the previous result. 

^ The present investigation shows that the formula Q.=^- i6 
IS tlie only one consistent with the work law in its widest sense 
and also shows the conditions under which a magnetic potential 
e^sts. In general, i.e. inth currents distributed through space 
the magnetic force is not derivable from a potential; but when 
the currents are located in limited tubular regions of space there 
exists a magnetic potential for points not in these regions The 
pecuharity of this potential is that it is multiple-valued, permitting 
different work to be done on a unit pole when the latter is moved 
round a circmt which does or does not interlace the tubular regions. 

Of action of an element of current. 

We shall now show that the whole effect of a linear current is 
correctly accounted for by supposing that each element ds of the 
circuit produces a magnetic force at a point P of magnitude 
^ds sm ejf- perpendicular both to ds and to the radius vector r from 
P, 9 being the angle between ds and 
r (Fig. 127). As regards the sign 
of the force, the element is sup- 
posed to tend to twist a positiv'e pole 
round it in the right-handed screw 
manner. The rule stated above is 
equivalent to saying that the mag- 
netic force at a point P due to the 



<3 




element ds is ^ times the vector 


Rg. 127 


product of r and ds. The corresponding x-component of the 
elementary force is therefore 

^{{'n-y)il-{t-z)drj), 
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which is the element of the integral in equation (24) of the last 
article, so that the rule holds good. 

Without attaching too much importance to the idea of element 
of current, we can use the law as a convenient one for certain 
calculations, particularly with straight or jointed circuits. 

As an example let HK, KL be two long straight wires meeting 


at an angle 2-4, and let P be 
distant r from K. It is re- 
quired to find the magnetic 
force at P, which is clearly per- 
pendicular to the plane of the 
paper, when a current i passes 
along the wires. We have in 
the figure 

KQ PQ , 

sin [A — d) sin A ” sin 6' 

4.x. 4. -DA ^ 

so that PQ — X . 

sin d 

If QR is an element of the top 
half of the wire, 

QR == d (KQ) = - de. 

snr 0 

Hence the magnetic force at P 
due to QR is 

i . QR sin 6 i sin 6 dd 
PQ^ r sin A 



Fig. m 


Integrating from 9 ^ A to 6 — 0 and doubling tlie result we have 
for the total magnetic force 


2i (1 — cos A) _ 2i 
r sin A t 


tan I A. 


Putting A^lrr gives the infinitely long straight circuit. Biot 
verified the formula in its more general form. 

The accuracy of the electromagnetic laws, and of Ampere’s 
elementary law, can be tested by setting up a circuit of known 
form and measuring the magnetic force at various points. We 
shall describe one final verification of this kind. It can be proved 


magxetic effect of ccerexts 1{(3 

that if we have a square circuit of side 2a and take a point distant 
^ from the centre on a line through the centre parallel to one 

pair of sides, then the magnetic force is 

a~(T-lF) ^ {{a -h xf ~ a^>i. 

The following table gives the comparison between theorv and 
experiment. ' • 

a = 44-6. 


j X 

Ratio of magnetic force 
to force at the centre 

\ 

Ob.s. 

C’ale. 

S3 

104 

1-02 

14-2 

1-07 

107 

19*7 

115 

M5 

22-5 

1-22 

1-22 

2o*4 

1-30 

1-31 

28-6 

1-43 

1*46 

31-7 

1-66 

1-68 


93. Neumann’s formula for the mutual Inductance of 
two circuits. When a unit current flows in a circuit C the 
magnetic foice at the point P (r, y, s) is given by 


di/ dz 

f 


_ cA , 
cz ex 

_ /■ 


where "5, . 4 .= / I'i ,., 5 . 

The flux of magnetic force through a closed curve C due to the 

unit current in C is ( ^ (IH, + mH, ~ nH,) dS, where S' is any 

suiface haidng C as boundary. Hence if J/ is the mutual induct- 
ance of C and O', 

^ = L . Kt - - 1) - (I* - 1) : 

~ "h A,dz by Stokes’ theorem. 

Thus f (26). 

j C! J C' T 


F. E. 
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If ds is ail element of 0 and ds' of 0\ the two making an angle e 
witli each other, this gives Neumann’s formula, namely 


M = 


dsds' cos 


(2T), 


■fclie integral extending round both circuits. 


94, Mutual inductance of 
two parallel circles on the 
sa.3me axis. We shall consider 
the case in which the circles are 
in the same plane, and therefore 
concentric. Let a, h be the 
uadii, and take an element ds 
H.t P on the circle of radius a 
and. one of length ds' = hd\jj on 
the circle of radius h. Then e = i/f 
and — 2ab cos xfj. The 

total contribution of ds to M is 
therefore 



ds 


cos € ds' 


ds 


h cos if; dip 


(a^ + 6^ — 2ah cos ipy 


1 * 


Evidently the mutual inductance is obtained by merely writing the 
whole circumference 27Ta of the outer circle instead of ds, so that 

cos ip dip 


M = 4:7rah I 

J 0 (^2 

AVriting ip — tt — 2cp we have 


M — — Snab 


/ 


■— 2ah cos ipY 
cos 2cp dcp 


I' 


This may be reduced to elliptic integrals by writing 

iab 


0 {a^ + 6^ + 2ab cos 2(py, 
ip 


[a^bf 

Thns we find after a little reduction that 


^ ^ 87Ta& {2 sin^ cp — 1) dcp 

a -j- b 0 (1 _ ^2 

1-^) 


or 


M = 4:77 a/ ab 


,k-Ie 


.(28). 


.(29), 
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where K and E are complete elliptic integrals of the firet and 

second kind to modulus k. 

If the circles are no longer concentric but lie in parallel planes 
distant x apart, \\itli the line joining their centres perpendicular 
to both planes, it is easy to show that equation {-JH) still holds. 

blit (28) is replaced by 

r o iab 



Tbe elliptic integrals have all been tabulated, and hence the 
quantity in square brackets is known in terms of l\ Writing 


iyf/'V'' ah can be tabulated for various values of y, as was done 
by Maxwell A table is given at the end of the chapter (p. 197). 

In the case of concentric circles the calculation is simplifiec! 
by observing that 

a ~ h 

aTb .....(321 

which readily follows from (28) and (31). The following are two 
examples : 

(1) a = 16-025 cm., h = 10-550 cm., y 78^ 6', M = 168-61 
absolute e.m. units. 

(2) a = 16-025 cm., b == 1-750 cm., y = 36"' 35', 31 == 3-79 
absolute e.m. units. 

The exact calculation of a mutual inductance is of great import- 
ance in connexion with the determination of resistance in absolute 
measure (Art. 138). Similarly the calculation of the forces between 
two circuits is of importance for the absolute measurement of 
current. For the case of two circles we proceed as follows. 

The potential energy of these forces is 


F = Vab - (“ - !•) K , 


where F = - — . 

(a -f 6)^ -r ^ 

Thus the attraction between the two circuits is 


dWdh_ 
dk dx 


^dW 

iab ck 
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Tlie integrals cE;€k and cKick have to be calculated. We have 

cE _ i' - — k sin- 6 (id __ E — K ^ 
ck ‘ « (1 — sin-0)- k 


and also 


^ - sin- 000 

^■0(1 -Fsm^0) " ' 


Let P = sin 0 cos 0(1 — k^ sin- 0) Then 
dP I ^ -2 sm-0- Fsin^0 




{l-k-^sin-ey 


_ ^-2 sin2 0) - i + i (1 _ i-2 sin2 9)K 
A-2 Z:2 


On integration, since P vanishes both for 0 = 0 and for 0 = -Itt, 
we have 


l-k^cK E~(l-l^)K ^ dK £-(l-F)Ji 

---i-Tt- i* ” cl-- t(i-i-=) 

Making these substitutions we find for the puli between the circuits 
the expression 

_ 2) £ + 2 (1 - F) A']. 


95. Action of a magnetic field on a moving charge. 

If we regard an electric current as a flow of electrons, and also 
regard Ampere’s elementary law as actually true for the separate 
parts of a circuit, we have an extremely useful rule for the action 
of a magnetic field on a moving charge ; namely that a charge 
e moving with velocity v in a magnetic field H experiences a force 
ejc times the vector product of v and H. 

To prove this, let P, Q represent two sections of a wire distant 
d$ from each other. Let n be the 
number of free electrons per cubic 
centimetre, A the cross-section of 
the wire and v the velocity of drift. 

The amount of electricity passing 
P per second is neAv electrostatic units, so that the current i 
measured electromagnetically is equal to nsAvJc. The total force 



Fig. 130 
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exerted by tbe magnetic field H on the electrons between /♦ 

Q is ids H sin e = neAvdsH sin e/c, where 8 is the angle ‘'J 

H and ds or The number of electrons concerned i.s ,, * 
Hence the force on each is the vector product of err J/ 

i.e. the components of mechanical force are 


or 


^ (r.H- 






H, 




Tables of 3hUual Inductance (see Art. 94). 
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' 6 

M34fi,%*7 

12 1 

•475894 

12 

*756014 : 

1 12 


1 18 1 

•480604 

18 

•762626 

i 18 

l'152tlH*%^ 

1 24 1 

•485347 1 

24 

•769279 1 

i 24 

M617h.,% 

I 30 i 

•490123 1 

30 1 

•775979 

i 30 1 

M70i#:i^ 

1 36 i 

•494934 ! 

36 I 

•782719 

; 36 ! 

MSOir^f 

1 42 ^ 

•499780 1 

1 42 i 

•789501 : 

: 42 1 

M89-4I#* 

48 ' 

•504661 

1 48 i 

•796330 : 

1 48 : 

1*1987 

i 54 ' 

•509574 1 

1 54 1 

•803204 

i 54 1 

1*2081 1 3 

1 33 0 : 

•514520 1 

! 38 0 i 

•810120 

! 43 0 1 

^ 1*217A4 7 

1 6 ^ 

•519504 I 

I 6 1 

•817080 

6 i 

1 *2271.* 3#% 

12 

•524520 1 

i 12 1 

*824086 

1 12 1 

1 l*236r»5KA 

18 i 

•529576 1 

18 1 

•831137 

^ 18 

1 1*2461 

24 ! 

•534663 1 

24 ! 

•838232 

24 ■ 

1 l*255H77t» 

i 30 1 

■539786 1 

30 i 

•845373 

; 30 

1 l‘265*'j»7 

36 i 

•544948 i 

36 

•852562 

1 36 : 

^ l‘2753t'»#* 

42 i 

•550143 

42 

•859794 

i 4^ 

1*285 1 

48 

•555375 

48 

•867072 

1 48 

1 1-2954 

1 54 

•560642 1 

54 

•874397 

j 54 

1 1-3054 

i 34 0 

•565949 1 

39 0 

•881769 

! 44 0 

i l*315l.f7 1 

! 6 

•571290 ! 

6 ^ 

•889186 

i 6 

1*325 i 7# 1 

* 12 

•576665 i 

12 

•896653 

12 

1-33528^ 

18 

•582079 

18 

•904165 ? 

18 

l-3454-^** 

24 

•587529 i 

24 

•911726 i 

24 

1*3557 -4 7 

1 30 

1 *593020 

30 

•919329 

30 

l-36fK 

1 ■ 36 

•598545 

36 

*926984 

36 

l-376-#7^ ♦ 

1 42 

•604110 

42 

•934688 

42 

1-386K1*^3 

1 48 

•609712 i 

,1 , 48 

■942444 

48 

l*3973t^^ 
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Tables of Mutual Inductance (continued). 


7 

M 

V ah 

7 

M 

V ah 

7 

M 

V ah 

44° 54' 

1*407968 

49° 54' 

2*023803 

54° 54' 

2*846006 

45 0 

1*418598 

50 0 

2*038034 

55 0 

2*864981 

6 

1*429291 

6 

2*052351 

6 

2*884069 

12 

1*440051 

12 

2*066748 

12 

2*903266 

18 

1*450874 

18 

2*081230 

18 

2*922574 

24 

1*461762 

24 

2*095797 

24 

2*941994 

30 

1*472712 

30 

2*110445 

30 

2*961525 

36 

1*483725 

36 

2*125177 

36 

2*981170 

42 

1*494806 

42 

2*139995 

42 

3*000929 

48 

1*505954 

48 

2*154900 

48 

3*020802 

54 

1*517167 

54 

2*169889 

54 

3*040792 

46 0 

1*528443 

51 0 

2*184968 

56 0 

3*060898 

6 

1*539789 

6 

2*200130 

6 

3*081119 

12 

1*551202 

12 

2*215380 

12 

3*101456 

18 

1*562680 

18 

2*230719 

. 18 

3*121913 

24 

1*574225 

24 

2*246148 

24 

3*142488 

30 

1*585840 

30 

2*261665 

30 

3*163183 

36 

1*597524 

36 

2-277274 

36 

3*183998 

42 

1*609271 

42 

2*292970 

42 

3*204937 

48 

1*621077 

48 

2*308754 

48 

3*225992 

54 

1*632980 

54 

2*324631 

54 

3-247170 . 

47 0 

1*644941 

52 0 

2-340602 

57 0 

3-268474 

6 

1*656968 

6 

2*356664 

6 

3*289905 

12 

1*669069 

12 

2*372817 

12 

3*311460 

18 

1*681238 

18 

2*389063 

18 

3*333137 

24 

1*693479 

24 

2*405403 ' 

24 

3*354941 

30 

1*705793 

30 

2*421839 

30 

3*376876 

36 

1*718177 

36 

2*438370 

36 

3*398936 

42 

1*730637 

42 

2*454995 

42 

3*421124 

48 

1*743166 

48 

2*471716 

48 

3*443444 

54 

1*755769 

54 

2*488532 

54 

3*465894 

48 0 

1*768440 

53 0 

2*605444 

58 -0 

3*488473 

6 

1*781195 

6 

2*522459 

6 

3*511186 

12 

1*794021 

12 

2*539568 

12 

3*534033 

18 

1*806920 

18 

2*556777 

18 

3*557014 

24 

1*819895 

24 

2*574083 

24 

3*580129 

30 

1*832946 

30 

2*591490 

30 

3*603380 

36 

1*846071 

36 

2*608996 

36 

3*626768 

42 

1*859274 

42 

2*626608 

42 

3*650294 

48 

1*872554 

48 

2*644319 

48 

3*673957 

54 

1*885907 

54 

2*662131 

54 

3*697759 

49 0 

1*899338 

54 0 

2*680046 

59 0 

3*721703 

6 

1*912852 

6 

2*698064 

6 

3*745787 

12 

1*926444 

12 

2*716186 

12 

3*770017 

18 

1*940111 

18 

2*734412 

18 . 

3*794386 

24 

1*953859 

24 

2*752743 

24 

3*818899 

30 

1*967687 

30 

2*771182 

30 

3*843559 

36 

1*981595 

36 

2*789727 

36 

3*868363 

42 

1*995584 

42 

2*808378 

42 

3*893315 

48 

2*009653 

48 . 

2*827138 

48 

3*918417 



MAGNETIC EFFECT OF CURRENTS 




Tables of Mutual Inductance {contiimed). 


7 

M 

ah 

7 

if 

Vab i 

*> 


^1/ 

Vab 

59° 

54' 

3-943666 

64° 54' 

5-421532 ; 

69° 

54' 

7-451115 

60 

0 

3-969066 

65 0 

5-455983 

70 

0 

7-4991 13 


6 

3-994618 

6 

5-490649 


6 

7*547449 


12 

4-020317 

12 

5-525536 


12 

7-596130 


18 

4-046174 

18 

5-560646 


18 

7-t>45l53 


24 

4-072183 

24 

5-595977 ! 


24 

7-694527 


30 

4-098348 

30 

5-631535 


30 

7-744254 


36 

4-124669 

36 

5-667322 


36 

7*794338 


42 

4-151148 

42 

5-703333 


42 

7*844780 


48 

4-177783 

48 

5-739578 


48 

7-89558S 


54 

4-204583 

54 

5-776057 


54 

7-946760 

61 

0 

4-231539 

66 0 

5-812771 

71 

0 

7-998308 


6 

4-258658 

6 

5-849716 


6 

8-050230 


12 

4-285939 

12 

5-886906 


12 

8-102533 


18 

4-313386 

18 

5-924333 


18 

8-155211 


24 

4-340998 

24 

5-962006 


24 

8-208281 


30 

4-368777 

30 

5-999921 


30 

8-261743 


36 

4-396721 

36 

6-038082 


36 

8-315598 


42 

4-424836 

42 

6-076494 


42 

8-369854 


48 

4-453121 

48 

6-115157 


48 

8-424513 


54 

4-481575 

54 

6-154071 


54 

8-479581 

62 

0 

4-510204 

67 0 

6-193241 

72 

0 

8-5350m> 


6 

4-539005 

6 

6-232671 


6 

8-590958 


12 

4-567985 

12 

6-272356 ' 


12 

8-647276 


18 

4-597138 

18 

6-312306 


18 

8-7040 IS 


24 

4-626471 

24 

6-352521 I 


24 1 

8-761194 


30 

4-655979 

30 

6-393001 1 


30 1 

8-818806 


36 

4-685669 

36 

6-433752 ! 


36 i 

8-876855 


42 

4-715544 

42 

6-474772 i 


42 i 

8-93535J 


48 

4-745597 

48 

6-516067 i 

1 

48 

8-994302 


54 

4-775835 

54 

6-557639 


54 

9-053704 

63 

0 

4-806260 

68 0 

6-599488 - 

73 

0 

9-113567 


6 

4-836872 

6 

6-641619 I 


6 

g-nsiXHi 


12 

4-867673 

12 

6-684032 1 

1 

12 

9-234702 


18 

4-898661 

18 

6-726735 


18 

9-29597S 


24 

4-929841 

24 

6-769723 ! 

1 

24 

9-357741 


30 

4-961217 

30 

6-813005 1 


30 

9-419994 


36 

4-992783 

36 

6-856578 


36 

j 9-482734 


42 

5-024548 

42 1 

6-900450 


42 

9-545978 


48 

5-056507 

48 

6-944623 


48 

9-609731 


54 

5-088669 

54 

6-989098 

1 

.54 

9-673991 

64 

0 

5-121026 

69 0 

7-033873 

1 74 

0 

i 9-738770 


6 

5-153588 

6 

7-078964 

i 

6 

9-804079 


12 

5-186352 

12 ! 

7-124362 

1 

12 

9-8699 19 


18 

5-219322 

18 i 

7-170072 

I 

18 

9-936286 


24 

5-252501 

24 

7-216104 

1 

24 

10-00320 


30 

5-285883 

30 

7-262452 


30 

10-07068 


36 

5-319477 

36 

7-309127 


36 

^ 10-13871 


42 

5-353281 

42 

7-356128 


42 

10-20731 


48 

5-387300 

48 

7-403454 


48 

1 10-27647 

1 
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Tables of Mutual Inductance {continued). 


7 

M 

Vab 

7 

M 

V ab 

7 

■Vab 

74° 54' 

10*34622 

80° 0' 

14*90704 

00 

Oi 

o 

o 

23*15395 

75 0 

10*41655 

6 

15*02247 

6 

23-40052 

6 

10*48748 

12 

15*13925 

12 

23-65241 

12 

10*55902 

18 

15-25738 

18 

23-90984 

18 

10*63115 

24 

15*37691 

24 

24-17308 

24 

10*70392 

30 

15*49786 

30 

24-44234 

30 

10*77731 

36 

15*62026 

36 

24-71791 

36 

10*85134 

42 

15*74414 

42 

25*00006 

42 

10*92601 

48 

15*86953 

48 

26-28912 

48 

11*00133 

54 

15*99647 

54 

25-58540 

54 

11*07731 

81 0 

16*12498 

86 0 

25*88926 

76 0 

11*15397 

6 

16*25511 

6 

26*20108 

6 

11*23131 

12 

16*38688 

12 

26*52127 

12 

11*30933 

18 

16*52033 

18 

26*85026 

18 

11*38807 

24 

16*65552 

24 

27-18855 

24 

11*46750 

30 

16*79246 

30 

27*53665 

30 

11*54766 

36 

16*93120 

36 

27-89511 

36 

11*62855 

42 

17-07179 

42 

28-26458 

42 

11*71018 

48 

17*21427 

48 

28*64571 

48 

11*79256 

54 

17*35868 

54 

29-03922 

54 

11*87571 

82 0 

17*50507 

87 0 

29-44593 

77 0 

11*95963 

6 

17*65349 

6 • 

29-86672 

6 

12*04434 

12 

17*80399 

12 

30-30260 

12 

12*12985 

18 

17*95663 

18 

30*75463 

18 

12*21616 

24 

18*11146 

24 

31*22405 

24 

12*30330 

30 

18*26853 

30 

31*71218 

30 

12*39128 

36 

18*42790 

36 

32*22057 

36 

12*48011 

42 

18*58963 

42 

32*75093 

42 

12*56979 

48 

18*75380 

48 

33*30520 

48 

12*66035 

54 

18*92046 

54 

33*88560 

54 

12*75181 

83 0 

19*08970 

88 0 

34*49465 

78 0 

12*84417 

6 

19*26157 

6 

35*13533 

6 

12*93744 

12 

19*43614 

12 

35*81099 

12 

13*03165 

18 

19*61351 

18 

36*52565 

18 

13*12681 

24 " 

19*79376 

24 

37*28401 

24 

] 3*22294 

30 

19*97697 

30 

38*09171 

30 

13*32005 

36 

20*16323 

36 

38*95555 

36 

13*41816 

42 

20*35263 

42 

39*88383 

42 

13*51728 

48 

20*54529 

48 

40*88686 

48 

13*61744 

54 

20*74129 

54 

41*97762 

54 

13*71865 

84 0 

20*94075 

89 0 

43*17285 

79 0 

13*82093 

6 

21*14378 

6 

44*49455 

6 

13*92429 

12 

21*35051 

12 

45*97255 

12 

14*02877 

18 

21*56105 

18 

47*64863 

18 

14*13438 

24 

21*77555 

24 

49*58404 

24 

14*24113 

30 

21*99414 

30 

51*87366 

30 

14 34906 

36 

22*21696 

36 

54*67647 

36 

14*45818 

42 

22*44419 

42 

58*29054 

42 

14*56851 

48 

22*67598 

48 

63*38499 

48 

14*68008 

54 

22*91251 

54 

72*09483 

54 

14*79293 











96, The Seebeck effect. It is a matter of everyday 
observation in a laboratory that no current flows in a circuit that 
does not contain an electric battery, provided that the tempera- 
ture is the same throughout. That this is not true when the 
temperature is different in different parts was first shown by 
Seebeck in 1821. He found that if a circuit consisted of two 
metals, and one of the junctions was hotter than the other, then a 
current flowed round the circuit. The direction of the current 
depends on the pair of metals as well as on the temperatures of 
the junctions : in a copper-iron circuit in which one junction is 
at the freezing-point and the other at the boiling-point of water, 
the current flows from copper to iron across the hot junction and 
from iron to copper across the cold junction. 

The electromotive force in the circuit, which is usually of the 
order of volt, is most conveniently measured by a potentio- 
meter method, as shown in the figure. , The hot junction is 
placed in a hole bored in a massive iron cylinder C, and insulated 


from it by wrapping the wires round with asbestos. The cylinder 
is heated in a sand-bath over a Bunsen burner. Its temperature 
rises gradually, and is measured with a thermometer inserted in 
a second hole similar to the first. In this way observations can 
be easily extended to a temperature of 200° of the hot junction. 
The cold junction is immersed in a beaker of water, protected 
from the radiation of the cylinder by a sheet of asbestos. 

Let v be the thermal e.m.f. and V the e.m.f. of the auxiliary 
battery. Then no current will pass through the galvanometer 
when both keys are down, provided that v = XV/{X + R). Since 
X IS small in comparison with R (X being most conveniently 
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j'^th ohm and R of the order of 100 ohms) we have approximately 
V = XVjR. It is, however, very dif&cult to maintain the balance 



Fig. 131 


in this way, as the temperature seldom remains constant over 
the time required for an observation.' It is most convenient, 
after obtaining a rough balance, to diminish R slightly, thns 
throwing the galvanometer spot off the zero. The spot creeps 
back to zero as the cylinder heats up, and the temperature may 
be read at the time when the deflexion is zero. The process 
is then repeated with a smaller value of i?, and so on. 

The presence of two metals is in general necessary for tke 
development of thermoelectric currents. For example, if tke 
terminals of a sensitive galvanometer are joined by a long bare 
copper wire, no deflexion occurs when a Bunsen burner plays 
on the wire at any point. Similarly the total e.m.f. in a thermo- 
electric circuit consisting of two given metals depends only on 
the temperatures of the junctions, and not on the temperatures 
of all the parts of the circuit. This principle is of great use in 
thermoelectric measurements : for example in Fig. 131 we can 
keep the left-hand beaker at 100° C. and the right-hand beaker 
at 0° C. and thereby measure the e.m.f. of the circuit for these 
temperatures of the junctions, without keeping the galvanometer 
.and the resistance X also at 0°. 
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97. Laws of the thermoelectric circuit. Let A, B be 

two metals, the temperatures of the hot and cold junctions being 
0j^ and ^2 respectively. The thermal voltage Y will be reckoned as 
positive when the current flows from B to A across the hot junction 
and from A to B across the cold junction. We shall use the 
symbol {A, B) for Y when it is desired to specif}^ the metals used, 
and (^ 1 , 9 2 ) when we consider more particularly the temperatures 
of the junctions. The laws of the thermoelectric circuit are : 

(1) For a given pair of metals, the e.m.e. for temperatures 
and 6^ is the sum of the e.m.f.’s for 9^ and 9^ and for 9^ and 

or symbolically 

e,) = ( 01 , e,) + ( 0 „ 03 ). 

(2) For given temperatures of the junctions, the e.m.f. of 
two metals A, C is the sum of the e.m.f.’s of A, B and of B, C, 
B being any third metal. Symbolically, 

(A, C) = {A, B) + {B, C). 

The first law can be verified by direct measurement, for example 
with a single copper-iron circuit and three beakers maintained 
at 0°, 50°, and 100° 0. Its utility is obvious : instead of finding 
the E.M.E. -of a given pair of metals for all temperatures of both 
junctions, we have only to make observations for various tem- 
peratures of the hot junction, keeping the cold junction at any 
convenient temperature such as 0° C., and then the thermal 
voltages in other cases come out as differences. The second law 
can also be verified directly, or more neatly by a null method, 
as shown in Fig. 132. 

It is found that if the 
metals are joined in the order 
ABC ABC, and the junctions 
made alternately hot and cold 
j unctions, no current flows. But 
the circuit is clearly equivalent 
to three thermoelectric circuits 
with metals B, C ; C, A; A, B 
connected in series, so that we 
have 

(B, 0) + {0, A) + (A, B) = 0, 


COLD 
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whick is the same as the previous enunciation, since (C, 4) 
clearly equal to ~ (A, C). 

Combining the two laws we have a simple rule for finding -fclxe 
thermal .e.m.e. of any circuit for any temperatures of the junctiojas 
Select a convenient temperature (e.g. 0° C.) for the cold junctiori^ 
and a standard metal (e.g. lead), and measure the thermal 
for various metals at different temperatures of the hot junctioxy 
If Aq is this E.M.P. for a metal A against lead, with temperatnx*^ 
d of the hot junction, the e.m.e. of a thermoelectric circuit of 
metals A, B and temperatures 6-^, 9^ is given by 

^ ~ ^ 6-2 (-^01 ^ e - i ) ( 1 ). 


98. Dependence of thermal E.M.F. on temperature. 

Fig. 133 shows the thermal voltages of various metals against lea.<5[, 
one junction being maintained at 0° and the other at varioTxs 
temperatures. The figure is taken from the results of good 



0 " 100 " 200 

Temperature in degrees centigrade 
Eig. 133 

modern experiments (Noll, Dewar and Fleming), in which great) 
care was taken to obtain pure materials: but considerable dis- 
crepancies sometimes arise which are partly accounted for loy 
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differences in the treatment to which the metals have been sub- 
i jected. The range of accurate observation is not sufficient to 

decide the form of the curves in the figure : they may however 
be represented approximately by parabolas whose axes are 
vertical. This is equivalent to expressing the thermal e.m.f. V 
i for a temperature of f centigrade in the form V = at + bt^ : but 

; it should be remembered that this formula is not rigidly true 

I and sometimes differs from the results of experiment by amounts 

j exceeding the errors of observation. 

, The laws of the thermoelectric circuit given in the last article 

show that if the temperatures (0°, f) of the junctions are prescribed 
we can arrange the metals in a thermoelectric series such that each 
has a positive e.m.f. when used with the next one in the series. 
For small values of t the series is as follows : 

Antimony, iron, zinc, copper, silver, lead, mercury, platinum- 
rhodium, platinum, nickel, bismuth. 

It was found by Gumming in 1823 that the order of the metals 
is not invariable, but can be changed by the use of higher tempera- 
tures for the hot junction. This phenomenon is known as thermo- 
electric inversion. For example, iron is positive with respect to 
copper for temperatures less than 550° 0., but negative above this 
temperature. 

The choice of the pair of metals in a thermal junction naturally 
depends on the uses to which the junction is to be put. Thus 
an antimony-bismuth couple is used when great sensitiveness is 
required: for temperatures 0° and 100° this gives a thermal 
voltage of about 1*2 x lO-^, which is about twelve times that 
of an iron-copper circuit at the same temperatures. At high 
temperatures, on the other hand, sufficient sensitiveness can 
easily be obtained, and the chief desideratum is high melting- 
point of the metals. For example, a circuit of platinum and 10 % 
platinum-rhodium alloy can be used up to 1500°, where it gives 
a potential of about 16 millivolts. 

The thermoelectric behaviour of iron is very anomalous. Thus 
for example Belloc found that dVjdO for an iron-platinum circuit 
fell until the temperature rose to 380° C., then rose to a maximum 
v^alue for a temperature of 830°, and fell to a second minimum 
value at 950°, after which it rose again. The three bends in 
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the curve were very sharp, the two highest being apparently 
connected with the transition temperatures of iron. ^ 

99. The Peltier elFect. The question as to the sources 
of the energy of thermoelectric currents was partly settled 
the discovery of Peltier (1834) that heat is in general absorb ea. 
or liberated when a current 
crosses the junction of two 
metals. This is easily demon- 
strated by the apparatus shown 
in Fig. 134. The two junctions 
A, B oi composite circuit 
are enclosed in two glass bulbs 
joined by a tube containing a 
thread of mercury, the whole 
forming a differential air-ther- 
mometer. The thread of mer- 
cury is seen to move on turning 
on the current, and to move in 
the other direction when the 
current is reversed. The heat- 
ing effect of the current in the 

wires is the same in both bulbs and has no effect on the mercurv- 
thread. 

In a copper-iron circuit, heat is developed when the current flows 
from iron to copper and absorbed when the current flows fro m 
copper to iron. Thus in a thermoelectric circuit, in which the current 
flows from copper to iron across the hot junction, heat is abstracted, 
from the hot junction by the passage of the current and given up 
to the cold junction, so that the thermoelectric circuit develops 
electrical power at the expense of the heat supplied, and acts like 
a heat engine. This point of view will be elaborated later. 

If heat is absorbed by a current flowing across a junction, 
an equal amount of heat is liberated in the same time by an 
equal current in the opposite direction. More generally, the 
heat absorbed per second by a current i flowing from a metal B 
to a metal ^ is found to be proportional to the current % and 
equal to Hi, where H is called the Peltier coefiicient of A with. 

P.E. • 
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respect to B. In this formula the case of liberation of heat is 
included if we agree that negative absorption means liberation : 
the convention as to sign is important and will be adhered to 
throughout. 

The proportionality of heating effect and current can be shown 
roughly by means of the air-thermometer described, using only 
small movements of the thread of mercury. Careful work is 
necessary if an accurate measurement is to be made, because in 
addition to the Peltier heat there is the usual heat developed by 
the mere passage of the current through the wires. The amounts 
of heat to be measured are also very small : for example, that 
developed by 1 ampere in a copper-iron junction would, if 
utilised to boil an ordinary-sized kettle, require about 18 months. 

Very careful experiments were made by Jahn in 1888, by 
means of which the Peltier heats of various metals with copper 
were determined in absolute measure. His plan was to enclose 
the junction in a Bunsen ice calorimeter. The heating effect 
due to resistance was considerably greater than the Peltier heats, 
and had to be estimated and allowed for by reversing the current. 
The proportionality of Peltier effect and current was accurately 
verified, since the same Peltier coefficient was obtained with 
various currents. 

100, The Kelvin effect. In 1851 Lord Kelvin showed 
that the Peltier absorption of heat was not the only effect of its 
kind, but that there must be thermal effects depending on the 
passage of a current along a single unequally heated conductor. 
He found that heat was liberated when an electric current passed 
from hot to cold in copper, and absorbed when it passed from 
cold to hot. The effects in iron were found to be exactly opposite. 

The Kelvin effect in copper can be shown by the following 
method due to Callendar, depending on the variation of resistance 
of the metal with temperature, ACB is a very thin wire fastened 
into thicker wire at the end, the middle point being soldered to 
another wire attached to a sensitive low-resistance galvanometer. 
Copper wires AD, BD complete a low-resistance Wheatstone’s 
bridge made entirely of copper, and A, B are connected to a battery 
through a resistance and a reversing key. Let a current be sent 
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through the bridge so as to pass from A to S in both brancB.es 
and suppose that the bridge is accurately balanced by means of 



a low-resistance adjustable shunt S across BD or AD. On 
reversing the current the balance will be found to be upset, and if 
is easy to verify that the effect is to increase the relative resistance 
of AC with respect to OB. 

The wires AD, BD are not appreciably heated by the current;, 
but the thin wire ACB does become hot. Thus there is an upward, 
temperature-gradient from A to C and a downward gradient from 
O to B along the branch. Assuming for the present that heat; 
is liberated in passing from hot to cold in copper, there is originallyr 
absorption of heat in AG and liberation in CB, in addition to th.e 
heat caused by resistance. On reversal of the current heaf 
begins to be liberated in AG and absorbed in CB, so that the 
temperature of AC on the whole begins to rise and that oi CB 
begins to fall. This causes an increase in the resistance oi AG 
and a decrease in that of OB, which destroys the balance of the 
bridge in the sense actually observed. Thus the assumption as 
to the sign of the effect in copper is verified. In performing 
the experiment the bridge should be lagged with ■ cotton- wool 
or other non-conducting material in order to prevent irregular 
deflexions of the galvanometer caused by local changes of 
temperature. 

The laws of the Kelvin effect may be expressed in terms of a. 
coefficient a, sometimes called the specific heat of electricity, but 

14—2 
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wMct we shall call the coefficient of the Kelvin effed. It is defined 
as the heat absorbed per second when a current of 1 ampere flows 
in the given metal from one point of the metal to another whose 
temperature is 1° higher, over and above the heat developed 
according to Joule’s law. The Kelvin efiect has been found 
to be proportional to the current: thus when a current of ^ 
amperes flows for time i from one point to another differing from 
it by the small temperature dd the heat absorbed is aitdd. 

The determination of cr in absolute measure is very difficult 
on account of the smallness of the heat to be measured, and 
the disturbing effects of Joule heat, thermal conductivity and 
emissivity in the metal. King has used the bridge method 
already described to measure a for copper, and more recently 
Berg has made absolute measurements by compensating the 
heat of the Kelvin effect by the Joule heat due to the resistance 
of the metal. 

lOl, Theory of the thermoelectric circuit. We shall 

now develop the theory of the thermoelectric circuit considered 
as an engine for converting heat into electrical work, and as a 
preliminary Fig. 136 shows the positive direction of measurement 


V = (A,B) 
Thermal voltage 


Peltier effect 


Kelvin effect 



B COLD 


HEAT ABSORBED HEAT ABSORBED 


Fig. 136. Positive directions of thermoelectric effects ^ 

of the various thermoelectric quantities already mentioned, th( 
direction of the current being shown by the arrows in each case 
The work done in carrying the electric charges round th( 
thermoelectric circuit is accounted for by the Peltier absorptioi 
and liberation of heat at the hot and cold junctions and thi 
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Kelvin effect in the two metals. Both these thermal effects ar 
reversible*, that is, they are changed in sign and unaltered 
magnitude when the current flows in the opposite direction. 
The irreversible heat developed on account of resistance depend^ 
on the square of the current, but if we suppose the current to 
small enough it is negligible in comparison with the Peltier an.^ 
Kelvin effects, both of which are proportional to the first powear 
of the current. We may now apply the laws of thermodynamics 
to the thermoelectric circuit considered as a reversible heat 
engine, as was first done by Lord Kelvin. 

Let a small current of i amperes pass round the circuit for- 
a time t, the hot junction being at absolute temperature 6> and 
the cold junction at temperature 6^. The Kelvin coefiicieuts 
for metals A and S are taken as a and a' respectively at tempera- 
ture ff. In time t the work done in conveying charge round the 
circuit is Vti joules, or 10^ Vil ergs. If J is the mechanical 

equivalent of heat this requires that calories should be 

abstracted in the form of Peltier and Kelvin heat. Heat of 
amount Uil calories is absorbed at the hot junction and II 
rejected to the vessel containing the cold junction: further 
during the passage of the current from hot to cold in metal ^ 

the heat absorbed is — it I add, while heat of amount it a'dd 

is absorbed when the current flows from, cold to hot in metal 
Hence applying the first law of thermodynamics and dividing ou-fc 
by it we have 


10^7 


n 


re 

Ho- (o 

./ a. 


■a') 


The second law of thermodynamics states that if dQ is a small 
element of heat taken up at any part of the cycle at temperature 
fl, then ld,Q\Q = 0, where the integral means summation over all the 
elements of heat taken up from outside in the whole operation, heat 
liberated being of course regarded as negative. This gives similarly 

* Por the conditions of reversibility of a heat engine, see Buckingham’s 
Thermodynamics, pp. 94-5, 113-4. 
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Differentiating the last two equations with respect to 9, we hav( 

( 2 ), 


IC^ dV dH / /\ 


and 

Substituting for cr 


d /n 




or 


M \e j 9 

- ff' in (2) we have 

12! -? 

~r d9^ 

n 


.(3). 


^ /n 

d9~ d9\9 


11’ 

J d9' 


.(4). 


This value when substituted in (3) gives further 


10 ^ .dW 

a - a' 9-^ 


.(5). 


V is supposed to be measured in volts, and the factor l(fjJ hai 
the value 1/4T8 = 0-239. 

102. Experimental verifications of the theory. Thi 

equations (4) and (5) give a theoretical means of calculating th' 
Peltier and Kelvin coefficients from observations on therma 
voltage at various temperatures. It is however very desirable tha 
the various quantities should be measured for the same specimen 
of the metals used, as slight impurities or differences in physica 
state have a great effect on thermoelectric properties. In Jahn 
experiments, already mentioned, the values of dVjdd and 11 wer 
measured for the same specimens, and the results are given in th 
following table : 

Temperature 0° C. = 273 abs. 


Metals 

dVjdd in volts 
per degree 

107 

J dd 

Peltier coefficient 
calories per 
second per ampere 

Silver-copper 

-f- 2-12 X 10-6 

+ 1-38 X 10-« 

+ 1-16 X 10-* 

Iron-copper 

-f 11*28 X 10-6 ! 

+ 7-36 X 10-“ 

+ 8-79 X 10-“ 

Platinum-copper 

- 1*40 X 10-6 

- 0-912 X 10-* 

- 0-889 X 10-“ 

Zinc-copper 

H- 1*51 X 10-6 

+ 0-997 X 10-“ 

+ 1-62 X 10-“ 

Cadmium-copper 

-1- 2*64 X 10 "6 

+ 1-72 X 10-“ 

+ 1-71 X 10-“ 

Nickel- copper 

- 20*03 X 10-6 

- 13-1 X 10-* 

- 12-1 X 10-“ 


The agreement of the numbers in the last column gives 
satisfactory verification of equation (4) except in the case ( 
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copper and zinc. The necessity for working with the saixL^ 
specimens, when special precautions are not taken to secna-^s 
purity, is seen from the fact that Jahn’s values for dVIdO difEer 
from those of more recent experiments by much more than -blies 
differences of the last two columns in the above table. 

The equation (5) has not been verified so accurately, foi- 
several reasons. In the first place, the Kelvin effect is exceedingly 
difficult to measure, and determinations of it and the therrcia,! 
voltage have not been made on the same specimens. SecondLl-y 
the values of d^Yjdff^ given by the best modern experiments show 
considerable differences. In the last column of the follo’Rrina: 
table values of dWjdd^ at 100° 0. have been used which are -felio 
mean of those of several observers, but the second differential 
of V cannot very well be determined accurately from experiments 
over a limited range of temperature. The values of a are derivedL 
chiefly from the recent experiments of Oermak and Berg. 


Kelvin coefficients at 100° C. = 373 abs. 



cr in calories 
per coulomb 
per d|!gree 


<1 - (t' 
observed 

cr - (t' 
calculated 
from (5) 

Copper 

Iron 

Mercury 

Platinum 

Zinc 

Cadmium 

Lead 

+ 4-7 X 10-’ 

- 29 X 10-’ 

- 5-6 X 10-7 

- 22 X 10-7 
+ 8 X 10-7 

H- 24 X 10-7 
-H 1 X 10-7 

Copper-lead 

Iron-lead 

Mercury-lead 

Platinum -lead 

Zinc-lead 

Cadmium-lead 

-H 3-7 X 10-7 

- 30 X 10-7 

- 6-5 X 10-7 

- 23 X 10-7 
-(- 7 X 10-7 
+ 23 X 10-7 

+ 7-1 X 10— ■5’ 

- 27 X 10— ■7’ 

- 7-7 X lO-'T' 

- 22 X 10— ■7' 
+ 13 X 10— ■7' 
+ 28 X 10— ■7’ 


Considering these difficulties we can only regard the agreement 
of the numbers in the last column as highly satisfactory. 

103. Thermopiles and 
their efficiency. We can use 

the thermoelectric circuit as a 
source of potential, arranging 
thermocouples in series as shown 
in Fig. 137. Such an arrange- 
ment is called a thermopile, and 
considerable voltages may be at- 
tained if enough couples are used : Eig. 137 
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for example if the hot junctions of a constantan-manganin pile 
are maintained at 650° C. and the cold junctions at 0° the voltage 
of each pair is about 1/20, so that with 100 couples a 6-volt battery 

is obtained. 

The thermopUe considered as a source of power has howevei 
a low efficiency ; that is, the ratio of the electrical work obtainable 
from it is but a small fraction of the mechanical equivalent of the 
heat supplied. To illustrate this fact consider the case of the 
constantan-manganin pile just mentioned, supposing that the 
wire used throughout is of 2 mm. diameter, the length of eacl 
segment of wire being 20 cm. We shall neglect the radiatior 
of heat by the hot metals to begin with, and compare the electrica. 
work that can be extracted from the pile with the heat required 
to maintain the temperatures constant against conduction froir 
the hot to the cold junctions. 

The temperature gradient — ddjdx in each wire is of th( 
order 30 degrees per cm., and the cross-section of each wire if 
w/lOO sq. cm. = 1/30 (say). Hence the flow of heat down each wir* 
• is approximately K calories per second, where K is the therma 
conductivity of the metal. The value of K. for both constantax 
and manganin being about 1/20, the total flow of heat from th( 
hot to the cold junction by way of the 200 connecting strips o 
wire is about 10 calories per second. Now since the specifi< 
resistance of either metal is about 4*5 x 10 ^ the total interna 
resistance of the battery is 4000 x 4*5 x 10 ® X (lOO/w) ohms 
i.e. about 5 ohms. 

If the resistance of the external circuit is R ohms the curren 
is i = 5I{R + 6) amperes, and the energy utilised outside th 

. . , . eR , . 

battery per second is 1?# joules = calories = gja calories 

approximately. This has the maximum value 3/10 when R = 5 
Hence the efficiency of this thermopile, considered as a hea 
engine, can in no case exceed 3 per cent. In this calculatio: 
we have neglected not only the heat radiated from the wire 
(which may amount to several hundred calories per second' 
but also the Peltier and Kelvin eflects in the metals. It follow 
that the thermopile must always be a very inefficient source c 
electrical power. 


A' 



eitJier high, temperatures or small differences of temperatiTj*^ 
In the former case it has obvious advantages over the therrno-^ 
meter : it can be made extremely durable, and the metals can. o 
chosen to have a very high melting-point. Temperatures up - 5 ^ 
1500° C. may be measured with a thermocouple of platinum 
and platinum-rhodium ; and with tungsten and molybdenum it; 
would be possible to go much higher. By using a very sensitive, 
galvanometer, and a pair of metals far apart in the thermo- 
electric scale, great sensitiveness can be obtained for small 
differences of temperature between the junctions. Instrumeut^e 
of this kind, called radiometers, are valuable for detecting artci 
measuring thermal radiation. 

If the detecting instrument is a galvanometer of comparative!;^ 
high resistance there is every advantage in multiplying the numb ear 
of junctions up to a certain point. It 
does not however follow that the greatest mmiiiin 

sensitiveness is obtained with a large 
number of couples, because after a 
certain point the increase of voltage 
is neutralised by the ever-increasing 
resistance of the circuit. The greatest 
sensitiveness, in fact, is obtained by 
the proper use of a single junction, as O 

in Boys’ radio-micrometer, the principle 
of which is shown in the figure. The 
antimony-bismuth thermocouple is con- 
nected to a small loop of wire lying N $ 

between the poles of a magnet after 
the manner of the coil of a sensitive 

moving-coil galvanometer. The loop ’i J 

is attached to a fine glass rod G 
carrying a mirror M, and the whole is 
suspended from a fine quartz fibre. Bi[l]sb 

Kadiation falling on the couple, or on . ^ig 133 

a blackened copper disc attached to it, 

sends a current round the loop, which is deflected like tiro 
moving coil of a galvanometer. The extremely low resistanco 
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of the whole loop more than compensates the disadvantage of 
having only one junction. 

104 Thermal galvanometers. Thermal galvanometers m 
general'depend on the heating effect of the current to he measured. 
We shall see later that there is a class of fluctuating currents 
fArts 129 131) which would give no reading on an ordinary 

moving-coil galvanometer. The heat produced may however be 
used to actuate thermoelectric couples, the resulting current being 

then measured in the usual way. n • , . 

A very simple and effective arrangement is one devised by 
Klemencic, consisting of two fine wires crossing one another as in 
Fig. 139. When a current is passed 
between the terminals AA the wires B 

are heated, particularly at the point 
where they cross. This point there- I 

fore forms the hot junction of a 

thermopile; and if a galvanometer 

is joined to the terminals BB a cur- I" ” 

rent is sent round it which can be | 

measured in the usual way. The 
strength of the current depends on 
the temperature to which the junc- ® 

tion will rise: hence the sensitive- jpig. 139 

ness may be considerably increased 

by placing the whole instrument in a vacuum (as was first done 
by Lebedew), since the radiation of heat from the junction is 
thereby diminished. 

In DuddelFs thermo-galvanometer (Fig. 140) the current passes 
through a fine filament placed directly under the junction of a 
radio-micrometer. The filament, or “heater,” is usually a 
platinised quartz fibre of from 4 to 100 ohms resistance : its 
distance from the junction can be adjusted by a screw shown at I 
in the figure. The steadiness of the zero depends on maintaining 
reasonably constant temperature near the thermal junction, and 
this is secured by closing the chamber containing the heater and 
couple with a heavy block E of copper, the whole instrumeni 
being contained in a second copper case provided with a glass 
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window. Readings are made by the lamp and scale method, thesrti^jj 
square mirror being shown at H, while the instrument is 
portable by means of the clamp B which grips the moveable loo 



Fig. 140 


A less sensitive but very convenient instrument on the samo 
principle is DuddelPs thermo-ammeter, in which the therixto- 
couple is attached to a moving coil mounted between beariiags 
after the manner of a millivoltmeter. The instrument is gradua-fcedL 
so as to read directly in milliamperes. 

An obvious difficulty in the way of attaining great sensitivenoss 
with thermal instruments is that their deflexion is proportioiaal 
to the square of the current, so that if the current is halved -blxe 
deflexion is reduced to one-quarter. DuddelTs thermo-galvaixo- 
meter will detect currents of lO-® amperes with a resistance of 
the order of 100 ohms, but in general thermal galvanometers axo 
considered sensitive if a current of 1 milliampere yields axi. 
appreciable deflexion. It is difficult to give exact data siixco 
the sensitiveness may depend very much on the direct-currexL-t; 
galvanometer used in conjunction with it. 
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CHAPTER VII 

INDUCED MAGNETISM 

105. Variation of magnetisation with impressed r 
netic force, (ff, I) curve. We have hitherto regarded 
magnets as practically permanent, neglecting the change :in 
magnetism which actually occurs whenever they are place 
magnetic fields. We have now to investigate the mag 
properties of iron and other substances more generally, and 
out what circumstances determine the strength of mag 
The first step is to find out how the hitensity of magnetisat 
of a body varies when the field H in which it lies is chai 
In examining these changes the magnetic action of cur 
is of the greatest assistance; for we have here a means of 
ducing magnetic fields of considerable strength, which mor 
can be calculated accurately. The following is a simple 
mental arrangement for testing the magnetic properties of 
wires composed of magnetisable material (big* 141). 

A and B are two similar vertical solenoids placexl magnet 
east and west of a compass-box, A being fixed and B mo'v 
in a groove pointing towards the compass-needle. The sol 
A is the magnetising solenoid, while B serves to compensai 
magnetic efiect of the solenoid itself, leaving the magnetisec 
only to affect the compass-needle. To effect compensat 
strong current is first of all passed through both solenoids 
same direction, and B moved in its groove until there 
deflexion of the needle. 

The wire to be tested is now passed down the centre < 
fixed solenoid A, so that its lower end is on a level with the n 
The rheostat in circuit should have considerable resistar 
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addition to large carrying-capacity (say 200 ohms, capable 
carrying 2 amperes continuously), so that we can apply 



Pig. 141 


differing considerably in magnitude. The direction of the reversing 
key determines the sign of the current i in any case ; the positi-ve 
direction of current will be taken to be that which produces a 
magnetising force vertically downwards. If H is the magnitude 
of this force, n the number of turns of the solenoid and I its lengtli, 
we have ^ 


^ 4c7Tni 


( 1 ), 


i being measured in amperes. 

Suppose that A is to the west of the compass-needle, and 
the deflexion of the needle is 6, measured from north towards eas-fc. 
If I is the corresponding intensity of magnetisation and a -tlie 
radius of the wire, this deflexion is due to the poles ± ttoP'I a,-fe 
the ends of the wire. Thus if r is the distance of the lower pole 
from the needle and li the earth^s horizontal component, we b.a've 



(r2 + Pf. 


— h tan d. 
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h is known. Instead of making a separate 
t the place of observation, it is enough to 
iary observation. When the experiment is 
the wire and the moveable solenoid, and 
a caused by a known current io in A alone, 
lius of the cross-section of the solenoid ; then 
5 that the magnetic effect of A in this case 
rnet whose poles are ± WoW&VlOZ, provided 
ared with h- Since this condition is easily 


Dividing the last two equations we obtain 

j = _^^!!^tan0 (2). 

lOla^ tail a 

Equations (1) and (2) thus give H and I in any given case by 
observations of i and 6. The method is not excessivdy accurate 
on account of the finite length of the experimental solenoids, but 

is sufficiently so for most purposes. 

In making the observations we first cut oft tlie current and 
pass the wire, previously demagnetised, down the centre of ^ A, 
A weak positive current i is then passed through the solenoids. 
As the resistance is slowly cut out the intensity of magnetisation 
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will rise as shown by the line OAP in Fig. 142. By the 

the point P is reached I has become nearly constant. The ^ 

is then said to be saturated^ and P may be called a saturation 

It is convenient to arrange matters so that the point - ’ 
reached when the rheostat is short-circuited. If we begin to 
resistance in the circuit again by means of the rheostat, 
magnetisation does not resume its original value for ' ^ 

given current, but is consistently greater. At the point R 
current is^ zero and may next be reversed. If, after reversa,!^ 
resistance is cut out of the circuit continuously, the magnetisa‘fcio:t^ 
falls constantly as shown in the line RaST, changing sign at} 
and approaching negative saturation at P. This latter point 
the exact counterpart of P, and the remaining part TUVjSVP^-^ 
of the curve is delineated in exactly the same way as the 
half. 


Fig. 143 shows an actual curve obtained in this way witli ^ 
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soft iron wire. In Fig. 144 the continuous curve u is drawJ » ^ ^ 

steel rod (bicycle spoke), the curve h showing the consul 



a, drawn steel wire; 6, the same glass-hardened 
Fig. 144 

effect caused when the spoke is glass-hardened by pint »>?»«» 
suddenly into cold water after heating it to a bright red 

106 . Hysteresis. Residual magnetism. The pr€*c**»< 
experiments show that the magnetisation of iron is not iu 
proportional to the magnetising force. It is, in fact, !i«»t < 

possible to assign a priori a value of I when E is given, «« 
behaviour of every specimen depends on the previous 
fortes to which it has been subjected as well as on that **c'f i 
present. If the curves of the last article are exammed 
exhibit the characteristic tendency of the magnetisatioi * ^ t*: 
behind the impressed magnetic force ; thus along PQE in I* i f4f 
the magnetisation tends to retain the large amount it has *** - * n 
at P, while the lowness of the ascending branch ^WP m 

the hon has some difficulty in ridding itself of the effe<-t ^ t 
previous negative saturation. The phenomenon, first 
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by Warburg in 1881, has been named hysteresis by Ewing, who 
has examined it in great detail. 

A great variety of hysteresis curves can be dyawn by varying 
the manner in which the magnetic force is applied, some of these 
being shown roughly in the figure. The first diagram shows the 



Fig. 145 


effect of not proceeding to negative saturation before beginning 
to increase the magnetising current again, the second some cyclic 
curves obtained by varying the magnetic force continuously 
between fixed limits, the limits being too small to give the normal 
hysteresis loop. In general, the abnormal curves lie within the 
original saturation loop, though certain curves may lie outside it 
to a slight extent, as for example the “initial” curve in Eig. 143. 

The hysteresis loop enables us to give an exact definition of 
certain terms to which no precise meaning has previously been 
attached. In Eig. 142 the length OR is taken as the measure of 
the residual magnetism of the rod, representing the magnetisation 
when • the magnetic force has been removed after saturation. 
Similarly Oa, the magnetic force in the opposite direction necessary 
to remove the magnetism altogether from the rod, is called the 
coercive force. It is a measure of the power of the specimen to 
resist the abstraction of its magnetism when placed in a magnetic 
field. 

We thus see that a study of the hysteresis curve enables us 
to judge of the permanence of ordinary magnets. Since the 
magnetic forces to which magnets are normally subjected do. not 
exceed one unit, no serious loss of magnetisation is to be expected 
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in hard steel magnets. In time, however, the magaetism will 
gradually weaken on account of accidental shocks. 

The hysteresis curve for soft iron (Fig. 1 43) has been traced from 
an experiment in which care was taken not to shake the specimen. 
Soft iron is very sensitive to shock, particularly in the early stages 
of magnetisation : in fact the small residual power of soft iron 
in practice is largely due to this cause. 

Ewing introduced the convenient method, now generally 
used, of demagnetising iron by subjecting it to an alternating 
magnetic field whose amplitude diminishes steadily to zero. 
A rod can be demagnetised in the solenoid used to determine its 
{H, I) curve, with the aid of a small alternating-current generator 
and a rheostat of considerable range. Initially an alternating 
current is sent through the solenoid whose maximuna value is 
sufficient for saturation : the current is then gradually reduced 
as low as possible by means of the rheostat, and if the operation 
is carefully performed the rod will be quite free from magnetism. 
Fig. 146 illustrates the changes undergone by the iron in this process. 



Pig. 146 


As the extreme magnetising force at each reversal is gradually 
reduced the hysteresis loops gradually diminish and finally vanish 
into the origin, leaving the iron in a state in which I and H are 
both zero. It might perhaps be thought that the same effect 
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could be produced in a single cycle, e.g. by choosing the point 
reversal in the left-hand diagram of Fig. 145 so as to make tht 
return loop pass through the origin. In this case, however il- 
ia found that the iron still shows the effect of its previous magn^tio 
history, ni that it responds differently to positive and negative.. 

forces. 5 e 

In addition to the ordinary hysteresis effects iron takes sorn^^ 
httle time to attain its magnetisation in any given case. This 
effect has been naimul Nachwirkung (magnetic after-effect) : b-nf 
It IS not very observable when the variations of magnetisation 
are slow, as in the method of Art. 105. 

107. Work of magnetisation. Hysteresis loss. The 

lugging of magnetisation behind the impressed force when we a-o 
nnmd a cycle can bo accounted for by supposing that some force 
inside the molecule prevents the molecular magnets from responding 
completely to a change, of magnetic force. Thus when a piece 
of iron 18 taken round a liysteresis cycle the external field on the 
whole does work on the molecular forces in the body. 

I.et us liave a rod of length I and cross-section A uniformlv 
magnetised by a MA E to intensity /. The equivalent surface- 
distributions are £ A I as shown. 

When the magnetisation I is - ^ ^ 

changed to I i- dl, H remain- i ' 

ing unaltered, work is done equal i aiI 

to that done in transferring pole- ~ ~ I 

strength Adi from one end of 

the rod to the other, that is lAHdl. The effect of increasing 
// to H + dll without altering I would be, to do no work on the 
molecular^ forces of the body, since the position of the molecular 
magnets is unchanged. Work would be done merely on the 
current or external magnet producing the field. Hence when 
the force and magnetisation are changed from H and / to -f dH 
and I \-dI, work lAUdl is done on the magnetised rod. In 
taking the rod round a complete hysteresis cycle the work done 
IS lA ^Hdl. Since lA is the volume of the rod, the work per unit 
volume is equal to ^Hdl, the area of the hysteresis loop. 

If the rod is taken repeatedly round the cycle, for example 
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an- I’mTiressed alternating current, the supply of work 
r JsXTa continual rise of temperature of the rod, until chi'ckwi 
+• Tims when magnetic substances arc taken round 

S lubstaLs. Lch losses of available energy are calhal 

^^Xstereriosses can be found beforehand by measuring the 
(H 71 loop with a planimeter, a process which gives aeeunit.i 
values corresponding to any assi^ed maximum value ol 11 In 
Ewing’s hysteresis tester the loss is given by a sing e o )S(^r\) < , 

which practically consists in measuring the mean coup e r<‘<nnred 
to rotate an iron rod between the poles of a inapiet. If (• is this 
couple and v the volume of the rod, 27rG is, in the absence o 
friction, the work required to take the magnetism of the rod round 
its cycle, that is u SHdl. The hysteresis loss is therefore > 

The energy dissipated in a single cycle in soft iron w ol the 
order of 10,000 ergs per cubic centimetre, that in steid bwng about 
ten times as large. 

108. Magnetic properties of iron, nickel and cobalt* 
Heusler alloys. The fact that specimens of iron and steel 
prepared in different ways have vastly different magnetic <iualili(« 
is now very well known and utilised in various ways. In caseH 
where iron is taken round its hysteresis cycle many times a second, 
as for example in the alternate current transformer {s<>e (’h. ix), 
the chief desideratum is low hysteresis loss, combined of course, 
with great magnetisahility. This condition is luliillecl by pure, 
well-annealed iron, the .comparatively small area of whose 
hysteresis curve is seen from Fig. 143. 

Of late years the magnetic properties of iron alloys have bemi 
carefully examined with a view to the production of steads of 
commercial value. The presence of small (juaiititiees of othe*r 
eleipents has very great effect on the hysteresis loss and i‘(»(‘i'eive 
force, while frequently leaving the maximum magnetisation 
practically unchanged. For example, an iron alloy containing 
silicon, patented by Sir R. Hadfleld under the name of Stalloy, 
has a hysteresis loss per c.c. of only 3000 ergs per cyclic t<)get her 
with great magnetisahility. 
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A hysteresis curve of small area means either low coercive 
force', or low residual magnetism, or both, so that materials suitable 
for the cores of transformers are entirely unsuited for making 
permanent magiuda. Hard tunpten-steel, or iron alloyed with 
from ;i to 8 per cent, of tungsten, has a very large coercive force 
(about (iO units), and is extensively used for magnets where great 
permanence is retpured. In fact, the modern ammeters and 
voltnu't('rs of th(( moving coil type, with graduated scale, have 
only become possibh^ with the perfection of the manufacture of 
magnets which la'sist shock and demagnetisation by external 
agency. Th(^ hysti'ri'sis loss per cycle in hard tungsten-steel 
has th(^ high value of 2(i(), ()()(). 

d’he precise effect of tlio substance with which iron is alloyed 
IS imperfectly understood, and many surprising peculiarities 
have IxHMi l)r<)ught to light, of which we may mention two. An 
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almost entirely removed, the intensity of magnetisation being 
proportional to the magnetising force, and given approximately 
hy the equation I = i^H. There is no residual magnetism, even 
after exposure to the strongest fields. Even more rernarkable 
is the verv similar behaviour of the iron-mckel alloy with 68 % 
of iron and 32 % of nickel, since nickel as well as iron is a strongly 

magnetic substance. _ . t-,- i j o 

The (H, I) curve for a soft nickel wire is shown in Fig. 148, 

the curve being very similar to that of steel. The maximum 
magnetisation that nickel can acquire varies from 300 to 400 ; 
that is, about one-third that of iron. The coercive force is com- 
paratively high, ranging from 10 to 20. 

Cobalt is intermediate in magnetic properties between iron 
and nickel, and can acquire a magnetisation of about 700. The 
coercive force is much the same as for nickel. 
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The remarkable discovery was made by Heusler in 1903 that 
certain alloys of copper, manganese and aluminium, all of which 
metals are practically non-magnetisable by themselves, had 
strong magnetic qualities. For example, an alloy containing 
Gl-r) % of copper, 23-5 % of manganese, and 16 % of aluminium 
has magnetic properties closely resembling those of nickel. The 
hysteresis curves of all strongly magnetic substances have much 
th(‘. same shape, and exhibit the phenomena of saturation and 
remanonce, the residual magnetisation varying from one-half to 
two-thirds the maximum. 

The comparative behaviour of iron, nickel and cobalt is shown 
m b’lg. 149, which shows the magnetisation curves obtained on 
th(‘ lirst application of the magnetic force. The range of H is 
not great enough to show the whole of the curve for hard steel, 
the magnetisation of which rises under high force to almost 
the amount ac(iuired by soft iron. The accompanying table 
gives some appro.Kimate numerical data concerning the various 
substances hitherto mentioned. The column headed B (magnetic 

induction) is hero given for reference : it will be better under- 

Btocxl later. 


MiigneitMUion of strongly magnetic substances, 

(Approximate iuimh(u*s otily, temperature normal.) 




CiiHi Hteel 
'I'lingHUai Ktdc^I, 
luirdcxud 
Soft iron 
Hard Hieel 
Traimfonnor iron 
Stalloy (Hilioon 
Htoel) 

(hlnilt 

Nickol 

Heunler alloy : 
(3u 61-5%, 

Mn 23 % 5 %. 

Al 15 % 


Intennity of 
niagiK'tiHfition 

I 

Magn<4i(5 induction 
B 

■Coer- 

cive 

foresa 

jIdH, 
energy loss 
per cycle, 
(Tgs per c.o. 

max. 

roHidual 

tmx. 

residual 

14(K) 

7(M) 

18(KK) 

9000 

2 

20000 

1300 

e(X) 

10000 

10000 

60 

260000 

I2(K) 

900 

15000 

11000 

2 

10000 

1(M)0 

700 

12000 

9000 

40 

120000 

KKK) 

BfK) 

12000 

8000 

1*5 

8000 

KKX) 

5(K) 

12000 

6000 

0-7 

3000 

7(K) 

2r>o 

9000 

3000 

10 

20000 

400 

2(X) 

5000 

2500 

10 

12000 

300 

200 

4000 

2500 

8 

8000 
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109. Electro-mag-nets. The simplest form of electro-magnet 
consists of an iron or steel rod uniformly wound with wire. Such 
a rod acts like a permanent magnet, only to a considerably greater 
degree, as the saturation intensity of magnetisation can be main- 
tained instead of the residual intensity. 

Electro-magnets are chiefly used in laboratories to produce 
strong and tolerably uniform magnetic fields. A .common type 






Eig. 150 

is shown in Eig. 150. Two soft iron pillars are firmly fixed in 
,a strong iron base, a solenoid of many turns of thick wire being 
slipped over each. In this form the electro-magnet is essentially 
:a horse-shoe magnet kept excited by external current. Strong 
magnetic fields are formed between the poles if the latter are 
I brought close together, and this is effected by means of two 
masses of soft iron, called pole-pieces, which lie on the fixed 
pillars. The pole-pieces are moveable and afford a means of 
i varying the strength of the field, an additional control being 
jgiven by the use of various magnetising currents. If very 
Istrong fields are required the pole-pieces must be brought neat 
'together, and are preferably of conical form. Eig. 151 shows 




mDuc: 


tro-magnet of du B 
to 50,000 c.o.s. units 






ip^ 




ll"‘ 


mh 


The production of a uniform magnetic field of any considerable 
strength is a difficult matter. In order to see what fields can be 
obtained without the use of iron, consider the case of a solenoid 
of n turns per centimetre, each coil carrying a current of i amperes. 
The field inside is 47rm/10 c.g.s. units, so that to obtain a field- 
strength of 1000 with 10 amperes the number of turns per centi- 
metre would have to be about 80. Such a coil would have 
considerable size. The ordinary electro-magnet gives a field of 
from 2000 to 10,000 units. The field naturally varies with the 
current used to excite the magnet, the variation often being so 
great that it is difficult to reproduce accurately a field of given 
strength. 

The order of magnitude of the foroe with which the poles of 



234 IHBXJCED MAGNETISM 

an electro-magnet pull each other together can he estimated hy 
considering the case of a very long iron ar, ^ 

magnetised to intensity J, and then cut in two and the parts 
slightly separated from one another. There is a surface-layer 
of ma^etJm of surface-density ± / on the opposing faces, the 
whole arrangement being the magnetic analogue of a charged 
parallel-plate condenser. Applying the theory of Axt. 34 we see 
that the mechanical force per sq. cm. of either face is .ttI dynes, 
j _ 1200 this is about 10 kilogrammes’ weight per sq. cm. 

110 . Mechanical force on a magnetised body in a non- 
homogeneous magnetic field. A magnet placed in a uniform 
magnetic field is acted on in general by a couple, but no resultant 
force. When the field is not uniform there is however a force 
tending to move the magnet as a whole in a definite direction. 
It is instructive to calculate the force exerted by a given non- 
homogeneous field on a small magnetised body placed at any 
point, when the magnetic force due to the body itself is neglected. 

Let {x, y, z) be the position of the negative pole of one of the 
elemental magnets of the body, {x + Ir, y + mr, z + nr) the 
position of the positive pole. If y- is the strength of the positive 
pole, the components of moment are 

= filr. My = /xmr, = /xfir. 

If {Hjc, Hy, 2?s) is the magnetic force due to external causes 
at the point (x, y, z), the a:-component of magnetic force at 
{x +lr, y+ mr, z 4- nr) is approximately 


Multiplying the components by — /x and /x and adding, the 
resultant force on the elementary magnet is found to be J, where 




UJ-JL m 

+ /xnr-^. 


The coefficients fdr, ixmr, imr are the components of the magnetic 
moment 31, and since the magnetic field is derivable from a 
potential, the above expression can be written 

= M '^ + My -t M, 


- \ i'. ' < 




INBirCED MAGKETISM 


The total force on a small body is obtained by addition of the 
forces for its component magnets. Hence if v is the volume 
and I the intensity of magnetisation the force is given by 

and two similar equations. 

An important case is that in which I is parallel to the resultant 
magnetic field Zf, though not necessarily proportional, to it. In 
this case we have 


so that F (h + H 4- H 
* hI “ 3a; Sa: 

and since this gives 


Similarly 

and 



(3). 


The resultant force is in the direction of greatest increase of 
which however does not usually coincide with the direction of H 


itself. From this result we draw the general conclusion that 
magnetic bodies* try to move as far as possible into the strongest 
parts of the field, an explanation which accounts for the attractions 


exerted by magnets on soft iron and other bodies in their neigh- 
bourhood. 


111. Mag^netic substances in general. Paramagnetism 
and diamagnetism. Although the substances already mentioned 
are the only ones known with strong magnetic properties, all 
bodies are magnetic to some degree. In view of this fact, it is 
as well to define the unit magnetic pole at the outset as that which 
repels a similar pole distant 1 cm. away in vacuo with a force of 
1 dyne. The magnetisabihty of air, though small, is finite and 
measurable, and has to be taken into account in determinations 
of the magnetic properties of other substances. 

* I.e. if paramagnetic : diamagnetic bodies tend to move to tbe weakest parts 
of the field. 
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j.- oiiEo+ances behave in a very simple 
:Most weaMy ma^e 1C the intensity of magnetisation 1 is 
nianner in a - j,o hysteresis. 

proportional to ^ directions coincide, and we can write 
For isotropic bodies the direcrioi 



.He„ , . . 

but there are aso su ^ a direction diametrically 

which are magnetised by I’^^t’^^tion i 

opposite to that of the measuring the 

Cune s me o -gaes of the substance when placed in a 

forces acting on s principles involved are 

non-homogeneous magn ^ • a^nnose that we have a 

illustrated by the foUowmg X, liquid or 

s™u hottow vessel th^nside 

rTe“t bt 'be matenl of Sbe 

v^d Ka of the substance under examination, and kj of 

v^ , 2 . cjuTinose that the mechamcal forces on the 

normal conditions Supp axliausted, (2) filled with air 

vessel «« and (3) filled with the 

slbsTan^e auTkUhre be denoted by k, respectively. 

In easr i) Le is a force on the vessel arising from a vo ume 
r -u, of a substance of susceptibdity but since a volume 

4 of air is displaced its effect has to be subtracted. Hence 
Muation (3) of the last article gives 

{fdH\^ fdH\^ 

Fi = {(«! - vj) k^H - v^k^E) j + (^-0^ j + Uz I] ’ 

or, writing 1/A for H {{dHjdxf + {dHjdyf + {dHldzf}\ 

(Vi - Ua) 

The results of the second and third experiments are similarly 
€xpressGd in the equations 

(% — '^2) ^1 — %^2 ^^2^2 “ ^-^2 * * ’ * * 

and (^^1 - ® 2 ) «i - ^^i'C 2 + = AJ's .....•••• • {^)■ 

The equations (5), (6) and (7) give k^, and in terms of 
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measurable quantities. In a single experiment with a small soli«J 
body it is important to remember that what is really measured 
is the difference of the susceptibilities of the body and air, so that 

some such process as the above is necessary in order to obtair* 
absolute values. 

In Curie’s experiments the substance to be examined was 
contained in a bulb C attached to a delicate torsion balance and 
lying between the poles of an 
electro-magnet. The magnetis- ^ 

ing coils are turned through a V 
small angle, and 0 lies on the 
line of symmetry a little away 
from the strongest part of the 
field. The magnetic force at 

points on the line of symmetry o Q ^ a? 

is parallel to the axis of y but ° 

variable in the direction of the a 

axis of X. Curie chose the point • 

at which H dHjdx had its maxi- 

mum value, in order that the 

force on the body might be 

only slightly altered by a small 

change in its position. The 

bulb C was moreover surrounded by an electric furnace so that 
observations could be taken at various temperatures. The 
foUowing table gives the approximate value of k for certain 
substances (at ordinary temperatures). 


Values of 10 ’ a: 

Paramagnetic substances 

Diamagnetic substances 

Platinum 

Liquid oxygen ... 
Aluminium 

Oxygen ... 

Air 

Carbon dioxide ... 
Hydrogen 

200 

30 

18 

1*6 

•32 

-17 

•08 

Bismuth 

Mercury ... 

Silver 

Lead 

Water 

Copper ... 

-130 
- 26 

- 15 

- 11 

- 7*5 

7 
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Certain experiments seem to indicate a slight falling off of k 
with increasing force for some paramagnetic substances, showing 
that the proportionality of I to i? is not absolutely strict. This 
has not been observed with diamagnetic bodies. Townsend 
showed that solutions of iron salts are truly paramagnetic, and 
that, when allowance is made for the diamagnetism of the water 
of solution, the susceptibility is proportional to the mass of iron 
in solution. 

Iron itself acts like a true paramagnetic body if demagnetised 
and only subjected to very small magnetic forces, the susceptibility 
being about 7. 

We must pass over the interesting theories that have been 
proposed to account for the phenomena of induced magnetism, 
and make only a few general remarks. It is generally agreed 
that diamagnetism is a fundamental property of all matter, 
depending on a direct effect of the magnetic field on the atom. 
In certain substances the neighbouring molecules of a magnetised 
body influence one another in such a way as to mask the general 
diamagnetism and convert it into paramagnetism. The condi- 
tions under which this takes place are not perfectly understood : 
but they are evidently somewhat precarious and depend on some 
peculiarity in molecular structure which appears periodically in 
elements arranged in the order of their atomic weight. Apart 
from other difficulties, a satisfactory theory of induced magnetism 
would have to show why the possession of strong magnetic quality 
is so rare in the series of elements. 

112. Effect of temperature on magnetisation. Stresses 
in magnetised bodies. The maximum intensity of magnetisation 
of iron is almost independent of the temperature, provided the 
latter does not exceed 600° C. Above this point it decreases 
rapidly, until it practically vanishes at about 780°, which is called 
the critical temperature. At this temperature, which coincides 
with the temperature of recalescence, iron seems to undergo 
considerable change in all its physical properties. 

The effect of temperature on magnetism was carefully studied 
by Curie with a view to discovering the conditions under which 
a body was strongly magnetic, paramagnetic or diamagnetic, 
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and the steps in the change from one state to another. Above 
the critical temperature iron seems to be truly paramagnetic 
the susceptibility however decreasing with rise of temperature. 

The most important discovery made by Curie was the difEerence 
in the behaviour of paramagnetic and diamagnetic bodies. The 
susceptibility of many diamagnetic bodies is independent of the 
temperature, while paramagnetic bodies in general show a decrease 
at high temperatures. Ko general law holds for all paramagnetic 
substances, but an approximate law is that if p is the density 
at absolute temperature 6, then k is proportional to pjd. This law 
•holds accurately for oxygen, and for nickel at high temperatures. 

Considerable changes take place in the magnetisation of iron 
and other metals in given fields when subjected to compressive 
or tensile stress, the phenomena being in part very complicated. 
Similarly the mere fact of magnetising an iron rod produces strains 
in the rod, as was first observed by Joule in 1847. Initially the 
rod becomes longer, the increase of length assuming its greatest 
value of about 2| parts in a million for a field H = 80. On further 
increasing the force the elongation decreases, and finally changes 
sign, the final effect for very strong fields being a contraction 
of about one part in 200,000. The effect in cobalt is precisely 
opposite, namely contraction in weak fields and extension in 
strong fields, while nickel contracts constantly during the whole 
process. 

Quincke found that a paramagnetic hquid, contained in a 
capillary tube, rose in the tube when a strong magnetic field 
was applied near the meniscus. This action is readily explained 
by the theory given in Art. 110 to account for the movement of 
magnetic bodies in non-homogeneous magnetic fields. Let A he 
the cross-section of the tube, and consider the forces on the slice 
of hquid between heights z and z -t- dz above the normal surface. 
If p is the density and p the pressure at height a, the downward 
force due to gravity is ^-p Adz and the thrust due to the difference 
of pressure on the faces is A dp. Again by equations (3) of Art. 110 
the upward force due to the magnetic field is 

^dS ., „ dH 

dz dz 
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Henee for eq'uilibriixm 

kAH dH = gpA dz+ A djp, 

wliifh on integration gives 

IkH^ ^gpz + p+ const. 

Let r be the surface-tension and a tbe radius of the meniscus. 
Then if /q is the height of the meniscus, and the normal surface 
of the liquid is in a region devoid of magnetic force, 

2T 

— gphi — — , 

where H stands for the magnetic force opposite the meniscus. 
If /q is the height without any magnetic field, 

2T 

0 = gph., - — . 

Subtracting and writing h = — for the rise of level caused 

bv the field, we have 

kH^ = 2gph. 

Thus K can be found by measurements of h in known fields, and 
this was done by Quincke for numerous liquids. 

113. Magnetic force and magnetic induction. Poisson’s 
analysis of magnetism (Art. 20) shows that the magnetic effect 
of. a body at an external point P is the same as that of certain 
volume- and surface-distributions. When the point P is inside 
the body there is some doubt as to how to define the magnetic 
force. We shall take it as that due to the surface-distribution o* 
over the external boundary o^f the magnetised body and the volume- 
distribution p, which may of course extend right up to P without 
gi\fiiig rise to difficulty. With this understanding there exists 
a magnetic potential fi, and the components of magnetic force 
are given by 

H^ = - da/dx, Hy = - da/dy, h, = - da/dz . . . (s). 

Further, we may apply Poisson’s equation (Art. 32) and obtain 
the result 


a^Q d^a 

di? ^ d f 32 ® 


— _ 


dx dy dz 
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We shaU now define the important vector jS hamng the components 
H^ + 4:7 tI^, = + + 477 /,. . ( 10 ). 

■ eouJin magrislic induction, and the last 

additioi!^ / ■w^ritten B-H + hri, where addition signifies 

m i”9rs“ '-“7 

••..( 11 ). 

, 1 • where 7 = 0 , £ is of course identical with H • and 

(S ’ -^40 oTor^ ^ for air, for which 7 in the strongest’fields 

char«.i. ’ . '' - 0013 . The vectors H and B enjoy 

Thus froTrnr? important in the theory. 

is not de? w 't ^ ^ solenoidal, but in general 

from a notentiarb t contrary, H is derivable 

irom a potential, but in general is not solenoidal. 

TiandVoctr- ^ analogous to the vectors 

of thf. h theory of dielectrics (Art. 50 ), and much 

The reader will appreciate the full importance of the vector 
introtctW ^ mayTy 

i. . .« 8 . Ota ofVoU p,:“rs iTtaj 

mptta electrical engmeering ia baaed. Further 

methods can be devised, based on the theory of the neat chapte 

for measmng B directly mthont previous knowledge of 1^ IrJ 

1 7°’ tr-i r S. ^ 

equal to 477 /, so that if / is mven wp A>k 4 >Qi*v. 2 ? ' 0 . 1 . 1 . 

error by multiplying by 12 6 “™ 

SSrS."‘“ 

:9^“.rl£SrH= 
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into regions containing poles. Lines, of magnetic force, in fact, 
bean or end on Poisson’s equivalent magnetic distributions. 
On the other hand, if a smaU tube of induction is drawn the product 
of B and the cross-section of the tube is constant, since this fact 
depends simply on the solenoidal property enjoyed hjB even 
inside magnetised bodies. Thus lines of induction never begin or 

end, but circulate in closed curves. ^ r 

The figure shows diagrammatically the lines of force and lines 



Fig. 153 


of induction for a short bar-magnet magnetised from left to right. 
Only one half of each diagram is shown, the top giving the lines 
of force and the bottom the lines of induction. In the space outside 
the magnet the lines of force and induction coincide. Inside, we 
mT:^t remember that H is the force due to the impressed field (if 
any) and Poisson’s magnetic distributions, so that in this case* the 
lines of force and induction run for the most part in opposite 
directions. This is of course entirely due to the property of 
remanence: if B was simply proportional to E and hysteresis 
was absent the lines of force and induction would coincide. 

When the material is in the form of a long rod the lines of 
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magnetic force due to the ends of the rod hardly pass down the 
rod at all, so that the impressed field is the actual field Thus 
mth long rods we get the full magnetic force magnetising the ro^ 
while in short rods the opposition of the magnftic W due t ’ 
tte ends tas a demagnetising effect ^ 

»*■*"« Mag. 

magnetic force and induction, the reader wiU have no difficultv 

ai The f (°f- Arts: 49, 50) : 

tinuoL; component of magnetic force is con- 

on 

These conditions necessitate refraction of both lines of force 
md lines of induction in crossing the boundarv Tlie^nr 
definite boundary conditions which correspond ’ to thT 

srx-i-Tc-S-S 

- W'e sliall illustrate tiiis bv considermrr i? 

|bell of parama^etio material lying in « unifom 

S?Z.C“'rrbe“’''®'rtL 



9i/2 + 3^2 — 0 

(12) 

and 

dx^ dy^ "*■ 928' ~ 

(13). 


^l^iow that also satisfies Laplace’s equation : for 


lor since 
16 — 2 
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B . = - 4 . 7 , = {1 + 4 .-^) = - (1 + 

Bu»ceptibility, the solenoidal condition 

dx dy Sz 

^^^2 , ^^^2 I ^^^2 _ 0 (14). 

gives .0^2 dy^ dz^ 

The condition of continuity of the tangential component of magnetic 
force at the inner shell gives 

(15). 

[deLi UdA=& ^ 

Similarly the continuity of the normal component gives 




dr Jr= 


The conditions holding at r = a are found in just the same way 

to be ^ 

(w) =iw) 

\ OU Jr=a \ Jr-a 




Finally for large distances from tbe origin the field has to tend 
to uniformity, i.e. 

lim = - Ez ^ — Hr cos d (19), 


where an arbitrary constant can be put on the right if desired, 
The mathematical problem is to find expressions for Og, 
which satisfy all these conditions. Try a solution of the form 


Qi = Ar cos 6 

Q = Cr cos 6 + 


Dcos d 


Oo — — Hr < 


E cos 9 
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Then all the conditions are easily seen to be fulfilled if the constants 
C, V, £, satisfy the equations 

-4 = (7 + D/b^ 

^ = (1 + 47rAc) (C - 2Z)/63) 

O+Dla^^-H + Eja? f’ 

(1 + 47r/c) {C ~ 2Z)/a3) = -H- 2Ela^ , 
which are sufficient to determine the constants. 

he figure shows the lines of induction* in this case for the 



Fig. 164 

true for soft iron nn^. 7 however qualitatively 

wiich are not Aeotly observaWr tI n’' 

noticed is the tendency of the linpc nf • / especially 

material of the shell a i.* t. ^ to crowd in the 

indnc&n Me"' Im T* 

^ ae tne shefi. Eemembermg that the density of 

to tte 
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lines of induction (in air) is a measure of the strength of the field, 
we see that the magnetic force inside the sheU is sinaU compared 
with the impressed field. This is expressed by the statement that 
soft iron acte as a screen against external magnetic action, but 
the screening power is not so perfect as that possessed by an 
earthed conductor in electrostatics. In any case an iron sphere 
for use as a magnetic screen must be well annealed, carefully 
demagnetised before use, and not exposed to very great magnetic 
forces* Galvanometers have been enclosed in soft iron spheres to 
protect them from disturbance. 

116. Work done in takings a unit magnetic pole round 
a current in a magnetic medium. The general work theorem 
requires no modification when the current is in a region containing 
magnetisable bodies. In all cases the work done by the magnetic 
force when a unit pole is taken round a closed circuit is iiri if the 
circuit interlaces the current positively, — irri if negatively, and 
0 if not at all. The total magnetic force H consists of two parts, 
Hq due to the current and Hi due to Poisson’s equivalent mag- 
netic distributions. The latter is derived from a single- valued 
potential, so that no work is done by it in any closed circuit. 
Hence the total work of H is equal to that of Hq, which proves 
the result. Expressed analytically, the integral 

jH^dx + Hydy + H^dz 

^ken round a closed contour C is 47r times the current flowing 
through C in a positive direction with reference to the direction 
of integration. It is important to notice that the theorem does 
not hold in general when B is substituted for H. 

117. Potential energy of a current in a magnetic 
medium. It is B, on the other hand, and not H, that determines 
the mechanical forces on the current. We can prove that the 
potential energy of a circuit carrying a current i is — iN, where 
A is the flux of induction through the circuit in the positive sense. 
By this we mean that the work done by the magnetic system on 
the current in any displacement of the latter is i times the increase 
of N, the current and the magnetised bodies being understood 
to be kept unchanged during the process. 
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Pig. 165 shows a section of the field, the current being supposed 
to come up through the paper at C/j and pass down through it at 
C 2 . S is a. surface with the circuit as rim, and an air-space is 



cleared round S by surfaces parallel and near to it. The removal 
of the indefinitely small amount of magnetic matter involves 
negligible work, and we can suppose that the magnetic state of 
the rest of the body is unaffected by this removal. The circuit 
and the cap S are now in a region free from magnetic matter, so 
that the potential energy is - where N is the flux of magnetic 
orce through the circuit. But it follows from Art. 115 .that the 
normal component of magnetic force in the gap is equal to B 
the normal component of magnetic induction in the neighbouring 
parts of the magnetic matter: hence the potential energy is 
— ^^B„dS, which was to be proved. 

The concentration of lines of magnetic induction in iron cores 
may be utilised to increase the mechanical forces acting on a 
circuit slipped over these cores, as in the case of the moving-coil 


t 
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CHAPTER VIII 

INDUCTION OF CUEFENTS 


118, Faxaday^s experiments. In 1831 Faraday showed 
that currents could he produced in closed circuits not containing 
any battery by making or breaking other circuits in their vicinity, 
and by the motion of circuits and magnets relative to one another. 
The qualitative laws of the phenomenon were completely 
unravelled by Faraday in two memoirs*, which well repay careful 
study on account of the exhaustive nature of the experiments 
and the admirable clearness with which they are described. 
Faraday first prepared two solenoids of many turns of wire on 
the same core, insulated from one another, one being connected 
to a battery and the other to a sensitive galvanometer. There 
was not the slightest deflexion of the galvanometer while a steady 
current flowed through the battery circuit ; but on first closing 
the circuit the galvanometer showed a momentary deflexion, and 
again in the opposite direction when the current was cut off. 
These temporary induced cur- 
rents were found to be capable 
of magnetising steel needles. 

As regards the direction of the 
induced currents, imagine the 
solenoids straightened out so as 
to form parallel wires A, B (Fig. 

156). Then on closing the bat- 
tery circuit (or ffirmry) the 
current in the galvanometer 
circuit (or secondary) was in the Fig. 156 

Faraday, “Experimental Researches in Electricity/’ Ser. 1, Phil. Trans., 
vdl. 122* p. 125 (Nov. 24th 1831), Ser. 2, Phil. Trans., vol. 122, p. 163 (Jan. 12th 
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opposite direction as shown in the figure: on cutting off 
current m the primary that induced in the secondary was 

effects were obtained on moving the circuits relatively^to ea^ i! 

other. Thusifftewire^. carrying. co„st.nt.„„rrs„J‘^*°JJ°t 

wire reeX” ’ thf 

Much greater effects were obtained with smaller currents 
n ring (Fig. 157). In order to elucidate the effect of the iron ring 



i?wS solenoids on a hollow pasteboard cylinder 

which metallic cores could be inserted. A copper core har? 
no e ec on the magnitude of the induced current, while an iron 
core produced a great increase, but relatively not so much Is 
a complete ring. Further, currents were induced by s“SnlJ 

current m the solenoid being related to that of the axis of tb^ 

by the screw lew. An equal Ind opiate 

deflemon occu„ed on suddenly removing the magnet. 

ourtmto Zd m"” «»«»« obtained from 

urrents and magnets are similar in kind, the only requisite 

fflct in ii >'» “"oocoicJ 

in fact m obtaining currents by turning a coil of wire suddenl^r 

through two right angles in the earth’s field ^ 

in was Mer able to show the induction of currents 

masses of metal moving in a magnetic field and thus to 


[oh. 


f 
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X 4 . +Ko fir. 5 + macMne for the mechanical generation of 
construct the firs • „+ a metal disc D rotated in the 

electricity. In one experiment a inetai 

direction shown in a magnetic field 
and conducting brushes were pressed 
against the axle and circumference. 

On joining these brushes by a wire a 
steady current was found to flow in the 
wire from tlie circumference inwards, 
so that the current in the disc itself 
was radiaUy outwards. The effect was 
greatest when the resultant field of the 
earth was perpendicular to the disc, 
and vanished when the disc was in the 
magnetic meridian, suggesting that the Fig. 168 

current is proportional to the com- 

ponent H of magnetic force perpendicular to the plane of the 
disc. Faraday also obtained currents from the rotation of a bar- 
magnet in a similar manner, by making connexion with the side 
and end of the magnet respectively. Here the magnet acts at 
once as the producer of the field and as the moving conductor. 

By using wires of different metal in the ordinary induction 
experiments Faraday came to the conclusion that the currents 
were in the ratio of the conducting powers of the metals, and that 
the “force” (electromotive force of induction) was, caeieria paribus, 
independent of the nature of the wire. The condition necessary 
for the induction of currents was clearly enunciated by Ifaraday, 
namely that there should be a cutting of “magnetic curves by 
the circuit ; or in modern phraseology that there should be a 
change in the flux of magnetic induction through the circuit. 


119. The law of electromagnetic induction. The 

exact laws of electromagnetic induction were first enunciated by 
F. E. Neumann in 1845. We shall consider the case of a single 
circuit, for which the law is given by considerations of energy. 
Let us have a circuit C of self-inductance L (Art. 87) carrying a 
current i at time t, in the presence of a system of magnetic poles. 
For the sake of generality suppose that it contains a cell of e.m.f. 
F as well as being affected by the motion of the magnets. From 
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what we know of the mechanism of the voltaic cell it a-r, 
likely that the energy changes in the cell during the passj^®^^® 
a given charge round the circuit are the same under all ei-®® 
stances, so that in time dt work Vidt is done on the currev,*!^?^' 
the cell. This work is expended in three ways : 

(1) In heating the circuit. It appears likely from the elec-fc^^ - 
theory of conduction that this amounts to m in work-uni-fcs 
second in all cases, so that work RH^dt is used up in this waxr 

(2) When the relative position of the circuit and the ma»:^ - 

system changes, the forces between the circuit and the sS«+ 

do work ^dN, where N is the flux of magnetic induction thirov.^'T 
the circuit due to the magnetic system (Art. 79). 

(3) When the current is changing the work done by the f 

e ween the elementary filaments of the current is d (ILi^) == r 
at any rate for a rigid circuit. Hence we have 


Vidt = Ri^dt + UN + Lidi, 


or 


Ri==V ■ 


dN j. di 
dt ~^ df 


•( 1 ). 


Now Li is in a certain sense the flux of magnetic force ror 
uc ion) through the circuit due to the current itself, beine 
mil through elementary filaments carrying eqxial 

ent itself, la N + Li, and writing this briefly N, we have -feHe 
wing enunciation of the law of electromagnetic induction. - 
in any circmt ehctromagnetic induction gives rise to an elec^ta-o- 
moUve force equal to the rate of decrease of the flux of magn.etd;c 

induction through the circuit. ’ ^ 

sivn "Is* induction is supposed to Have 

sign as well as magnitude (cf. Art. 79), and electromotive force 

drcStTn send a current round i^be 

Tr+kl A direction. It will be seen from the las-fc 

are all cote tl ^ currents in Faraday’s experiments 

rotaW diWP^ accounted for by this theory. The case of tbe 

be considered 1 ?’ question will 

e considered later on the lin’es of the theory of electrons (Art 137) 


2^2 INDUCTION' OF CXJBBFNTS 

When there is more than one circnit considerations of energy 
do not suffice to determine the laws, as only I® 

obtained in this way. We shall however assume that the law 
of electromagnetic induction here enunciated Isolds for each 
circuit separately; that is, the induced e.m.f. is -dNjdi, where 
N is the flux of magnetic induction due to all causes, inclusive 

of the circuits present in the field. ^ 

In the case of two circuits let L^, £2 self-inductances, 

M the mutual inductance, R^ the resistances and ^2 the 
currents. The flux of magnetic induction through the first 
circuit is Lji-i due to itself and Mi^ due to the second circuit, so 
that the e.m.f. of electromagnetic induction is 

- Li^diyjdt - Mdijdt. 

It follows that if in addition electromotive forces Vi, are 
acting in the two circuits, the equations for the currents are 



, r , r> _ T/ 


' + -22^*2 — ^ S 


The importance of self and mutual inductance will now be under- 
stood, as their presence modifies the effects with changing currents 
very greatly, and for very rapid changes the phenomena are 
generally determined much more by inductance than by resistance. 

120* Experimental verifications of the theory. If a 

sensitive ballistic galvanometer is available, some of the laws of 
electromagnetic induction may be easily verified in the laboratory 
by a compensation method due to Felici. A (Fig. 159) is a coil of 
about 20 turns of thick wire mounted on a board, the dimensions 
being about 50 x 40 cm. The coil X consists of a single turn 
of wire stretched round four small brass screws at the corners, 
so that it can be replaced by another wire of different material 
or diameter, but of the same configuration. B represents a small 
solenoid of thick wire in three layers, each layer having about 
10 turns to the centimetre; and Y is a small secondary coil of 
about 20 turns sliding inside jB, and wound on a wooden core of 
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about 2 sq cm. sectional area. The solenoid 0 and core ^ 
winch we shall refer later, are similar to B and Y, 



To golvanomctet 


J[ To battery and 
/ reversing key 

Mg. 159 

In order to obtain a fair test of the theory, it is necessar^r + 

and also that the three pairs of coils do not act inductivelv orr’ 
one another. The latter condition is practically secured by^-fclie 

an thfr^"" fig''"®’ a'lfi the former by mLin^ 

all the connexions of flexible wire whose two strands are twis W 

together" fi"®® 

The core 7 is first removed from B and a current of aboTxt 
10 amperes passed through A and B in series. On reversing 

ea«“t iT y -i-o to th. induotiy.f 

^ f ■ ^ inserted the effect of B on it is 

added, and the throw is greater or less according as the two electro- 
motive forces assist or counteract each other. We can arrancr#- 

inside .e so that exact compensation occurs and the galvano- 
meter 18 not affected by any changes in the battery circuft Tlxe 

cooneiS: 
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(1) With the connexions of the figure, replace the 
one of the same configuration but different 

cross-section. The galvanometer still shows no deflexion. Henc 
the E M.F. of induction is independent of the nature and cross- 
Lion of the wire forming the circuit X, as we should expect 


from the theory. ^ u. -v • 

(2) Interchange the connexions of A and X, so that X is 

in the battery circuit and A in the galvanometer circuit. No 
throw occurs on making or reversing the current, showing that 
the inductive effect of X on X for a particular current is equal 

to that of X on X. ^ , xi. ^ 

(3) Connect the primary coils B, C in parallel so that the 

current through X divides between B and C, and arrange the 

three secondary coils X, Y, Z in series. Again there is no throw 

of the galvanometer under any circumstances. It follows that 
the inductive effects of B on Y and of C on Z, which are equal 
for the same currents, are the same when the current is divided 
between them. Hence the inductive effect is proportional to the 
current. 


121. Rule for calculating self-inductances. A con- 
venient rule can be given for the self-inductance of a wire of 
circular cross-section bent into the form of a curve whose radius 
of curvature is large compared with the radius of the cross-section. 
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a few isolated points or comers excepted. Consider in the first 
place a circular circuit as shown, C being the line of centres of the 
cross-sections and 0^ the inner rim of the wire. If P is any point 
inside the circle 0-^ it is easy to show that the magnetic force at 
can be ca,lculated without serious error by concentrating the 
current in the wire along its axis C. This is evidently true if 
P IS not near the wire : and if P is close to the wire the greater 
part of the magnetic force arises from the neighbouring part of 
the cncuit, which acts on it practically like a long straight wire 
carrying a current. If P is at a short distance r from the line of 
centres the magnetic force is therefore nearly equal to 2ijr, which 

IS again the same as if the current i was concentrated along the 
line of centres. ® 

Now take a particular cross-section of the wire as shown in 
Fig. 161, and let dS be an element of area distant r from the 



centre. Let unit current flow in the wire, and let M U the 
mutual inductances of the circuits C and 0^ . The flux of magnetic 
force N through the filament on dS is equal to M together with 
the flux through the band-like space between the filament and 
Oi. As before, the magnetic force inside is practically all due 
to the neighbouring part of the current, being therefore ^pja? 
at distance p from 0, where a is the radius of the cross-section 
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Let I be the total length of the wire. Then since the lines of 
magnetic force at points in the cross-section are circles with 
0 as centre, all lines of force passing between dS and 0^ pass 
between R and 0„ and the flnx of force between the filament 
and C, is equal to ^ 


Hence 


N = M + 


I (a^ - r^) 


Referring to the definition of the self-inductance given in Art. 87 
and remembering that since the unit current is spread uniformly 
over the cross-section of the wire di = dSjTra^, we have 


L = A, NdS. 


rra^ 


Hence 


M + l 


I = Ids 

J 




Tra^ 


tHS 


= M -h Z 4 j 27rr^dr 

Tra^J 0 

== M + iZ. 

The method of reasoning is evidently general and applies 
to circuits of any shape. Hence we have the following rule of 
calculation : 

Draw the line of centres of the cross-sections of the wire and 
also draw a line parallel to it in the surface of the wire. Calculate 
the mutual inductance of these two circuits and add to it half the 
total length of the wire. The result is the self-inductance of the 
circuit. 

The preceding calculations give the inductance in absolute 
electromagnetic units. In the derived system the unit of 
inductance is the henry, or 10^ true electromagnetic units. 
A circuit of inductance one henry is such that an e.m.f. of one 
volt is caused when the current is changing at the rate of one 
ampere per second : for in this case dijdt == 1/10 absolute E.M.tJ., 
and if i = 10^ the e.m.f. is 10® e.m.tj. = 1 volt. The henry is 
a rather large unit, and small inductances are often expressed in 
true electromagnetic units. 
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1 22. Calculation of self-inductance in particular cas^s 

(1) Rectangular circuit. Using the result of the last arfciol 
M is found by Neumann’s formula (Art. 93). We begin by fincii 
the value of ^dsds'lr for two equal and parallel lines of lener-fc-?^ 
distant h apart. Writing J for this double integral, we have 

dxdy 


II 

J oJ 0{(^x 

I 


Jo L 


/: 


dx 


sink 


-l y- x 

h 


_ V 


sinh-i —J — I- sinh-i | dx — 2 sinh“i ~ dx. 


The integral is evaluated by the substitution x — h sinh B, giving 


2 


(p + -h I log + n 


Considering the two rectangles in Fig. 162, which corresponds -fco 
big. 160, we see that M receives no contribution from mutually 


p' 

c, 

sr 

o' 


R' 


I 


e 


Q a 

Pig. 162 

perpendicular sides (for which e = ^w), but that 

ilf = Xf± dsds'/r 

for pairs of parallel sides only. Let the central line C be a rectangles 
(a, h) and let r be the (small) radius of the cross-section of tKe 
wire used. Then the contribution of PQ and R'8' to M whicli 
is negative, is 

^(a® + h'^)i-a-h log 

a 

The contribution of PQ and P'Q' is 


2 + 


P. B. 


17 
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zoa 

,Uch is appiomnately 2 {- » + 4 log f }, sines e is small. The 

sum of these terms gives the part of M arising from the side PQ, 
and dealing sinularly with the other sides we find 

If = 4 |- 2a - 26 + 2 + 6®)^ + « log i^a/r) + b log (26/r) 

-alog Hog - 

The self-inductance is obtained by adding a + b. If we write 
d for the diagonal of the rectangle, c = a + b for the semi-peri- 
meter, we find a convenient formula due to Mascart, namely 

) jc logio — — ®logio — ^ logio (6 -I- — 7c -f 8dl . . . (3) 


L = 9-210 ^ 

absolute electromagnetic units. 

Thus the self-inductance of a square circuit of side one metre, 
made of rormd-sectioned wire 1 mm. in diameter, is 6660 electro- 
magnetic units. 

(2) Gircidar coil of wire of one turn. Let a be the radius 
of the circle into which the wire is bent, r that of the cross-section 
of the wire itself. We have first to find an approximate expression 
for the mutual inductance of two concentric circles of radii a and 
a — r, when r is small. The formula for any radii is given in 
Art. 94. Here W = 4a6/(a + bf tends to unity ; and if we write 
¥ for (1 — we have ¥ — {a — b)/{a -f 6) = r/2a nearly. The 
elliptic integral E tends to unity, while K tends to infinity. We 
have 

rr 

r2 

E= (1 — ^2 sin^ (f))~^d<l) 

J 0 

TT rr 

= f (¥^ -I- ¥ cos® f>)~ = f {¥^ -f ¥ sin® j>)~^ d^ 

J 0 Jo 

rr 

^ / o approximately. 

Since h is small, the quantity under the integral becomes 
large when ^ = 0. We shall therefore split up the range of 
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mtegration into two parts, namely 0 to a and a to Jtt, wlre^i. 
though, small, is large compared with ¥. Thus ® 

TT 

+ d<f> + (F2 + sin^ 

= r {¥^+<f,^)-id<f>+ r 

Jo j a sin ^ 



= sinh-i (a/¥) - log tan |a 
= log (2afk') — log (|a) 

= log (4:/¥) = log (Sa/f). 


Hence 

M = iwa {K - 2E) = irra ^log, ^ - 2^, 


thus 

i=4va(log.^-Ij. 


Putting this in a form suitable for numerical calculation ;+ 
becomes ’ 


i = a (^28-93 logio ^ - 21-99] 

(4). 


lor example, a circular ring of radius 2 cm., of wire 2 mm,, 
diameter, would have by the formula a self-inductance of 83-5 
electromagnetic units; and though the formula would not be 
very exact in this case it gives us an idea of the order of magnifiade 
of the self-inductance of small loops (10-’ henry). The effect of 
thinning down the wire is very noticeable : thus if the wire was 
a mere filament of diameter 1/10 mm., the self-inductance of -fcbe 
same loop would be 158-8 absolute b.m.u. 

123. Growth of current on closing a circuit, Let 

the self-inductance and resistance of the circuit be L and JR 
respectively, and suppose that an b.m.f. of constant magnitixae 
V IS applied at time t = 0. Then the equation for the current 
at any subsequent time is 

+ ( 6 ). 

The solution of this is 
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Where A is a constant. Since i = 0 when t = 0, we have ^ = - 7/2J, 
and ^ 

( 6 ). 

Thus the current creeps up to its final value F/J? gradually, and 
the larger the ratio RjL the greater will be the rapidity of approach 

to tliis value. ^ . 

Fig. 163 shows the effect of applying 5 volts to a circuit of 



0 1 2 3 4 6 6 

Time in hundredths of a second 
Pig. 163 

resistance 5 ohms and inductance 1/20 henry. It will be noticed 
that the final value is almost exactly attained in one-twentieth 
of a second. 

The time of attaining the steady state may be much greater 
if the coil is wound on an iron core or ring, as the changing 
induction in the core is added to that due to the current in the 
circuit. The effect is roughly equivalent to an increase in the 
self-inductance of the coil, but as the flux of induction is no 
longer proportional to the current we cannot assign any particular 
self-inductance to the coil. The current in an electro-magnet may 
take several seconds to attain its final value. 

In order to avoid induction effects in resistance coils it is 
usual to bend the wires back on themselves before winding them 
on the bobbins (see Art. 63). This is called double winding. 

The effect which occurs on breaking a circuit must be carefully 
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distinguislied from what happens on closing it. A spark geii 
passes on opening a circuit containing an electro-magnet or 
inductance, and a shock can also be felt if the terminals o-f 
coil are touched with the hands. To explain this, we notice i--hl 
in the absence of inductance the current would fall exceedi i 
rapidly to zero. This however tends to ^ve rise to a 
b.m.b-. of electromagnetic induction in the circuit, and it is 
to see that this acts in a direction favouring the oontinuanc^^^^ 
the current. If the self-inductance is great enough the instaa-fci ° 
of the air may break down, and the current continue for a 
time after the key is pulled up. «-Qort 

124. Measurement of mutual and self-inductanc*. 

The following methods are suited for the measurement of com’ 
paratively large inductances (from 1/100 henry upwards). 

(1) Direct measurement of the mutual inductance of two coils 

The primary circuit contains, in addition to the cell and coil' 
a reversing key, a resistance box and an accurate small resistance 
A (1 ohm or 1/10 ohm). 



Consider the general case in which currents i^ flow in. tlie 
two circuits. Then since the secondary contains no battery 
we have ’ 

M 4. ( jj + (j) ^ 0^ 

where 6r is the resistance of the galvanometer. Applying tlie 
equation to the short interval of time occupied in reversal of tlie 
primary current from i to — i, and integrating with respect to 

t over that interval, we have 

2 Mi + -f- (J! -F ff) isdt =- 0. 

But vamshes both initially and finally, and li^dt is equal to e 
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the total charge sent through the galvanometer. Hence we have 
from the theory of the haUistic galvanometer 

T 

2Mi = (B + (?) ^ 'k-r, 

where t is the corrected throw (Art. 83) and T the time of swing 
of the moving cod. 

A second experiment consists in disconnecting the galvanometer 
from the secondary and shunt- 
ing it across the small resistance , — MAMA/ — \ ^ 

X, adjusting the resistance S in 1 1 S 

series with it tUl there is a ~~ JXT 

steady deflexion t equal to the X ' ^ 

preceding ballistic throw. Then I — — J I T 

Xi = (/S -1- (?) Icr, i g 

approximately. Dividing the /’ \j 

last two equations, we have y ^ j 

T^/r XB+G T Kg. 166 

^ 2 S+G27t"^ ’’ 

Variable standards of mutual inductance can be obtained con- 
sisting of one fixed and one moveable coil, the mutual inductance 
being known in each position. 

(2) Direct mmsureme'nt of self-inductance. 

The coil whose self-inductance is to be measured is placed in 
the arm AB of a Wheatstone’s bridge in series with a box whose 
resistance can be increased by a small amount X (say 1/10 ohm), 
the other arms being adjustable and non-inductive (Fig. 166). 

First balance the bridge accurately for steady currents. Let 
T be the ballistic throw of the galvanometer on reversing the 
current, 6 the steady deflexion caused by making the small increase 
X in the resistance of AB. Then 

r Xr T 

^ 2 8 277 

To prove this, suppose that an e.m.f. V introduced into the 
arm AB of the bridge gives rise to a current AF in the galvanometer, 
where A is some constant. Then if i-y is the current in AB at 
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any time V = Ldi^ldt, and a current XLdiJdt flows through the 
galvanometer. The total charge passing through the galvano- 


B 



Pig. 166 

meter during reversal is therefore e = 2XU, where the current in 
AB changes from i to — i on reversal. Hence 

2XLii — ~ hr. 

A small increase X. in the resistance of AB ^ves rise to an 
E.M.P. Xi in the arm AB and to a current XXi through the 
galvanometer. Thus 

XXi = he, 

and (8) follows by division of the last two equations. 

(3) Comparison of the sdf -inductance of a coil with the capacity 
of a condenser. 

The self-inductance L is set up in one arm AD of a 
Wheatstone’s bridge, and the capacity G (of the order of a 
microfarad) placed as a shunt across the opposite arm BO 
(Big. 167). The bridge is first balanced for steady currents, and 
the balance must be made very exactly, if necessary by shunting 
round about 5 ohms of one of the resistances with an auxiliary 
box. On reversing there will in general be a ballistic throw, but 
tbis can be made to disappear by suitable choice of the absolute 
values of the resistances, always keeping their ratios so that the 
bridge is balanced for steady currents. 
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Let m fimd the condition that no cniient should pass thro^h 

the 



Fig. 167 

cTirrents in the arms being as shown in the figure, we have 
L^^ + B,i,^VA-yi^=yA-Vs 

Substituting in tbe first equation, we have. 

Li^ = (^I'^i — R'bH) ^ ^R'i^4,^x GR^R^i^ 

= GR^R^ {ii ^ 2 )* 

But since we have 

L = GR^R^ - CR^R^. .(9). 

This gives L when C is known. 

125. Measurement of mag^ietic fields with the ballistic 

galvanometer. The arrangements are somewhat difierent ac- 
cording as we wish to measure (1) fields of the order 5000 units, 
such as those occurring between the poles of an electro-magnet, 
(2) weak fields such as that of the earth. Kg. 168 shows the 
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connexions for performing both measurements in one pircui^ 
represents the electro-magnet, through which a kno^'^ 
current can be sent. A small coil of about 100 turns of thin vwi-n 
hes between its poles, held loosely in a clamp so that it can. Ihl 
knocked out of the region of strong magnetic force. There 
also in circuit an earth inductor, or large coil capable of beir.^ 
turned through two right angles round an axis. The coil BhoxtlS 
have about 1000 turns, and a diameter of at least 20 cm. 6* is ^ 



Kg. 108 

sensitive ballistic galvanometer and i? a resistance sufficiently large 
to reorder the damping of the galvanometer small (cf. Art. 128). 

the electro-magnet, galvanometer and ammeter should be a-fc 
some distance from the earth inductor in order to avoid disturbing 

necessary. With the electro-magnef 

eTst magnetically 

rn 1 Tl ® compass-needle. Then turn the 

a quickly through two right angles, producing 

umber of turns, and R the total resistance in the circuit, inclusive 

fort\r° galvanometer. If N is the flux of magnetic 

force through the circuit at any time and L its, self-inductance, 
the current 4 is given by 

L-r + Ri«=~^ 


Initially iV = where H is the earth’s horizontal component. 


t 
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and finally N = - mAH. Hence we liave by integration with 
respect to t 

2mAH^n^'kr^ .( 10 ), 


where T is the time of swing and Tc the galvanometer constant. 
A similar observation of the throw Tg when the earth inductor 
is supported horizontally gives the vertical component y, by the 
formula 

2mAV = R^Jcri (11). 

Obtain a throw by knocking out the small coil quickly from 
between the poles of the electro-magnet. If B is the mean area of 
the small coil, n the number of its turns, the field H' between the 
poles is given by 

nBH'^R^IcT^ (12). 

The galvanometer constant 1c being determined by standardising 
(Art. 68), H, V and H' are known from the last three equations. 
If everything is measured, as usual, in the derived units, the 
field-strengths will have to be multiplied by 10® to bring them 
to true electromagnetic units. 

There is a general theorem covering the use of the ballistic 
galvanometer in all these cases, namely that if the flux of magnetic 
induction through the circuit due to external causes changes from 

to iVa, the total charge passing round the circuit is given by 

e = {N^-N,)IR (13). 

For we have Ldildt + dNjdt + Ri = 0, and i vanishes both 
initially and finally. Hence on integration we find 
{N^-N^) + R\idt = 0, 
which is the above result. 

Curie made an interesting application of these principles in 
determining dHjdx in his experiments (Art. Ill and Fig. 162). He 
placed a small coil at right angles to the axis of x in the position 
of the body 0, and measured the ballistic throw caused by moving 
it a short distance h in the direction of the axis of y. Here 
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nAhm ^ ^tLvm-dUj^, the total charge passing 
T "lx ’ which mjdx can he found. 

of an example of the applicatioxx 

ot electromagnetic induction to the measurement of magnetic di>f^ 

tZTmi * ““ 

enThat ^ »” ««i»g tt. coil. Thi. dbactioa 

then that of the resultant magnetic field of the earth. 

126. Irxxiuctlon with permanent magnets The 1«w .c 
““‘'■O" UB to find out fi„„ fto fi„ °* 

magnet value of £ at vanous points m the field of a 

rcSnvJt ^ the axis oS 

senes w th a resistance box and ballistic galvanometer so thai 
the total resistance of the circuit ia R+0^ Let A he thA ^ 

occur when the coil is suddenly moved along from a place wherl 

Tien"'*™" '* «- 

(^1 - So) = ^ 

coil^aWd^^tox*”!^ “ ‘‘f ■* '“ “ 

Mdt 1. , ' * *>“ ‘“'e 'liaraotot is 

»f S (whici thou bocomoB m L be 

eiuatiof (U, «i:es I difit^^IrZ^ilTs^r ’ 

.zru;rlfrir rr"”’ “ “ «■ -C: 

than the magnet and also has an appreciable length Ih.fZt 
indicate the continuous falling off J fh! fl ! ■ , • ^ 

move flWATr + 1 , 7 ^ of induct on as we 

move away fro™ the centre of the megn.t 
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from OTir knowledge of th.e distribution of the lines of magnetic 
induction (Art. 114). The following table gives the result of 
an experiment on a cast steel magnet (length 20 cm., diameter 
6-5 mm.). If derived units are used throughout the measurements, 
the values of B obtained from equation (14) must be multiplied 
by 10« to reduce them to true electromagnetic units, in which 
they are usually expressed. 


Distance from centre 
of magnet (centi- 
metres) 

0 

2 

4 

6 

8 

10 

12 

B 

6570 

6360 

5750 

4640 

2910 

440 

30 


If Bi - Bo is known beforehand, an experiment of this kind 
gives the constant ^ k characteristic of the ballistic galvanometer. 

The principle of Hibbert’s magnetic standard for this purpose is 
shown in Fig. 169. The outer shell is 
a piece of cast iron CC in cup form. 

A steel rod R is firmly screwed into 
this frame, and carries a cast iron plate 
PP sepajated from the shell only by a 
narrow annular gap. The whole is 
magnetised by a current sent round 
the steel rod, so that fines of magnetic 
induction run up the rod and across the 
narrow gap, returning through the outer 
shell. A sliding coil is then fitted so that it can be let fall through 
the gap after having first been raised to a definite position, so 
that the value of B^ — Bo is always the same for a particular 
instrument. 

Ballistic galvanometers can also be standardised by means of 
two coils of known mutual inductance, the current in one being 
reversed. In this case, however, an observation of the initial 
current is required as well. The method of the magnetic standard 
is the simplest both in theory and practice. 
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ascertamed esperimentally wtkout preyioM SeZ^oTthat 
of /. W, proceed to sW W to taL oi, a CtTel '.^cZ 

teeT''Tl ‘“■‘>.'■'“'”*“8 ‘le relation of B to tie magneti^rg 
force The specimen to be examined is best made in the form 

t^be ^ disturbing influfnce 

Z ThL the Z ^^dius of thi 

g- en the magnetising force for a current of i amperes or 

i/10 electromagnetic units is given hv H = ~i- 

^ r 10 ’ 

,, . ,. H = mi/5r 

- 3r 

tougi .diaSz::a:raTiZ“t:ZoTcz^ 

shunted across a key. The secnti^eryr ro^ve • * 7 ® currents, 

e.cy. me secondary consists of n turns of wire 



baUistm throw consequent on a sudden change of induction frot 
^0 1 . Then the change of induction in absolute units is given 

= 

f obtaining the points on the curve is best under 

Stood y rafetonc. to »» ootopl.ta oury., sappoaed already dra™ 
(t,g. 171). We can tell wkether B is poMve or negaWe by 
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looking at the reversing key, while the direction of the balhstic 
throw tells us whether B is increasing or decreasing. Send first 
of all enough current through the solenoid to saturate the iron 
(point P). Then the throw produced by reversal (from P to Q) 



Fig. 171 I 

gives 2Pp if we suppose the curve symmetrical. Starting from i 
P we can find the change of induction produced by a sudden 
diminution of the current from its saturation value. Place a 
resistance in the shunt box S (Pig- 170) and knock out the key. i 
Eead the throw and the ammeter (point a). Since — Bp is 
known and also Bp, we can find Pa. Eeverse the current with 
the key, and again observe the throw. Since P^ — Pa is known 
and also Pa, P^ is known. Proceed similarly to the point Q by 
pressing down the shunt key, then to y by knocking it out, to 
S by reversal, and back to P. This gives a complete set of four 
points corresponding to a particular current, and any other set 
can be found by taking other resistances in the shunt circuit. 
Check the accuracy of the experiment by adding up the throws 
from P to Q and Q to P, which should give the same throw as that 
obtained by direct reversal of the saturation current. I 
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n^nd !? ,f T, ™ OJ sof. 

n and stalloy* (mhcon transform 



Numerical data as to the maximum values of J5 unri 
magnetism of various materials have alread;lfenTet 

128, IJamping of galvanometers bvlnducMAT, c 

r " ““ -s: 

Md of the toed magnets 

rtroLtder^t ZfZ ZvT<^l1 ‘“t"’™* 

* I am indebted to Mr B. Stroud for tbis ourve. 


272 


INDTrCXIOlSr of CITREBlirTS 


[CH. 


fibre, e tbe small angle wHcb tlie plane of the coil makes with H 
at time t, ad the torsional couple due to the fibre, a retarding 
couple due to air friction. If N is the total flux of magnetic 
force through the coils, the couple on the coil is ^dN^d^ due to the 
magnetic field, and its equation of motion is 

^ dt^ ^ ^ ^ 

The effect of self-induction in the coil is generally negligible, 
and the law of electromagnetic induction becomes 

Ei=- dN/dt. 

Since N is approximately equal to nAHd, we have 

d6 
dt ' 




R 

Hence the effect is the same as if / was increased to/-l- 


R 


[01 


We have thus a ready means of controlling the damping of a 
balhstic galvanometer by altering the resistance m circuit. The 
damping is very great when the galvanometer is short-circuited, 
and the spot of light comes to rest almost immediately. 

Fig. 173 shows one way of connecting 
a ballistic galvanometer to a circuit, by 
means of a two-way key which allows B 
to be joined to A or C at will. When BO 
is joined the galvanometer is short-circuited 
for reading the zero, and when AB is joined 
it is placed in circuit. The larger the re- 
sistance in circuit the less the damping, 
and thus it is often necessary to have a 
considerable resistance in order to make 
the damping small enough for an accurate 
application of the damping correction (Art. 

83). In measuring the time of swing of a 

galvanometer it is advantageous to set the coil moving through 
a large arc and then to disconnect it altogether, leaving the 
oscillations to go on on open circuit. 

An interesting application of the principle of electromagnetic 
damping occurs in the Grassot Fluxmeter, which is essentially 


TO CIRCUIT 
Fig. 173 
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a movmg-coil galvanometer witt a vei-v wool x • • 
so that the predominant force on the co^ is tStXe toTlf f '5 
magneto. Any change in the iinx of magnetic Vttr \ 

the external circuit sets the coil in motion and ^2 ? 
damping subsequently brings it to rest’ ' 

can be shown that the'^rngle Lid 

mately proportional to the total change^of Thel^^^T'’ 

of motion of the coil, in fact, is now mjd^ = On^nt! "" 

tion with respect to t we have Udf — n ■ ja / 7 ' mtegra- 

initiallv and finally The law ff elc 1 vanishes both 

y- me law of electromagnetic induction gives 

dl\f 7/1 ® 


dN di do 

+ Lj^ + nAH^^+Ri=0, 


dt 


lA/l/ 

and integrating once more with respect to i we have 

N,~N^^nAH{d^~e^), 

where 6^ is the initial position of the coil and 6^ its final position. 

129. Alternating currents and potentials Ti v 

stuM «I, cutrenfa varying petioaically rritii tie «r. ^ 

Such currents generally alternate in produced, 

direction during the period, and are 
therefore called alternating currents. 

Ihe simplest alternating current is 
^ven . by an expression of the form 
«■ = / cos - a), I being called the 
amfhtude, and similarly the simplest 
alternating potential is given by 

= F cos {ft — a). 

The principle of the generation of 
alternating potentials will be under- 
stood from Kg. 174. A coil of wire, 
capable of rotating about an axis, is 
ngidly connected to two sUf -rings A B 
on the same axle. These are soHd rings 
of copper fastened to the ends of the 
coil and insulated from one another. 



P. E. 


I'ig. 174 


18 
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Suppose now that the whole rotates with uniform angular velocity 
oi in a uniform transverse field E. If the plane of the coil makes 
an angle a>f with the direction of H at time t, the flux of force 
through it is = HA sin wt, where A is the area of the loop, 
and the e.m.f. of eiectromagnetic induction - o,HA cos o^t. This 
is therefore the difference of potential between A and B on open 
circuit. Strips of carbon (caUed brushes) can be pressed against 
the slip-rings and attached to wires for utihsing the alternating 

potential generated in this way. 

If the field is not uniform the potential difference remains 
periodic, but is no longer given by a simple formula. We shall 
define an important quantity in connexion with periodic currents | 

and potentials not necessarily of simple harmonic type. An | 

alternating current is said to have the effective value I when its 
heating effect in a given coil is the same as that of a steady current 
I. If i is the value of the alternating current at time t, the 
heating effect in a coil of resistance R in time di is Ri'^'dt, and in 

a whole period Rj^i^dt. This must however be equal to RPT 

by definition. Hence the effective current I is given by 

P=irpdt (17), 

J- J 0 5 

and for this reason is often called the root-mean-square (r.m.s.) * 

value of the current. Similarly the effective value of an alter- 
nating E.M.F. is given by. 

V^^^J^Pdt (18). 

i j 0 

We sball see shortly that the effective values of alternating 
currents and voltages can be read off directly in a large class of 
alternate current measuring' instruments. It follows easily from 
the definition that the effective value of .a siiliple-harmonio current 
of amplitude I is 1/ V2 , and similarly for the voltage. Hence an ^ 
alternating current voltmeter applied to a simple-harmonic b.m.e. 
of amplitude 100 would only indicate 70-7. j 

130. Examples of alternating current circuits. 

(1) Circuit containing self-inductance and resistance. Let 
an E.M.E. 7 cos pt be applied to a circuit of self-inductance 
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‘ by .ie 

(19)_ 

The complementary taction of this equation ie ^e-»/h m.d 
diminislies rapidly with increase of t. Hence after .nL v ’ 
current ^1, he ^uen entirely by the p^SeltS^^ 


This may be written 


where 


i — y ^ Pt + Lp sin y t 
ntten 

i = I (io&{pt~ a) 

^ ^ 7rr~» i> a = 

(£ 2^2 + _R 


^y given stage in the current i occurs later than the corresnondinfr 
stage in the apphed voltage by a time t given hypt = a- the and! 
« IS called the lag of the current beHnd the voltige. ' ^ 

The work expended in a complete period T is T vidt, where 

V IS the instantaneous value of the applied voltage" Hence tlie 
work performed per second by the applied voltage, or the power, is 


1 

Trr / dt 


In the present case u = F cos pt and * is given by (21), so that 

/ T 

cos pt cos {pt ~a)dt 

0 

= \VI cos a. 

The efiectiye values of voltage and current ate TM and 
respectively: thus the last equation nr.y be writen ' 

IF=F7cosa ....(24), 

where F and 1 are understood to mean the rooFmean-square 
values It IS easy to see that the work done is entirely expended 
in heating the circmt, and that none is done in the long run Lainst 
electromagnetic induction. We notice further an impornt 
property of inductive circuits, ' namely that of preventing the 
passage of current to a greater extent than non-inductive circuit 

18—2 



and V^-Yc=T co&Tt' 
Hence we find on addition 


Tlie particular integral of this equation is 


be written in the form i — 1 cos (|M ■ 


2 = Uli-r , tana-- ■ m- 

JWp 

The angle a is essentially negative, so that th(^ curnnit IvikIh tin' 
applied b.m.f. 

(3) Circuit containing capacity, self-inductance and rcsistanrc. 
This is the most general case. If the coil in Fig. 175 has self- 
inductance L as well as resistance R, the equation Vu If /’< 
is replaced by Vb~ — Ldijdt + Ri, and (‘Jo) liy 

• LG^ + RC~ + e = -Va cos yt (-27). 
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The partieukr i. i - I oo. - a) ^ before, rtere 

1 


7 = 


~ ujj + -S’!*' 


tan a = 


Lp — 


a 


Cp 


...(28). 


«m Ws1°r' function 

on ^ pt^Tdnle oSr ? TT* ““ >>' constructed 

t ^ electrodynamometer (Art. 88). Suppose 

t we have an electrodynamometer eonsistinff of a mo’Jnv 
cod galvanometer in which the permanent magnets are r“Zed 
fey a cod, and suppose that a current flows LougTthfied 
and movmg cods in series. Let 7 be the moment Sinertrof 
he moving cod about its axis, /.d the restraining couple due to 
the suspension for a deflexion d, the couple due to tt cZen^ 
.passing through the coils. Then the equation of motion SX 

r(Pe 


dfi 




.(29). 


Integrate the last equation from i = 0 to i = T. Then the left 

h“ :t'Sr ntr tilt 

But the coefficient of A is P wherp T" i 

j.- ^ ’ wnere i is tne effective value of the 

of the cod. Hence A7. = In practice the moment of inertia 

d.«»urrrd St?”" ” ^ 

AP = JU0. 

Equation (29) however shows that we should obtain the same 
^uation If a steady current 7 passed through the coils. It Mows 
that t/ an dectrodynamometrio ammeter is graduated with direct 



current, it will read effective values when used on alternaUng current 
c'i/yc'iiii/ts 

The alternating current voltmeter often consists of an electro- 
dynamometer in series Avith a large non-inductive resistance, and 
the preceding remarks apply without modification. It is obvious 
from the definition that all thermal ammeters and voltmeters 
read effective values on alternating current circmts ; and since 
these two types represent almost all the accurate kinds of alternate 
current instruments, we may say briefly that all such instruments 
read effective values directly. It should be noticed that an 
ordinary moving-coil galvanometer cannot be used with^alternating 

currents: for the mean deflexion is proportional to idt, which 

vanishes in nearly all practical cases. These instruments would 

then give no reading whatever. 

The wattmeter is an instrument? giving the power consumed 
in any part of a circuit, for example a coil, by a single reading. 
If V is the difference of potential at time t between the ends of the 

1 

coil and i the current in the circuit, this power is ^ J ^ 


CURRENT 

terminals 


VOLTAGE 

Terminals 


Fig. 176 

The ends of the coil are joined to the “voltage terminals” of the 
wattmeter (Eig. 176), which go to a moving coil mounted between 
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1j< filings like tliat of u milli voltmeter, and the “current termirxQ^i ,, 
are placed in the main circuit so that the current i flows throii^i" 
a hxcd coil taking the place of the permanent magnets. 
cm-rent in the moving coil is proportional to w at any time 
the couple between tlu^ two coils proportional to vi. A aira.-^! 
extension of the prec^eding theory shows that the deflexion of 

moving coil is determined entirely by the quantity ^ j^rndi ; tlx^t 

* *" *he coil. The instrument is graduated 

wit I direct current, using steady voltages v and currents i, applf^^ 

tronundeperulentsources. For the practical use of the wattmet«->* 
HOC Arts. 15f!, 157. meteor 

Among the sensitive instruments used in the laboratory for 
<let(‘Cting, but not measuring, alternating currents we may mentioaT. 
the telephone, receiver and the inbrmion galvanoimler. The principle 
of the former, which was invented by Graham Bell in 1877 
shown in Fig, 177. TluMHirrent from the 
terminals T, T passes through two coils 
wound over a horsi'-shoe magnet MM. 

Just in front of the magnet is a dia- 
phragm D of sheet iron. A changing 
current in the coils causes a fluctuation 
in the force w'ith which the diaphragm 
is attracted, so that the latter is set into 
vibration. The natural period is made 
to be somewhere in the range of audition, 
and the instrument is at once most ac- 
curate and most pleasant to use when the 
freijuency of the impressed eurrent is that 
of some ordinary musical note. 

The vibration galvanometer has many 
forms, one of which consists of a bal- 
listic moving-coil galvanometer of high 
natural period, which responds readily to 

curremts oHts own freciueney. The natural period of oscillation, 
of the coil 18 adjusted to be equal to that of the source of 
alternating current used. 

A lamp and scale is used, and a band of light is seen on tko 
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seal., whose width XwSh°L 

eibratioa of the moving cod. ‘ Tl... vil.rali.m 

that the current is zero, or at ^ for 

S' applied eliSmating n.M.F. is fa. fmm being ol pore 

132. Measurement of inductance by alternating cur 

rents Aconvenientsourceof alternating i)oient.nl is a s.uall rotary 

SSeitfr (Art. 163), whioh give, a nearly sbuple bar, ,i,i,.r. 


Fig. 178 

The connexions are as shown. The sel t-in<h.ct,ancc of f he alt ornate- 
current ammeter is usually small in comparison with that of the 
coil L, and may be neglected. Let R he the sum ot tin- resist anees 
of the coil and ammeter. Then if F, / are the readiiigH of tlie 
voltmeter and ammeter respectively, and 'Iv/p the periodic tune 
of the simple harmonic b.m.f., we have 

F^ = P (Pf + R^), 

for it is easily seen that equation (22) still applies whim eifeetivc 
values are used instead of amplitudes. Ne.xt repltiee, the souree 
of alternating potential by an accumulator, and adjust the rheo.stat 
till the ammeter reading is the same as before. If F„ is the 
voltmeter reading, 

y 2 ^ jtp/2 

whence ^ = P Fo>* W 

The frequency pj’inr of the alternating current is simply related 
to the number of revolutions of the rotary converter jier seeonil ; 
or it may be measured on a frequency-meter (Art. irsl), and p is 
therefore known. Hence L is known from equation (:!d). 
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Mutua H..luctatK-..s ...ay also be measured in this . 
Suppose that w.. hav,. two coils of known self-inductance X ?' 

■ r , “ '; "" ■■""•■"t- a on» of th» ooik i„ 

‘ th» .elf-inductaoco booonT" 

/■ ' *^**''''*' fwo measurements with the comt:>r^ 

I'i'llnli'il' f'i"' '’i : of Uio latter mirc^'* 

:::::::: "r ** * 

AlyioK,. ,.,in,-rit are not >o acenrnte n» t-T, 

'"'I. .rort ™rr,.,„, for .oven, 1 1„ ^ 

IS not iitii; III a feniatitHr r.iit.,.,t„+ .1 . . r^xxexe 

wi.l, ,o,rro,,; : ‘ 

r» Hit 40(1 ths iCl.M.F, iiulintuinod 

accumulator. Alt<*ninting currents always vary sliVhtlv 
t « ntii h sfeiidy. Ajjam, direct current galvanoim^ters «-»- 

eiirrenl .|,„i 'i, ‘'‘"""'■'■'“'"'"“"'■'‘o ■■Btrnniente re,,, lire moie 

cut, ami It O ten happens that low-reading a.o. voltmeters 

take an appriwiahle fructiou of the current in the circuit! Low! 
tTm pou-^r^uir.llTv- which makes 

1 l atul by the wattmeter. Kloctrodynamometers are by xxo 

reuulilJ oMl!m^ frequencies tke 

k Intnml iirntruineutH are genemlly more reliable. 

133. The generalised Wheatstone's bridge for alter- 

the Whiatstones bridge (Fig. 179) which covers all cases of 

or vihlnlhnfm!rv“'‘‘’‘^^ ^ telephone 

If c-I !■!! V contain a condenser 

resistlcc // !'„!! r?r self-inductance L, ana 

Trr ; ,7rT ^ conducting liquid. If no 

variable oiianti! Let all fcke 

the e..prcs.s.onH may be taken if desired for physical interpretetion. 
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. 1 . 4 R C 2) denote the potentials at the four c-orners 

Further, let A, B, C, i' charges on the plates 

of the bridge, ± e^, ± ± 3j 

of the condensers at time t. 


Fig. 179 

The difi...nce o( potential between the plntes ol (/. bemg 
tJCi, the internal onirent in the condenser is e,/p,t,. lienee 

J = deijdt + 

and = + C'l' 

Substituting ip for the operator djdt, we have 


The three similar equations can easily be written down 
berinff that B = D vr^ therefore have 




vin] 
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The conditions of balance* are obtained by equating real and 
part* of tti, o, nation, aft» croLo. 

The results in particular cases are of course simpler Thus 

“» -n beloatod ^ 

P § Pi P 2 p3 — p 4 ~ 0, wMch gives 

^1^4. - RzRs = (L 4 L 4 - L^Ls)) 


"b' Ri-I'i + R^L^ ) 

Thes,»„dirtons»Iln„tbe3ati»fi,dfor.Ilfr.qnen»^ 

1/1 2 IR 2 , L3lR3 = LJR^, or LJRi = LJR, LJR = L m 

2 aat tie bridge cannot b. balanced by adjneting the teeistoee'i 
. n general all that can be obtained by a single adjustment 
IS a mimmum sound in the telephone. 

equftion^?n“^°'' m magnitude of the terms in 

orthe Wb. rJ la ^ 

causes 17 * ® presence of various disturbing 

arf 7 fiQw^ example, in measuring the resistance of electrolytes 
liqmd IS enclosed in what is really a paraUel-plate 

^tf G ? d ! Zl “ comparison 

e^ual t^ f"^7 i’ approximately 

qual to pj. If, on the contrary, 1/p, was smaU in comparison 

rblu^'lf 7^-!^'^ 7 measuring the capacity of the condenser 
when filled with the hquid, that is the dielectric constant of the 
hquid, instead of its resistance. An example will make this clear 
het C, consist of two parallel plates 5 cm. in diameter, distant 
cm apart and let L, = IQ-’ henry, R, = 10-2 ohm (the order 
the irreducible inductance and resistance of the connecting 
leads). If the condenser is filled with distilled water of con- 
ductivity 10- (cf Art. 170) we have p, = 1-02 x 10« ohms, and 

fvT7u7 7 to be 

7 X 10-u farads. For p = 500, 1/p, is stiU large compared with 

* Tbe reader who is unacoustomed to the use of imaginaries should notice whv 
Quite 7 “ 71 the calculation of the current in BD had been performed 

7 methods, it would have appeared in the form 

? 7*= e= 0 are therefore Lcessary if it is to 

vamsh. The amplitude of current in alt these cases is of the form (Pa + Q‘)i. 
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tude, and finally for high frequencies of the older ;/i • < 

oscillations) the capacity term predominates. 

134 The alternating current transformer. The sunplcHt 

type of alternating current transformer's Faradays iing ( ig. 
157) consisting of two coils wound on the same iron con. ^ 
alternating current flowing in the 

in the secondary and give rise to an i;;;;;;: 

from applied, to tlie primary. 1 ^ . f 

practically all the lines of induction due to the ' ' 

pass through the secondary, and mcc ama; hut > 

Luld he complicated hy hysteresis we may req . se nt all th 
principal features of the phenomenon hy the foUm'mg 
Lrangement. Let us have two endless solenouls <do».‘ y uiter- 
wound on the same ring so that the lines of force > 

in the interior. Let % be the number of turns of flu 
solenoiis, r the mean radius of the ring. V\ him unit current 
flows in the first solenoid the magnetic force nisule the core_ is 
2nJr, so that the fluxes of induction through the two solenoids 
are LmIt and 2nin^Alr respectively, where A is the area of the. 
cross-section. Hence L, - 2n,^Al'r, M - 2n,«,/l/r. and similarly 
Lf= 2nMlr, so that L^, and iff satisfy the condition 

m- 

This may fairly he taken as the condition that no lim>s of forias 
escape between the two coils, or the condition of no magnetic 
leakage, as it is called. 

Let an e.m.f. V cos p he applied to the primary as shown 



in the figure. The eflect of self-inductanco in transfoimers 
generally predominates over that of resistance, so that in this 
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■vt‘ may naglect the resistance of the coils a. 
;uy circuit he completed by a non-induct 
the et|uutions for the currents are 


■gether, 
“ I'esist- 


! f'f t I ? T‘ ^ and the second by 

left-hand .sides hei-onie e,,ual by virtue of (32), and we 

n * M 

Now /f/„ is the difTen-nci of potential between the ten 
the secondary cod, an.l d///, ... . Hence the < 

in he secondary is the fraction V„, of that applied to the 
If the secondary has many turns the k.m.i-. developed i 
greatly exceed that applied; if few turns it will he uro 
< urn. t Ills a simple means of tramjonnhiii alternatini 
by eiectromagnetie indiietion, ami this is the chief rn.«„ 
extensive use of alfermiting currents in mod(>rn electrical 
I he current m the secondary dilfera by a phase of 1; 
the h.M.K. applied to the primary for all values of R. The, 
current is easily calculated hy substituting from (;M) in 
of tha cHMUitianH in, rl rr . . 
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Fig. 181 

a large b.m.f. is induced in a secondary coil of many windings 
when the current in a neighbouring primary coil is siuldcnly 
cut off Pig 181 shows an induction coil as now manufactured 
for sparks of medium length, and Fig. 182 the internal connexions 
with the exception of the secondary coil. The battery is connected 
to two terminals generally marked P and N, and the. instrument 
also contains a commutator R which is the same in principle, as 
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jjn ordinary roveming key. The primary coil conaLsts of 
4 K) tunm uf flunk copper wire wound on an iron core AB 
<> : a l,un<l!(> ol .soli iron wires, the resistance of the coil 
the ,u-der of - ohm. The hammer li is a short iron 
attac-hed o a stilf spring, carrying on the remote side Z 
piece of platmum B. A similar piece Q is fi.Ked on the ead 
screw so f hat .is distance from P is adjustable between cer? 
bnute, and the position of the hammer can also bo adjusted T 
a screw ,S which pulls ,t away from the core. A conderiseir 
of the oid.>r o 1 microfarad, is built into the base of tlic instriiKm 
ami connected ns a shunt across the platinum “break” PQ 
secom lary eo.I co..Hi.sts of about 15 miles of thin copper wire ha,^ 
a resistance of from ten to fifteen thousand ohms The 
layrirs of the cod must bo most carefully insulated from o-?* 
another which can be ,bne by interposing a paper disc 
with shellac betwemi each successive pair of layers. The secoticia ^ 
IS enclosed m a thin ebonite cylihiler and its ends brought SS 
0 Uvo terminals to which pointed conductors are attached fo! 
testing the length of spark produced. 

in msing an induction coil it is best to begin with the screw 

primar\. I he platmum point Q is screwed up till it is about 
millimetres from P, and the hammer then brought forward 
slowly by means of fho screw 8. The coil will begin to act a, 

b ak. h.Messive sparking is undesirable as it destroys tbe 

Sween'yr distance 

. 11 / and Q is too great. The platinum contacts will become 

whh ITnl be smoothed at intervals 

tlm ri on the use to which 

anrso t h’’ t discharges 

press re n^T 7 ‘ ’ T” «^P« atmospheric 

the * but 16 volts is 

inLZ7l l additional resistances are 

the cll! T7 f ® 7 ^ Q feouciL, 

rtint t ‘ flows through the primary, 

f, o a ma.ximum somewhat as shown in Kg. 163. The iron 
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core AJB becomes magnetised and attracts tbe hammer H, thereby 
breaking the circuit. The attraction disappears -with the current, 
the hammer springs back and again makes contact with Q, and 
so on. 

When the circuit is broken part of the current continues to 
flow for a short time across PQ as a spark, and a momentary 
current also flows into the condenser (7, charging it up. The 
subsequent current in the condenser circuit is probably oscillatory 
in nature (cf. Art. 176), dying out before the circuit is closed 
again. In this way the core is efiectively demagnetised in a very 
short time after the breaking of the circuit. The change of 
induction on “break” is thus much more rapid than that on 
“make,” resulting in a much greater e.m.f. in the secondary. 

If the secondary coil is closed by a circuit obeying Ohm’s law, 
alternating currents flow in the circuit. For if E is the total 
resistance of the secondary and N the flux of magnetic induction 
through it due to all causes, the cixrrent at any time is given by 
dN/dt + Ei = 0. On integration between limits 0 and T, where 
T is the time of oscillation of the hammer spring, we find fidt = 0, 
since A resumes its original value. Hence the total charge 
passing any point of the secondary in a period vanishes, so that 
the current must alternate in direction. This however is not 
necessarily the case when the coil is used to give spark discharges 
or to work Eontgen ray bulbs. In these cases the e.m.f. induced on 
“make” is not sufficient to break down 
the insulation of the air, but a current 
flows only on “break.” The current 
is then practically unidirectional, and 
can be reversed by means of the com- 
mutator in the primary circuit. 

The hammer interrupter is not suit- 
able for working large coils, and the 
making and breaking of the current 
has to be done by other means. The 
Wehnelt interrupter (Fig. 183) is essen- 
tially a large electrolytic cell containing 
dilute sulphuric acid. The cathode is 
a large lead plate, the anode a platinum 



Fig. 183 
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Wire projecting slightly from a potoolain tube the lenrtb of fr.. 
we bemg adjastable rth a screw. Wien wridni thT 11 f 
a somewlat disagreeable noise and r^dfi^dr^: 
a luminous glow. The eurrftif ir^nir. * 1 . oi^j-iounaea oy 

•d-t. i. current under these conditions is infer 

of thi 

rnp'^Xl °* ““ " 

one of wliich. is shown in Fig. 184. pi I I 

A cyhnder 0 has a nozzle at the +| | 

lower end dipping into mercury, H' I — 

and also a side- tube T some way 0 a P 

up. The nozzle is so shaped that I 

when C is rotated rapidly the mer- ^ — I — J — * J 

cury rises and is ejected at T. The 
stream falls on a metal plate P I 

bent in the form of a sector of a ^ 7 — - — 

circle, so that the current between 

0 end P is interrupted regularly whenever the evhuder teaches « 
certain position. The whole cylinder and reservoir is IneW in 

an air-tight case and filled with coal-gas. 

can be worked off the electric mflin« 

m series with a high-current rheostat. ’ 

136. Eilihu Thomson’s experiments To+ o • 

made up of a bundle of iron wires bound together be inserted^^in 
a hollow solenoid so as to protrude from one end Ld 100 ^ /^ 
alternating current sent through the solenoid. H the rodTw 
vertically, an aluminium ring shding over it will i • 

on applying the current and hang freely in the air without b 
suspended. The position of e,4,bri„r u^U hrslt „ ,8® 
mg will return to its position when either lified or raised Ewh 
if the nng is forcibly held down bv hand if Ttriii la I^urther, 

few second, too ho[ to hold ^ » ''“'J’ 

These facts are all in accordance with theorv and a 
mteresting euample of electromagnetio indncln On acctjft of 
he spKadmg out of Mne. of magnetic force sideways W tii. 
ood and magnet, there will be a radial component S » 




Flujx 
N COB pt 


2qq induction of cubeents [oh:. 

force .t >11 pomte of the ring, which we mey write fl cos pe 
(Pig. 186). In addition there will be a periodic flux of induction 


H cos pt 


Fig. 186 


Fig. 186 


through the ring, say N cos pt. If L, R are the self-inductance 
and resistance of the ring and i the induced current, we have 

+ Ri= Np Bin pt. 
at 

The solution is f = X cos pt Y sin pt, where 
V W y „ 

^ - xvT'iS® ’ i-p-iP 

The radial component H cos pt acts on this current and produces 
a vertical force on the ring which at time t has the value 

- ^TriaH cos pt= - ^maH cos pt (X cos pt + Y sin pt). 

The force varies within a period (and its lluctuations can be 
distinctly felt while holding the ring). Its mean value is 

-■naEX^iTaHLNfl{Uf \ B). 

The mean rate of development of heat is easily seen to be 
\R {X^ + P) = RN^fl2 (I/f H- B^). 

As an example consider an aluminium ring of 2 cm. radius, 
the diameter of the cross-section being 2 mm. Then L = 83-5 
true E.M. units, and 2? = 1-2 x lO-^ ohm == 1-2 x 10« E.M. units 
If the core is of soft iron, fully magnetised for the maximuiu 



wdtotioh ow ovmmTB 2q j 

<ninvnt nnd of diaiuotor 3 cm iV'-*lAAAAn mi 

^lit at the iittfi, Hhowmg that the two forces are of th^ = 
<>nl<T of maL'iiifudo I’ti,. e i , ®^»ie 

*» '>•' ■' 10^ ergs or «« of heat is found 

iH'at of nhu.unium is (KM 1*1 specific 

- -ii> ™ 

<!l Jn» th wrratJh ““T ”'“**■ 

|.«rti<-ul,.rly U,;,«,. „„„.a j, ^ plMomena, 

Helds. Such .dfects i„ fact nr., I oonduetors m magnetic 
(.......I to. ,,1,„ ton,! « “■P™-” ‘>'«ady 

Hehl (Art. <).% ■ ^ magnetic 

!nl » I '"7 “"'■<«"« at interval, with tha mol^ 

ia aupmannl "!!!' tl„. i, f however, ite velocity 
«l«tn,„! l,t ;l!elt Tt!te7h ”T 

..a they an, “I™ 

bet » be the a,.,(„l,r velocity of the diee, S the niaonetic 

l“f r,;i:/ ';r; p»p»j:oai!;rtt: 

- be a.—: ■2rr::ir;rz’!rirL‘ 

“ '"“P •’* “'“‘“ta 

tad u, vecto . ir ■" ‘ P^Vmdhnh, to the 

w lITf mechanical force exerted 

In of 1 radially outwarfs 

I oUmr words, there is an apparent electric force, or Co 

u t imrgc, of magnitude //rw/c in electrostatic units, or £co 

™ -‘i'ssXu’.'s.i: 5,.X":r£ 

.10—2 
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and axle by a wire electrons tend to flow back again to the 
rim, so that the direction of the current is correctly accounted 
for by the theory. 

The work done in moving a unit charge from the axle to the 
rim, or the difference of potential between the brushes in Kg. 168, 

is w Hrdr in electromagnetic units, where b is the radius of the 

rim and c that of the axle. Now the flux of magimtic force through 

t]l6 Sp£lC6 lb6tW66Il ttlB rilXl SiiHd Exlc IS JV ^ Stt I IlTilfi Elici 0 ) 

where n is the number of revolutions of the disc per second. 
Hence the induced b.m.!". is 

F = nN electromagnetic rinits (36). 

The effect of magnets in retarding the motion of neighbouring 
metallic masses, or of having their own motion rcitaixied by their 
presence, was examined by several experimentiirs prior to 1830. 
Thus Arago found in 1825 that a magnet suspended over a metal 
disc tends to follow the motion of the disc when the latter is 
rotated. Babbage and Herschel, who repeated Arago’s experi- 
ments, found that the magnet ultimately came to rest making 
an angle 9 with the meridian, where sin 6 was ])roportional to the 
angular velocity of the disc. The ord(ir of magnitude of the 
effect in different metals was also found to Ixi that of the con- 
ductivities of the metals. Moreover, when the continuity of the 
disc was destroyed by radial cuts extending nearly to the centre, 
the deflexions were very much reduced. 

These effects were first adequately explained by Faraday in 
the two papers already cited, in which it was shown conclusively 
that they were due to currents induced in the metals by the 
relative motion of the disc and magnet. The electric forces 
generated are entirely determined by the strength of the magnet 
and the speed of rotation ; but the currents are smallest in discs 
of low conductivity, and their circulation is also hindered by 
cuts which destroy the continuity of the metal. 

The heating effect of currents in metallic masses was first 
observed by Foucault in 1855, whence the name Foucault currents 
often applied to them. Consider the case of a solid cylinder 





induction of ourebnts 

rotatir.fi in a lin],] perpendimlar to the axis tFiff 
velocity at a point P (r, 0) „f a cross-section is m lfr T' 
to the ra.Iins vector, so tl.at an electron at P would 5 
a force - mo// nin (.{„ i- d) parallel to the .-axis^ 
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Magnetic field 
Fig. 188 


imlucerl electric force is of nnianitude - ra>// co« 
v.rti,»lly |,i„. |8(, “>9^ 

currant* woiilil n,,,™ i„ tha central parte of the o Winder Tn 
entrente w„„|,l |,„ ^ dtec .See 

tr' t'Z t" oontinnou. *00^0^ 

It tl r jS “fr'"?™ •«-"e 

paralkl tn the a.Kis an<i insulated from each other, ft can 

of I fe e ; ; '« adopted in the armatures 

prevent the loss of onnrgy that would otherwise occur. • 

138. Detenalnation of the ohm in absolute measure 

I r r -i b* a”r; 

th. n«r nf '/ V”?' ‘ <'*”>■ depending on 

«W. of haraday s rotating disc. The following aCTaneement 

mifiiTrfFig!*r«s/f reat accuracy is not 

with *“^8 concentric 

w th to! ! 1 f contact 

the rim and axle of the disc respectively. 22 is a standard 
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coil wiiose resistance is required in absolute electromagnetic 
units, S and T other resistances whose magnitudes are known 
relatively to that of R. The disc can be driven at a rapid and 
uniform speed of n revolutions per second by a belt from a small 
electric motor, and is fitted with a counting device for registering 
the revolutions. 





Fig. 189 

A deflexion of the galvanometer will generally occur on 
rotation even when no current flows in the coil 0, on account of 
the earth’s magnetic field and other stray fields causing a flux of 
force through the disc. This deflexion is taken as the zero and 
T adjusted till the deflexion does not alter on reversing the 
current in the battery circuit. The fall of potential down S due 
to the external current is then equal to that generated by the 
rotation of the disc in the field of the coil (7, so that equation (36) 


RSi 

R + S + T~'^^' 

Let Ml be the mutual inductance of the coil C and the rim of 
the disc, calculated for a single turn in the mean position of the 
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s 

^ S + T "" (^1 ~ -^2) ( 37 ). 

already given fcf 

wiV -ties of rTt S 

X ,s given by this eqnntdon in .bsotee eI«,tron;g„,tic 

Zeir “’“T' “““* f+r and shunt the Lens Isc 

becnmMsta4y*L'r(J/°lLr BZtith“ 

t°hL‘SrlAoS\T“‘d ''Zv^frZM 

balflnee TJ 1,*^ means of obtaining the 

very pracZable *° °‘ “ ■>»* 

“i®t^ods have been used to determine resistances in 
absolu e measure, all depending on the principle of elecj 
magnetic induction. Thus the ordinary method of measurSt a 

rtri^otw r T®®*' ^ ^^^pa^g it with a resistance X, 
m terms of which other resistances R, S,' Q are sutmosed +n 

X^3ld beli’' k whereas in the laboratory 

or oltrf! theoreticaUy from Neumann’s formula 

meLmT experiment to determine Z in absolute 

The older experiments seemed to show that the ohm is the 
•esistacn, at 0-0., of a column of m.ro„,y „f cro^ZfL 

P ice the diameter of the containing tube of the mercury 
resistance would itself be determined by weighing a column of 
mercury, so that it is expedient to define b/weight instead of 

lA iqoTd'fi T'ei, mternational conference held in London 
m 1908 defined the tnternational ohm as the resistance offered to 
an unvarying electric current by a column of mercury at the 
temperature of melting ice, 14-4521 grams in mass, of a ‘constant 
cross-sectional area and of a length 106-300 centimetres It had 
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previously been found that resistance standards consisting of 
mercury columns in glass were far more reliable than wire coils. 

Of all these methods that of Lorenz is generally considered 
the best. Nevertheless, until quite recently the results of the 
most accurate absolute measurements of resistance were uncertain 
to about one part in 2000. The chief diflEiculties that have to 
be overcome are as follows. 

(1) Secular changes in wire standards of resistance. While 
carefully constructed mercury standards can be relied on to about 
two parts in 100,000, the best resistance coils are liable to alter 
in time, the change in some cases exceeding one part in 5000. 
This seems to be chiefly due to the effect of moisture on the shellac 
used to cover the wire. Eecently hermetically sealed coils have 
been introduced, and are found much more reliable. All coils 
should however be frequently compared with mercury standards. 

(2) Effects due to rapid variations of terrestrial magnetism. 

(3) Thermoelectric effects at the sliding contacts of the 
brushes. Such effects are liable to sudden changes which, like 
the foregoing, render it difficult to obtain an accurate balance. 

(4) The difficulty of keeping the angular velocity of the 
disc sufficiently uniform. 

A very careful determination of the ohm has recently been 
carried but by F. E. Smith at the National Physical Laboratory. 
In these experiment^ two discs were used, the cu|:rents in the 
two sets of coils circulating in opposite directions, so that the 
effect of terrestrial magnetism is eliminated. Thermoelectric 
effects were much reduced by this arrangement and by the use 
of a special form of brush resembling a violin bow, lubricated with 
petrol. Further, it was arranged that the edge of the discs should 
be in a region of zero magnetic force, so that a slight uncertainty 
as to their diameters should not affect the mutual inductance 
between them and the coils. The axle carried with it a commu- 
tator which charged and discharged a condenser in one arm of 
a Wheatstone’s bridge (cf. Art. 140) ; and by keeping the bridge 
balanced during a run the speed of rotation could be kept very 
accurately uniform. 

Smith found that "the international ohm is equal to 1*00052 
absolute ohms, with an estimated probable error of 4 in the last 
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place. It thus appears tliafc the true ohm may be defined tn 
an accuracy of about one part in 26.000, as the resistance of a 
mercury column of mass 14-4446 grams and length 106-245 cm 
the area of cross-section being nearly 1 sq. mm.' as before. " 

139. International and true electrical units. Xi M p 
in absolute measure. The true electrical units are defined 
m a general way without reference to the feasibility of any testa 
that may be i nipluHl . Thus the ampere is specified by its magnetic 
chect. In this case the definition is practically useful, as it really 
amounts to supposing that all currents are measured with an 
electrodynamomef er of known dimensions. The case of potential 
ns however <iuite di fferent, the true volt being taken as the difference 
of potential between two points A, B such that 10’’ ergs of work 
are required to move one coulomb from A to B. The definition 
t)> energy m unsuifed for practical realisation, and in practice 
we are driven to take the ohm as the second fumianiental unit 
defining the volt as the difference of potential between A and B 
when the resiatance is one ohm and a current of one ampere is 
flmving. Fortunately, the ohm can be determined in absolute 
measure independently of all other electrical units, as we have 
aliown in the last article. 

The vnlcrnat tonal system of units recommended by the London 
Coiiforenco (1908) aims at being easily realisable in practice 
and at the same time sufficiently near to the true units for all 
but the most accurate experiments. It has already been mentioned 
that the mternatiomil ampere is too small by about one part in 

0 -.mr ufmi is too large by about one part 

m -000. I he8«>. errors are too small to affect ordinary ex periments 
aiul the mternatioual units have very properly been adopted for 
legal purposes connected witli the sale of electricity and electric 
power. The important point to notice is that the international 
units themselves can be reproduced with great accuracy. For 
example, the researches of Smith, Mather and Lowry have shown 
that the amounts of silver deposited by the same current in 
<1 (Uiiii silver voltameters agree to about one part in lOO.OOO 

1 proper precautions are taken, so that a current can be measured 
m international amperes to this order of accuracy. A slightly 


298 


mDTJCTioisr or currents 


smaller accuracy is attained in the construction of mercury 
standards of resistance. 

The London Conference defined the international volt as the 
difference of potential which, when applied to a conductor whose 
resistance is one international ohm, would produce a current of 
one international ampere. 

We have now to complete the account of standard cells given 
in Art. 59, by showing how their e.m.e. may be determined in 
absolute measure. A circuit is set up containing a silver volta- 
meter and a standard resistance of (say) one international ohm, 
together with a battery and a regulating resistance. A standard 
cell is placed in series with a key and a sensitive galvanometer 
so as to form a potentiometer circuit connected to the terminals 
of the standard resistance. The current is adjusted till the 
galvanometer shows no deflexion, and is then measured by means 
of the silver voltameter. If its magnitude is F international 
amperes, then the e.m.f. of the standard cell is F international 
volts. 

The London Conference recommended the following formula 
for the E.M.E. of the Weston normal cell at temperatures between 
0"^ and 40° C. in terms of its e.m.e. at 20° C. : 

Et = .^20 - 0-0000406 {t - 20)2 - 0-00000095 - 20)^ 

-f 0-00000001 [t - 20)3 . . . (38). . 

The value of E^q was taken provisionally as 1-0184 international 
volts, but this number was not insisted on and a committee was 
appointed to ascertain the most probable value to be assigned. 
Experiments A^ere accordingly carried out at Washington in 
1910 by representatives of the four principal standardising 
laboratories of the world, and gave the value 1-0183 international 
volts for the e.m.f. of the Weston normal cell at 20°. This value 
is probably correct to about one part in 50,000, and is now univer- 
sally adopted for standardising purposes. In the case of a cell 
whose E.M.F. at 20° differs from the normal value, formula (38) 
may still be used with the proper value of jBgo- 

Using the most recent value for the international ohm and 
ampere in terms of the true units, the e.m.f. of the Weston cell 
at 20° may be taken as 1-0188 true volts. 






known frequency _(« per second), one of whose prongs carries a 
projection which dips into a trough M containing mercury covered 
with a layer of alcohol. 2’^ is a fork of similar dimensions, and 
both forks are fitted with Biaall flat electro-magnet coils between 
their prongs, attracting the prongs whenever the circuit is com- 
pleted. The vvholo arrangement serves to maintain the vibra- 
tions of the tuning fork , in just the same way that the vibrations 
of the hammer of an induction coil are maintained. The current 
through both coils is broken regularly n times per second, and 
the tuning fork 2', is set into forced vibration, which may be 
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made as vigorous as desired by adjusting a small weight on 
one of the prongs. An insulated piece Q vibrates between two 
fixed pieces P, R fitted with springs, P, Q and R being connected 
to an electrical circuit as shown. In this way the condenser 0 
is discharged n times per second through the dead-beat galvano- 
meter G after having been charged up to potential V, producing 
a steady deflexion 6. Hence 

nCV - Jc9. 

The experiment is performed in succession with two parallel 
plate condensers of equal perimeter and separation. Subtracting 
eliminates the edge correction and the capacity of the leads in 
the experiment, ; and then 

(Cl - C,) 7 - k {6, - d,), 

where Ci — can be calculated in electrostatic units from the 
dimensions of the condensers. 

The galvanometer is then standardised as in Art. 68, using 
the same cell 7 and adjusting the resistances for a steady deflexion 
di — 02 • Then 

VX^R{S^G)h{e^-e^), 

The last two equations give on division 

nit {S + G) 

If derived units are used throughout, this equation gives — 0^ 
in farads. By reduction — C 2 can be found in true electro- 
magnetic units, and since it is known in electrostatic units the 
quantity 

unit of capacity 
electrostatic unit of capacity 

is found. Hence c is known. 

Maxwell devised a most accurate null method for measuring 
the capacity in electromagnetic units, which does away with the 
standardisation of the galvanometer. The condeiiser is placed 
in the arm BC of a Wheatstone’s bridge (Fig. 191). The ter- 
minals P, Q, R represent a vibrating tuning fork, so that Q makes 
isontact alternately with P and R. The phenomena occurring 
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Kg. 191 

(1) When ^ is joined the condenser begins to be charged 
up. and rapidly acquires its final bharge corresponding to the 

^ of ffio 

arm HL or the bridge. 

(2) When PQ is joined the condenser is discharged and steady 

The stage (1) ^ffers from (2) in superposing a sudden discharge 
of electncity on the steady current that would flow in the absence 
of the condenser. We shall find the condition that the total 
c arge passing through the galvanometer in a single period is 
zero, i.e. that the galvanometer should show no deflexion. 

Let the period (1) last from time t = 0 to t=T, the currents 
“formediate time t being as shown in the figure. Let 
V be the difference of potential between B and C at time i Then 


^ wv 

Gi + {h + i) = -y 
Rzh + i?4 (^ + i) = F 

Ri {i + j) = R^]^ _ 
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’ r2' 

jit, hit respectively: 
J 0 


Writing I, J, K for 
on integration 


Hence I - 

Let the stage (2) last from time t 
frequency of the tuning fork. !! 
given by y = 0 and 


Hence t (41), 

Vfl _ -^8 (^4 + 6/) + J24 (Ri + G) , . 

aiid y - ^ ^ 1^^;- 

It follows from (40) and (41) that the total charge passing through 
the galvanometer in the period 1/n is 

r , V /I 'r\- - (-^3 + -^ 4 ) Ri Gvo 


Hence the galvanometer will show no deflexion if 
J?3 F = w {Ra + R4) RiCvq, 

or, using (42), if 

p ^3 {^1 + G) (i?3 + R^) H- R^Ri . 

nR, {Ra + Rj) R^ {R, + G) + R, (R^ '-I- G) ' ' 

Thus the capacity is measured in electromagnetic units in terms 
of the resistances. 

' In the experiments of Thomson and Searle the tuning fork was 
replaced by a rotating commutator running at a known speed, 
and the method was modified so as to permit of the use of a 
condenser with a guard-ring, whose electrostatic capacity could 
be ascertained by direct measurement. 

A beautiful method of deternaining c by measurement of 
electromotive force was used by Eabry and Perot. By means of 
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2-982 X 10“ 
2-996 

2- 991 

3- 001 
2-991 
2-997 


their sensitive absolute electrometer iArt 4 ^^ tiiaTr r j xt. 

X 

^ ^ electrostatic unit of potential 

. . ®^®®*^o“^a,gnetic~umForpot^aI 

IS found to be 2-9913 x 10“ 

“““ 

Rowland (1889) 

J- J- Thomson and Searle (1890) 

Abraham (1892) 

Hurmuzescu (1896) 

Fabry and Perot (1898) . . ' ’ 

Rosa and Dorsey (1907).. 

the differ j® probable that c is less than 3 x 10“ 

the difference is certainly small and not yet known with sufficln; 

aco^TMy to toake it worth while to take it into acXt 

141. Localisation of the induced E.M.P. in a mo-inno. 
circuit. The law of electromagnetic induction tells us th! 
total F.M^F. produced in any circuit by electromagnetic indlbn 
that IS the Ime-integral of electric force round tL circuit R is 
of some theoretical interest to find what the electric force is at 
every point. We can do this for a circuit moving in a fixed 
magnetic field by means of the electron theory, as\as already 
been done in the case of Faraday’s rotating disc. Let PQ = & 
be an element of an open or closed wire moving in a magnetic 
field, the field-strength in the vicinity being H (H H F i and 
the velocity of the eWat a t 

pressed velocity u, the electrons in the element of wire have 
also a certain velocity « in virtue of the electric current- that 
18 , the component velocities of an electron altogether are u+ v 
% + u, + v,. Hence the magnetic field exerts on the gtoup 
of two “i^'^li^nical force per unit of charge which consists 

of two parts, one, the vector product of Hjc and. which would 
exist already m a circuit at rest; and the other which we are 
now seeking, the vector product of H/c and .. The resultant of 
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these is the apparent electric force in the position of the element 
as far as it is due to electromagnetic induction, the electrostatic 
efflect of any charges present in the wire or snrro-unding field 
being added "to obtain the total electric force. W e are not however 
concerned with the resultant force hut only with its component 
in the direction of PQ ; for a transverse force only tends to drive 
electrons to one side of the wire, and this effect is unimportant 
when the wire is thin. Now of the two forces mentioned above, 
the first is entirely transverse and may be neglected ; the com- 
ponents of the second are 


Since the direction-cosines of PQ are {dxjds, dyjds, dzjds) the 
apparent electric force in question may be taken as 


The difference of potential between P and Q, as far as it is due 
to electromagnetic induction, is therefore 


in electromagnetic units. Now 
suppose that PQ moves in time 
dt into the position P'Q', and let 
dN be the flux of magnetic force 
through the small parallelogram 
PQQ'P'. The direction-cosines of 
the normal to the plane of the 
parallelogram are (U, m, n), where 

7 dy.u^- 


* That is, electrically. The transference of this transverse meehanioal ad ion 
on the electrons to the moleoules of the metal is of course the cause of the 
meclianical action of magnetic fields on currents. 




vni] 

Hence 


nSTDTJCTION- OF OUBRBNTS 
dN = dsudt sin e {IH^ + mH^ + nH,) 


dt 

H., 

Hy, 



dx, 

dy. 

dz 






between P and Q is therefore equal 
dN/dL Evidently the result may be extended at once to 

ation following enunci- 

^ moving in a magnetic 
field and let the ends of the wire move into the position P' O' 

m the time Then if dN is the flux of magnetic force through 
the band-hke space contained between PP', QQ' and the two 
positions of the wire, the difference of potential between P and 
V caused by electromagnetic induction is - dNjdt. 

When the wire forms a closed loop this reduces to the ordinarv 
form of the law of induction, since what we have called difference 
of potential is the line-integral of electric force along the wire 
Moreover, there is no appreciable accumulation of electric charge 
m an ordinary closed circuit, so that the only potential differences 
are those due to electromagnetic induction. But it need not be 
thought that the theory of this article applies only to closed 
circuits, because it also gives the electric force at all points of a' 
limited piece of wire in motion in a magnetic field. Suppose for 
example that we have a straight piece of wire PQ moving uniformlv 
across lines of magnetic force at right angles to its length. Here 
there will be an apparent electric force, say, from P to 0 But 
this will pull electrons down to the P end of the wire, where they 
will accumulate until the electrostatic effect of the separated 
charges exactly neutrahses the effect of electromagnetic induction 
because there can be no steady current along the incomplete wire’ 
It is, perhaps, of some interest to notice that in this and sim,-1.r 
cases there are charges spread through the volume of the wire 
in addition to possible surface-charges on the outside. 

When the wire (open or closed) remains stationary and the 
magnetic field changes, we could not explain the observed 
E.M F. of electromagnetic induction on the present lines It is 
in fact, necessary to suppose that a changing magnetic field is 

P. E. 

20 
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accompanied by an electric field, ■which in general has a tangential 
component at points on the wire. The point of -view has thus 
changed somewhat, and we fics attention rather on the medium 
in which the interaction of magnetic and electric force occurs 
than in any peculiarity in the action of the field on the electrons 
in the wire. This widening of our views is of the utmost import- 
ance, and it is the properties of the electromagnetic medium (the 
ether) that will occupy our attention later (of. Ch. xi). 


i ( 



CHAPTER IX 

APPLIED ELECTRICITY 

142. Mechanical generation of electricity. The xig 

of primary batteries on. a large scale is, for various reasons, arxi-te 
out of the question ; and recourse is had to the generation of cnr_ 
rents by electromagnetic induction. The simplest apparatus for 
generating direct currents is shown diagrammatically in Fig. I 93 



An iron ring lies between the poles of a magnet, and is fixed 
on an axle so that it can be made to revolve at any desired speed. 
The axle also carries a commutator 0, consisting of a number of 
copper strips parallel to the axle and insulated from it and from 
each other. The ring is wound uniformly with a continuons 
length of wire, and contacts are taken off at regular intervals 
(in Fig. 193 at every single turn) to the separate segments of -blxe 
commutator. The whole system of ring, wires and commuta-boir 

20—2 


308 APPLIED ELECTRICITY 

is rigidly attached to the axle and rotates with it. The hmshes 
A, B are two pieces of carbon pressed against the commutator at 
opposite points of its circumference, but fixed in space so that 
when the machine is running the commutator slides under the 
brushes. Wires lead from the brushes to carry off the currents 
generated. 

Fig. 194 shows roughly the way in which the lines of magnetic 
induction pass through, the ring from left to right. We may, if 




Pig. 194 

we wish, suppose that they pass straight across ; but this is 
unnecessary, as the e.m.p. generated can easily be found for any 
given distribution of the Hues. Such a distribution is specified 
in terms of the flux of magnetic induction across an assigned 
cross-section of the ring: thus if N is the flux across a section 
making an angle 6 with the horizontal, we shall take N 
a given function of d. The flux evidently changes sign twice as 
we pass round the ring : the sign may be fixed by supposing N 
positive when 6 lies between 0 and tt, and negative when 9 lies 
between tt and 277. 

Let P, Q (Fig. 195) represent points on two adjacent segments 
of the commutator, joined to the windings on the ring by wires 
PP', QQ' respectively. The angle which PP' makes with the 
horizontal at time ^ will be denoted by 9 or cot according as it is 
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desired to call attention to the actual position of P in space 
the position of a particular commutator segment at time t. 



The number of commutator segments is usually considerable 
(at least 20), and the theory is simplified by supposing the nurabei- 
to be indefinitely great. We shall further assume that the windings 
on the ring are very close together like those on a solenoia. 
Writing d6 for the infinitesimal angle between PP' and QQ'* 
P' and Q' may be regarded as the ends of a flat and nearly closed 
coil of mdej^TT turns, where m is the number of turns of wire on 
the whole ring. The flux of magnetic induction through tbis 
small coil at time t is of the same sign as N if the coil is supposed 
to begin at Q and end at P' , the magnitude of the flux being 


Nmdd mdd . 

since N =f(6). 

Inside the ring electromagnetic induction causes an b.m.B'. 
which drives the electric charges on the ring into certain defiui-fce 
positions, as in an electrostatic problem. But at a stationai-y^ 
point outside the ring (such as one of the brushes) there is no 
electromagnetic induction, but only the effect of the accumulated 
charges. Hence what we are really interested in is the potential 
at any point of the ring due to tlie charges on the ring. Let tbis 
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be F at the point 9. Then applying the law of electromagnetic 
indnction to the small coil Q P ? wo have 

‘*'^- 1 -'' 

. since no current flows in the coil. Hence 

ITT «/ / V fUojdS 

Integrating, we have 

mNoj 

== const. H — . 

JjTT 

The arbitrary constant is unimportant, so that the distribution 
of potential is completely determined. If ^ is the number of 
revolutions of the ring per second, co == 27rn, and 

F = const. + mnN .(2). 

In Fig. 193 the potential is greatest at the top, opposite the 
brush .4, and least opposite the brush B. 

The general formula (2) is easily adapted to the ideal case, 
not realisable with an iron ring, in which the lines of magnetic 
induction pass straight across from left to right, so that the ring 
is situated in a region of constant B. If A is the area of cross- 
section of the ring, we have f{d) == AB sin 9, and therefore 


F = const. + -45 sin 0 (3). 

Since 9 = oji this may equally well be written 

F = const. + mnAB sin (4). 


A study of the last two formulae reveals the part played hj 
the commutator of the machine. If we fix our attention on a 
particular segment of the commutator and follow it round as it 
moves, the potential will alternate in time in accordance with the- 
law (4). A fixed brush however does not follow the segment 
round in this way, but picks out a definite position in space 
corresponding to a particular value of 0, and takes up the potential 
of the segments as they pass it. The formula (3), or more generally 
(2), therefore gives the steady potential acquired by a brush 
placed in the position 9, 
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The brashes are naturally placed in such a position tK +. 
their difference of potential is as great as possible. If ^ 

the greatest value of N for any cross-section, the opposite 
on the ring will have the value ~ of N, and if the brusj^ 
are placed at these points the b.m.p. developed is 


2mnNn 

2mnN.. 


true electromagnetic units 


To see the order of magnitude of the potentials generate.< 3 ^ 
consider the case of a ring of cross-section 160 sq. cm., lying 
a strong field so that the greatest value of B in the ring is 16,OOo 
and performing 25 revolutions a second. If there are 100 tuirxis 
of wire on the ring, 


Hence 


26, and N = 2-25 x 10\ 
'o == 112 volts. 


The positive sign in ^^quation (5) means that the brush A ixx 
Fig. 193 is the positive brush. This would of course cease to l>o 
true if the north and south poles of the permanent magnet woar© 
interchanged, or if the rotation was in the clockwise direction. 
A reversal of polarity would also be produced if the ring 
wound in the opposite direction to that shown in the figure. Fox 
the sake of uniformity we shall always suppose the ring wound 
as shown. 

143. The dram armature. The term armature is usod 
generally for the part of a direct-current generator from whiolr 
the currents are drawn, in contrast with the field magnets whiolt 
furnish the field of force. The ring armature already describod 
has the advantage of being easy to understand : but it is nevox- 
theless rarely used, as it does not advantageously utilise tlLo 
space between the field magnets. The effective flux of inductioxi 
is confined to the comparatively small cross-section of the rin^ 
itself, whereas it is desirable to use the much greater flux obtainal>l^ 
from a solid core lying between tie poles of the field magnetos. 
The latter object is attained in the drum armature introducod 
by von Hefner- Alteneck in 1872. The principle of the drxxiXL 


MmJi' r- 
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armature, illustrated diagrammatieallv in Kg. 196, is to wind a 
solid cylindrical core uniformly with wire somewhat after the 


manner m which wool is wound into a ball. The small circles 
marked 1 to 12 represent copper wires or bars lying parallel to 
the axle, and let into slots in the core. The commutator, here 
shown as having six segments only, is rigidly fixed to the axle as 
before, and is joined to the numbered wires by connexions shown 
in the left-hand figure. The right-hand figure shows the way 
in which the wires are joined up at the back, and represents a 
view from the same end as before, i.e. it is what we should see 
at the back if the armature core was transparent. 

The drum winding gives a closed circuit retur'nihg on itself. 
The wire may be supposed to begin at the nearest end of the bar 1, 
to proceed to the commutator and to the bar 8, thence to the 
back and to 3. Coming to the front it proceeds to 10 vid a com- 
mutator segment, thence to 6, and so on. The complete cycle is 


where the top line includes bars traversed from back to front and 
the bottom line those traversed from front to back*. 

The essential identity of ring and drum armatures may be 

* The arrows on the right-hand figure have a special significance. See 
Art. 147. 
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seen by considering the case in which the number of turns of wire 
is very great. The section 1 8 3 of the drum winding, for example, 
may be considered as a single nearly closed flat coil, since the ends 
1 , 3 are now very near together. This is connected to a commutator 
segment like the top turn of the ring winding in Pig. 193, the only 
difference being that the corresponding segment of the drum is 
displaced through an angle of 90° in the counter-clockwise direction 
with reference to that of the ring. Hence, with drum armatures, 
the line of brushes is nearly parallel to the direction of the magnetic 
field. 

The formulae of the last article therefore apply to the drum 
winding also, N now denoting the maximum flux of induction 
through any cross-section of the whole core, which is much greater 
than that for a ring occupying the same space. 

If the iron armature was solid its motion in a magnetic field 
would give rise to Foucault currents in the mass of metal, which 
would heat the armature considerably and also absorb a great 
deal of power which might otherwise be saved. For this reason 
the cores of armatures are laminated ; that is, formed of thin iron 
discs insulated from one another. 


Fig. 197 

Fig. 197 shows a drum armature completely wound and with 
commutator attached. 
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144, Field -magnets. Saturation curve. The powei* of 
li.atineto-eleetrie machine is considerably increased by dis- 
(asrdhaj the permanent steel field-magnets in favour of electro- 
maj!j?ts excited bv external current. A fundamental experiment 
i- to find our how the difference of potential between the brushes 
whiiii no eurrent is taken off (called the brush voltage on open 
eirciiitj varies with the current used to excite the field-magnets. 
¥h. gives a diagrammatic representation of the generator and 



of the connexions for this experiment. It is convenient to have 
wires from the brushes brought out to two insulated screw 
terminals A, B on the case of the machine, w^hile the terminals 
Cfi D are joined inside to the magnetising coils, which are them- 
selves connected across by a wire not shown in the figure. The 
magnetising current is supplied from the electric mains or from, 
accumulators, and regulated by a rheostat capable of carrying 
the required current at every stage. The terminals A, B are 
joined to a suitable voltmeter, and readings of the ammeter and 
voltmeter are taken wfitb the machine running at constant speed. 
Fig. 199 shows a curve taken off from a certain small generator. 
Its general shape is readily predicted : for the field magnets and 
the armature core constitute a nearly continuous iron or steel 
bar wound with wire somewhat after the manner of a solenoid. 
The ma.gnetising force” is therefore roughly proportional to 
the current in the coils, while equation (5) shows that the brush 
voltage is proportional to the flux of induction across the arma- 
ture core. The (i, F) curve of Fig. 199 should therefore resemble 
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the {H, B) curve of a specimen of iron : the bend in the cur\ , 
however generally found to be less pronounced. In prac t : . 
there will always be enough residual magnetism left over f i . 



Exciting current in amperes 
Fig. 199 


previous experiments to prevent the curve from passing thrc# i . 
the origin. The curve with decreasing current, it will he noti«-^ 
is but slightly higher than that obtained on ascending, as t ht* 
complete hysteresis cycle is not described. 

Although Fig. 198 is entirely diagrammatic, it does in f.st ^ 
represent a favourable shape for the field-magnets and shell of ^ I ; 
machine. The field-magnet windings should be near the anna t \x i - 
so that the flux of magnetic induction through the latter 
be as great as possible. Some old patterns of generator are v ^ r 
unfavourable in this respect, as many lines of magnetic indue 1 
which might have passed through the core are allowed to crov li 
into other masses of iron in the vicinity. 

The (z*, F) curve of the present article is known as the saliirtif * ^ 
curve (or magnetic characteristic) of the machine, and is \ 

in helping us to predict its performance under various conditi* *1^ - . 

In making the experiment it is convenient to drive the maelii?i»* 
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by means of an electric motor, the speed of which can be kept 
constant or varied at will. The fact that V is proportional to 
the speed of rotation can be verified in this way. 

145- Shunt, series, and compound generators. Machines 
which have their field-magnets excited electrically are known 
as generators (or dynamos) to distinguish them from magneto- 
electric machines with permanent magnets. In the early stages 
of electrical engineering the exciting current was supplied by a 
few primary batteries. An improvement on this practice was to 
use a small auxiliary magneto-electric machine to excite the 
field-magnets ; but the really important advance was that made 
by S. Hjorth about 1851, and by W. von Siemens in 1867, who 
suggested the use of the currents produced by the generator for 
the excitation of its own field-magnets. 

‘ The two principal kinds of self-exciting generators are the 
shunt-wound and series-wound types. These are shown diagram- 
matically in Fig. 200, where the field-magnets are drawn as a 



separate coil M for the sake of clearness. The wires at the bottom 
lead to the external circuit, and the names of the machines are 
derived from the fact, which is obvious from the diagrams, that 
the field-magnets are shunted across the armature in one case and 
are in series with it in the other. If the generator is provided with 
four separate terminals as shown in Fig. 198 it may be arranged 
as a shunt or series generator at will : thus if AG and BB are 
joined and the current taken from A and B the machine is 
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shunt-wound, while a series winding is obtained by joining ^ 
and using B and D as the terminals for the external circ^t ^ 

These generators depend in the first place on residual magnl..,; 
to start them. Consider the case of a shunt-wound macbin*:^ ***' 
open circuit. The residual magnetisation of the field-macjrr^ 
gives rise to a smaU e.m.p. on rotation of the armature 
results m a small current being sent round the field-mao-^ 
which may reinforce or destroy the original magnetisation ^ 
the former, the increased field causes a rise in the brush vol^ * 
which again strengthens the field-magnets, and so on 
result is that after a few revolutions of the machine the ail 1 
magnets are saturated and the generator is developing its 
brush voltage. If on the other hand the first weak current 
through the field-magnets is in the direction of demagnetisa-fcioi 
the process will go on until the magnetisation is all removed 
the generator will not work at aU. The reader can verify this latt-ei 
fact himself, by taking a shunt-wound generator and reversing ta© 
connexions of the field-magnets, when the generator wiU be foixna 
to yield no brush, voltage. 

The. compound generator has both shunt and series windings 
on the field-magnets, thus combining the two previous types. 

146. Characteristic curves of generators. We Have 
hitherto supposed that no current is taken off the generator to 
any external circuit. But if the armature terminals are connected 
through an external resistance, a current flows round the circixit, 
and this in general will give rise to a change in the brush voltage! 
Consider for example the case of the magneto-electric machiri.e or 
separately excited generator, and assume for the present that 
the currents in the armature do not distiurb the impressed magnetic 
field. If i is the current from d to B in the external circuit, a 
currents flows inside the armature from B to A, and this is divided 
so that a current flows down the elementary coil P'Q' considered 
in Art. 142. If dR is the resistance of P'Q', equation (1) no-sv 
becomes 

dy-^ = -\idR, 


_^dR. 


or 
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This may be written dY = dY^ - lidR, where Vq corresponds to 
the case of zero current. Hence if F is the actual brush voltage 
and Yq the brush voltage on open circuit, or the total e.m.f. 
developed, we have 

Y^Y,--m ( 6 ), 

where R = ^^dR is the resistance of the armature considered as 
a divided circuit connecting B and A. 

The behaviour of a generator under load, i.e. when supplying 
current, is shown by a curve connecting the external current i 
with the difference of potential F between the brushes. This 
curve is called the external characteristic, or simply the characteristic 
of the generator, and it is usually understood that the speed is 
maintained at the same value for all the currents. It follows from 
what has been said that the characteristic of the separately excited 
generator would be a straight line if it were not for the effect of 
the currents in the armature in disturbing the impressed magnetic 
field -(armature reaction). In practice, the brush voltage is 
slightly lower than that calculated from the formula (6), par- 
ticularly for the higher currents. The calculated and observed 

Separately excited generator 

Exciting cui'rent *54 ampere, resistance of arma-onre 2*15 ohms 
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voltages for a certain small generator are given in Fig. 201, 
difference between the two curves showing the effect of armatti.x‘*e 
reaction. 

Fig. 202 shows the connexions for taking off the characteristic: 
of a sbunt- wound generator. A, B being the terminals of tlxe 
armature and C, B of the field- 
magnets. In this case any fall of 
brush voltage diminishes the cur- 
rent in the field-magnets in the 
same ratio, so that the brush volt- 
age falls more rapidly than before 
as the load increases. If the 
armature resistance is sufficiently 
high it may even happen that the 
generator will not yield more than 
a certain current, and if the ex- 
ternal resistance is gradually de- 
creased the current will ultimately fall as well as the brueli 
voltage (Fig. 203). Peculiar results are also found for the 
return half of the curve obtained by increasing the external 
resistance from a small value to infinity, the effect of hystereeis 
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being particularly noticeable here. These curves give insight into 
the working of generators (cf. Art. 147), but it is only fair to 
gay that they do not represent the facts with large modern 
machines. The armature resistance is generally so low that the 
%’oitage falls only a few per cent, up to full load, the theoretical 
maximum current being far greater than the windings of the 
generator would carry. 

In the series generator the whole current passes through the 
field-magnets. It follows that there is no excitation on open 
circuit, so that the terminal voltage has the low value resulting 
from remanent magnetism. As more and more current is taken 
‘ off the excitation rises, and with it the terminal voltage : but 
the increase cannot go on indefinitely since the field-magnets 
must ultimately become saturated. The terminal voltage thus 
rises to a maximum and then decreases somewhat like that of 
a separately excited generator. In the compound generator the 
initial rise of excitation due to the series winding tends to prevent 
the drop of terminal voltage that would occur with the simple 
shunt machine, and by suitable design the terminal voltage may 
be made nearly independent of the current over a large range. 

The compound generator is useful for small lighting installa- 
tions, where constancy of voltage is very desirable. But it is 
by no means generally employed in large generating stations, 
because it is found quite convenient to regulate the voltage of 
simple shunt machines with an adjustable resistance in the field- 
magnet circuit. The series generator, on account of the great 
variation of terminal voltage with current, is but rarely used. 

147. Theory of direct-current generators. We have 
seen that the variation of terminal voltage with current depends 
on three factors, namely 

(1} loss of potential due to the resistance of armature, or 
armature and field-magnets; 

(2) change of potential due to alteration in the excitation 
of the field-magnets; 

(3) armature reaction. 

The effect of the first two causes may be determined graphically 
from a knowledge of the saturation curve and the resistances of 
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the armature and field-magnets. We shall neglect hysteresis aad 
consider first the case of the shunt generator. 

Let R be the resistance of the armature, S the resistance of the 
field-magnets and j the current through them, i the current in 
the external circuit. The curve Fq in Fig. 204 is the mean of the 
ascending and descending curves in Fig. 199. The brush voltage 
F is evidently given by F = Sj, and is therefore represented by 
a straight line in the diagram. Now the current in the armature 



*1 '2 '3 -4 *5 

Eield-magnet current j in amperes 

Pig. 204 


IS since the armature supplies current to the field-magnets 
as well as to the external circuit, so that F = Fq — {i + j) . 
Hence i -f jf = (Fq -* F)/i? and may be plotted on the figure for 
various values of j, and the curve representing i as a function of 
j may also be drawn. If we now pick off values of i and plot them 
against the corresponding values of F we have the theoretical 
form of the shunt characteristic (Fig. 205). This curve may be 
compared with Fig. 203, and we see that the chief features of the 
characteristic are correctly represented. We should not expect 
absolute numerical agreement, firstly because we have neglected 
armature reaction and secondly because it is not always easy to 
F. E. 21 
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ascertain accurately the resistance of the armature under the 
conditions of running. An appreciable part of the resistance 
always occurs where the carbon brushes press on the commutator. 



Pig. 205 

The theory of the series generator is simpler, because the 
external current i is the same as that through the field-magnets. 
If Vq is the voltage corresponding to the current i in the saturation 
curve and V the terminal voltage (difierence of potential between 
the ends of the external circuit, not that between the brushes), 
we have F == Fq “ 

As regards armature reaction, it is easy to see in a 'general 
way what efiects it will produce. Consider for example the drum 
armature represented in Fig. 196. If a current is taken from the 
brushes, the complete cycle of the armature winding is represented 
by the diagram 


n 



12 


where we have shown the position of the brushes at the time 
being and the direction of the currents in the armature coils, 
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These directions have already been shown on the right-hand 
part of Fig. 196. Remembering that this diagram represents the 
coils at the back of the armature, it is easy to see that the magnetic 
c ect of the armature currents is to give a transverse field pointing 
rom below to above as shown by the central arrow. The field 
IS thus twisted round in a counter-clockwise direction inside the 
armature, and if the brushes are left in the same position and 
various currents taken from the generator the e.m.p. developed 
will fall on this account alone, quite apart from the loss of voltage 
due to resistance. 

Since the brushes always short-circuit a part of the armature 
■when passing from one segment of the commutator to the next 
(cf. Fig. 193), sparking will occur if the difference of potential is 
too great. For this reason it is usual to advance the brushes 
of a generator slightly, i.e. to move them round in the direction 
of rotation. The field due to the armature currents in Fig. 196 
is now turned slightly in the counter-clockwise direction, and 
the reader can satisfy himself that it is possible to airange matters 
so that the resultant field for any particular current is parallel 
to the line of brushes. It is not necessary, or even desirable, that 
the adjustment should be exact, and in practice it is usual to 
give the brushes a fixed advance corresponding to moderate 
armature currents. 

148. The direct-current motor. Suppose that the arma- 
ture of a magneto-electric machine (Fig. 206) is held fast, and a 



Pig. 206 


21—2 
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current sent through the arnaature from A to B from an external 
battery, A being attached to the positive pole of the battery. 
The two halves of a ring armature may be considered as two 
solenoids bent over until their ends meet, so that the armature 
coils may for all intents and purposes be replaced by two magnetic 
poles SN at the ends of the solenoids (cf. Art. 85). The N pole 
of the field-magnets repels the N pole in the armature and attracts 
the S pole. Similarly the S pole of the field-magnets exerts 
attractions and repulsions on the armature poles, and the result 
of all four forces in the present case is to produce a couple tending 
to turn the armature in a counter-clockwise direction. If the 
armature is free to move it will do so and may be made to perform 
mechanical work. This is the principle of the electric motor. 

It is clear from what has been said that motors and generators 
are essentially the same in construction, and indeed every generator 
can be made to run as a motor without structural alteration. 
We proceed to find an expression for the couple exerted on the 
armature, or the torqvs as it is called, when a current i flows 
through it. Consider the elementary coil in Fig. 195, in which 
current now flows from Q' to P'. The potential energy of this 
coil in the magnetic field is ~ \iN per turn, in the sense that the 

couple on it is ^ per turn. Since there are m ^ turns, the 

couple on the elementary coil is ^^dN. 

When the brushes are placed in the position of maximum 
fiux the total couple on the coils of the right-hand half of the 
armature is imN^^J27T; and since there is an equal couple on 
the left-hand half the torque Tq is given by 

To = imN^j7T .(7). 

If i is measured in true electromagnetic units Tq comes out 
in absolute c.o.s. units ; but it is more instructive to measure i 
in amperes and P in kilogram-metres (moment due to the weight 
of 1 kilogram at a distance of 1 metre). Then equation (7) is 
replaced by 

3.04 

^0 ~ IqIO max (S)* 


For example, if a current of 50 amperes is sent through the 
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^mature of the magneto-electric machine considered in Art. 1,43 
0 == 3-6 kilogram-metres. It should be noticed that in tlie&e 
formulae is the maximum flux due to the field-magnet# 
only, neglecting any change in the magnetism of the ring caused ' 

y the armature current and that the formulae apply as well 
to the drum as to the ring armature. 

The electric motor has the remarkable property of self-regii'- 
lation ; that is, it takes only just enough current from the maiiig 
to perform the work on hand. In order to obtain insight into 
the process of regulation, let us suppose that the motor is runmng 
steadily at a speed of n revolutions per second, and that its rotation 
is resisted by a couple T arising from external braking and from 
friction or other dissipative causes in the motor itself. Sincc^ 
there is no angular acceleration T must be equal to the couple 
Tq arising from the mechanical action of the magnetic field on 
the current i in the armature, so that 

( 9 ). I 

If A and B are connected to the terminals of a battery of » 

potential Vq, and R is the resistance of the armature, we can- 
not conclude that Vq/R, because the mere rotation of the 
armature makes it develop an e.m.p. just as if it was the \ 

armature of a generator. This e.m.p. is already known to he 


given by 

7 = ( 10 ), 

and tends to drive a current through the armature from B to A, 
i.e. to oppose the apphed potential Fq. Hence 

Ri= Vo - V = Vo- 2 mnN^^^ ..(11). 


The E.M.P. V is called the back e.m.p. of the motor, and it 
is necessary, to take it into consideration in any discussion of 
the action of motors. 

Neglecting for the present the effect of armature currents on 
N (motor armature reaction), we have the two equations (9) and 
(11) to determine i and n when the applied voltage and the resisting 
couple are given ; that is, current and speed regulate themselves 
after the applied load. As T mcreases, equation ( 9 ) shows that 
i rises in proportion. Equation (11) then shows that n must 
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decrease, and with it the hack e.m.f. Hence with a motor whose 
field-magnets have constant excitation, an increase in the load 
causes a rise in the armature current and a drop in the speed : 
this drop will be smaller the smaller the resistance of the arma- 
ture. In modern machines it does not amount to more than a 
few per cent, at full load : in fact, the limit to the load is deter- 
mined rather by the heating of the armature coils with increasing 
current than by any marked slowing down of the motor. 

Eeturning to the example of the magneto-electric machine 
already considered, suppose that the armature resistance is 
1 ohm and the applied potential 100 volts. The following table 
gives the current and speed for various resisting couples: 


Couple in kilogram-metres 

•1 

•5 

1 

2 

Armature current in amperes 

1-4 

7 

14, 

28 

Back E.M.E. in volts 

98.6 

93 

86 

72 

Speed, revolutions per second 

22 

21 

19 

16 


Tor a given direction of field and rotation, the direction of 
the armature current is difierent in a motor and a generator. 
Hence the effect of armature reaction is reversed ; and for this 
reason the brushes of a motor have to be displaced backwards 
along the commutator in order to ensure sparkless commutation. 

Motors may be either shunt or series- wound like generators. 
The two types, which have important and very distinct properties,, 
are considered separately in the two following articles. Compound 
motors are seldom used. 

149. The shunt motor. In the shunt- wound motor running 
normally, the armature AB is joined in parallel with the fi, eld- 
magnet coil CD. Thus both armature and field-magnets are 
connected directly to the mains. But it would not be safe to 
start the motor by simply putting on the mains, because the 
armature resistance is generally so low that an excessive current 
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would passed before the motor acquired enough speed, to 
evelop sufficient back e.m.f. The proper method of startino- a 
shunt motor is by means of a starting switch, one form of wliich 
IS shown diagrammatically in Fig. 207. The switch carries three 



terminals usually marked L (line), M (magnets), A (armatxxre) 
respectively. L is joined inside to a lever moved by a handle Hj 
and carrying two metallic spring contacts. One of these contacts 
moves over a solid metal bar, in the form of a sector of a circle, 
connected to the field-magnets ; the other over a row of metallic 
studs, between each of which is a resistance coil so that the whole 
forms a rheostat, the further end being connected to one end. of 
the armature. The other ends of the armature and field-magnets 
are connected together and joined directly to the mains. On 
putting on the switch connexion is first made with the metal 
sector, thus exciting the field-magnets fully while the motor is 
still at rest. When connexion is made with the first stud of the 
rheostat a weak current is sent through the armature, suflSLcient 
to set it rotating. A back e.m.f. is thus developed tending to 
reduce the armature current. In this way, by cutting out the 
resistance in the armature circuit gradually, the motor can he 
got going without any excessive current passing at any stage ; 
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and when the switch is pushed right over the mains are applied 
directly to both armature and field-magnets. 

The shunt- woimd motor, having constant excitation, has 
thus the properties mentioned in the last article : that is, it will 
work at a variety of loads at nearly constant speed. The speed 
can, however, be regulated by means of a rheostat S in the field- 
magnet circuit, being greater the greater the resistance. We 
shall consider this shortly in detail, as it affords an interesting 
illustration of the principles underlying the action of motors. 

When the motor is running unloaded a certain power will 
be required to overcome friction, hysteresis, and Foucault currents. 
If Ti is the corresponding torque that has to be exerted by the 
motor at speed = Now the power required to 

overcome friction is probably proportional to the speed: that 
required to overcome hysteresis varies as the speed and also 
depends on the excitation. The strength of the Foucault currents 
at any point of the armature is proportional to B and to the speed : 
hence the power lost in Foucault currents is proportional to 
and .also depends on the excitation. Hence is of the form 
A H- jBn, where A. and B depend on the excitation ; from which 
it is not difficult to devise experiments to determine for all 
speeds and exciting currents. But for our present purpose, since 
Tx is generally small in comparison with the external couple T 
required to be overcome, it may be regarded as independent of 
the speed or excitation, particularly as the variation of these 
magnitudes with a shunt motor are not great. Moreover, 
will be taken to be independent of the load ; in short, an absolute 
constant. 

With this simplifying assumption, which is not claimed as repre- 
senting the actual facts, we can examine the behaviour of motors 
theoretically, provided that we also neglect armature reaction 
as hitherto. As in the case of the generator, we require a know- 
ledge of the saturation curve : this can be found by running the 
motor as a generator from an external source of power. Writing 
N for brush voltage at constant speed is given by 

V — ^mn^N ; hence the saturation curve gives us the value of 
mN for any value of the field-magnet current j. As an example 
of these methods we may consider the way in which the speed 
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of a motor depends on the total resistance S in the field-magnet 
circuit, when yielding a constant torque T (inclusive of that 
required to overcome friction, hysteresis and Foucault current 
^ ^ ® applied voltage, the field-magnet current 7 = yifi 

IS vnown m terms of /S, and therefore also mN is known. The 
equation T — imNjTr then gives the armature current and the 
badr E.M.K of the motor is F = F„ - Ri. But if ^ is the speed 
V MnN , and thus n can he calculated for all values of S 
The following table gives some figures for the generator con- 
ffldered in Art. 147, when run as a motor off a 100 volt circuit 
Ihe saturation curve Fo of Fig. 204, which is the mean of the 
ascending and descending curves of Fig. 199, is taken as a basis 
and the resisting torque is taken as -3 Mlogram-metres. 


Total, 

resistance 

8 in 

field-magnet 

circuit 

Pield- 
magnet 
current j 
(amperes) 

mN in 
absolute 
units 
Wx 

Armature 
current i 
(amperes) 

Back 
B.M.I’. V 
(volts) 

Speed 

(revolutions 
per second) 

185 

•54 

1-65 

5-62 

87-9 

26-6 

200 

•50 

1-59 

5-82 

87*5 

27*5 

220 

•46 

1-51 

6*14 

86-8 

28*7 

, 240 

•42 

1-43 

6-48 

86-1 

301 

260 

•39 

1-37 

6-76 

85-5 

31*2 

280 

•36 

1-31 

7-06 

84-8 

32*4 

300 

•33 

1-26 

7-35 

84-2 

33-4 

320 

•31 

1-22 

7-60 

83*7 

34*3 

340 

•29 

M8 

7*85 

831 

35-2 


It is easy to see from the general formulae how it is that the 
speed rises with decreasing excitation. The speed is proportional 
to VjN \ but if R is small F does not vary very much, so that n 
varies inversely as the flux. But the armature current is accurately 
proportional to IjN on the present theory, so that it rises even 
more rapidly than the speed. Hence the resistance of the field- 
magnet circuit cannot be altered within very wide limits without 
causing a dangerous speed of the motor, or an excessive armature 
current, or both. For this reason it is important to make sure 
before starting a motor that the field-magnet circuit is not discon- 
nected. 
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An examination of the diagrams already given in this chapter 
will show that if A is the positive brush of a shunt generator, it 
will run as a motor in the same direction when A is connected with 
the positive pole of the external supply. 

150. The series motor. In the series motor, as in the 
series generator, the same current flows through both armature 
and field-magnets. The connexions are shown in Fig. 208 : the 



Fig. 208 

starting arrangements are simpler than for the shunt motor, a 
simple resistance that can be cut out in stages being all that is 
required. 

The series motor has the following distinguishing advantages 
over the shunt motor: 

(1) It has a high “initial torque ” ; that is, when started 
against a load it exerts a large couple to begin with, so that it 
comes quickly to its full speed. 

(2) As the load increases the consumption of current increases, 
but not so rapidly. This, of course, necessitates a slowing down 
of the motor under heavy load. 

These two properties render the series motor invaluable for 
electric traction. By their aid electric trains are enabled to get 
up speed rapidly : less time is wasted in starting and stopping at 
stations. As regards (2), it is highly desirable in the interests 
of uniform consumption of power that excessive current should 
not be taken, for example, by an electric tram mounting an 
incline, even though it results in a decrease of speed. 
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Against these advantages is the great drawback that, if the 

oa o ^ ®®ries motor is suddenly removed the motor will generallv 

run at a dangerously high speed. This prevents its use in la bora- 
tory work and generally in cases of sudden fluctuation of load ■ 
e.g. in driving by a belt, which may suddenly come off. 

n order to see clearly how these effects are produced, let bs 
ma e the approximate assumption of the last article, namely 
t at it requires a certain constant torque to overcome friction 
hysteresis and Toucault currents. Let T be the torque exerted 
by the motor at speed n when carrying a current i and let R be 
t e total resistance in the motor circuit, inclusive of any starting 
resistance that may be present. Then miV'/TT and 

Ri = Fo - 2mnN. 

As before, a knowledge of tbe saturation curve gives mN as a 
function of the magnetising current, which in this case is i. Since 
wiN increases with i, the torque increases more rapidly than the 
current, which explains the above-mentioned property (2). More- 
over, when the motor is starting there is a small back e.m.e. and 
a large momentary current. As a result the field-magnets are 
saturated and a great torque is produced. 

In general, the speed is given by 


n — 


Fq — Ri 
2mN ’ 


and in normal running, with the start- 
ing resistance short-circuited, is small. 
Hence the speed is not far from being 
inversely proportional to the flux A. 
If the load is suddenly removed T sinks 
immediately to the current falls to 
a low value and the speed becomes very 
high. 

151. Brake test of a motor. In 

order to test a motor in the laboratory 
we require a means of applying a known 
retarding couple to it. One method is 
afforded by the rope hraJcCy shown in 
Fig. 209. A represents an end view of 
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a drum fixed on one end of the armature shaft. A rope R t* 
wound once or twice over the drum, and after passing over ^ 
pulley supports a mass M whose magnitude can be varied. Tb^ 
other end of the rope is attached to a fixed beam, a spriiil 
balance S being placed between the rope and the beam 
register the pull on the "‘light” side of the rope, equivaleiti 
say to the weight of a mass M-^. If M and are measureC' 
in grams and a is the distance of the centre-line of tli< 
rope from the axis of the motor, measured in centimetres, tli< 

external couple is (M — Mj) kilogram-metres. If is tli^ 

number of revolutions of the motor per second, the rate at wluel 
the motor is performing useful work is easily seen to be 

6*16 

27 rn {M — Mj) ga ergs per second = {M — M^) na watts. 

The test of a shunt- wound motor is advantageously carrieC 
out at constant speed and with a constant e.m.p. applied to th* 
brushes. The voltage of the mains will tend to drop as mc>r< 
current is taken by the motor, so that it is necessary to hav^ 
a resistance in the main circuit, which can be adjusted unti 
a voltmeter attached to the brushes gives a certain specifier 
reading Vq. The speed is maintained constant by means of i 
regulating resistance in the field-magnet circuit. 

Let i be the main current, j the current in the field-magne^^ 
at any stage. Then the electrical power supplied is Y^i watte 
If W is the useful power, measured as explained above, the fractioi 
of the power supplied which is really utilised is given by 7^ = WjY^^i- 
This fraction is called the efficiency of the motor, and is obviously 
of great importance in judging the economy of motors undt^ 
various circumstances. 

It is interesting to discover where the energy which is no 
utilised goes to, and to do this we require to know the resistanct* 
of the armature and field-magnets of the motor. The field 
magnet resistance can be measured on the Wheatstone’s bridgt^ 
The armature resistance is often very low and can be measursi 
by passing various currents through the armature and observin, 
the corresponding difference of potential between the brushf^i^ 
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e motor o^ course remaining at rest during the process. It is 
oun t at t e resistance is less for large than for small currents, 
ecause it partly consists in contact resistance between the 
rus es an the commutator. No great error is committed in 
^ ^ ^^I'responding to the normal working current, 

as as a ready been done in theoretical discussions. If R is the 
armature resistance, R {% — watts are lost in heating the arma- 
ture conductors ; and watts go to heat the field-magnet 

windings. The remainder, say Tfo, is expended in friction, 
ysteresis and Foucault currents. We have thus a means of 
estimating the relative magnitudes of the three losses; and it 
may be mentioned that methods have also been devised for further 
analysing the loss Wq . Fig. 210 shows the result of an experiment 
on a 4 horse-power shunt motor running at speed 1150 per minute 
and brush voltage 98. 



Pig. 210 

The loss Wq. is found to rise, sometimes very considerably, 
as the load increases. This is largely due to the increased friction 



334 applied electricity 

of the bearings caused by the weight on the rope brake. Of 
recent years another brake inethod has been introduced for use 
with small motors, which does away with this difficulty. A copper 
disc is fixed to the axle of the motor, and lies partly between the 
poles of an electro-magnet, or better between the poles of two 
similar electro-magnets placed symmetrically on either side of 
the axle. As the motor rotates Foucault currents are developed 
in the disc, which react and produce a couple on the electro-magnets 
This couple can be altered by adjusting the exciting current, and 
can be counterbalanced by a shding weight on the frame holding 
the electro-magnets, which is made moveable about an axis 
The retarding couple on the motor, which is equal and opposite 
to that on the electro-magnets, is therefore known. 

The testing of series motors is similar to that of shunt motors, 
except that care has to be taken not to reduce the load too much, 
otherwise the speed of the motor may become excessive. Fig. 211 
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Eig. 211 

shows the result of a test on a 100 horse-power series motor for use 
in electric traction. The apphed potential is 500 volts. 


K 


iil 



IX 

J applied electeicity 335 

nn i^gh efficiency in motors of course depends 

connexion it may be 
, ^ ^ ‘two-poIe construction is unusual except for small 

the ^ ^^v^^^itageously utilise the space surrounding 

ptL ^orf 

W i!!+ 7"®®*?“® efficiency of generators. If it requires 
in p 1 f ^ ^ generator which is only delivering W' watts 

in electrical power the ratio y = W’/W is called the efficiency of 

2 a ZIT' f --y to find the efficiency 

of a generator for various currents is to drive it with an auxiliarV 

motor which has already had a brake test performed on it, so that 
power supplied to the generator is known in terms of the 
mam motor current. In practice, however, there is always some 
uncertainty as to whether the friction of the bearings is the same 

below isT laboratory purposes the method described 

below IS found more convenient and of equal or greater accuracy. 

• e the resistance of the armature and S that of the field- 
magnets of a shunt generator defivering a current i at voltage V 
he useful electrical power of the generator is Vi watts; but it 
reqmres mom power than this to drive the generator on account 
fh fi I®®!’ heating the armature coils, (2) in heating 

Sctiof'Thff “.Vteresis, Foucault currents an! 

IS the field-magnet current, and the loss under (2) is watts 
^ .eg„d, m w, notice that fl.e .bag of tie genetator ollie 
motor, with direct coupling, does not tend to increase the friction 
o e bearings, and therefore the loss under (3) will certainly 
not increase to the same extent as under a rope brake test This 
loss will be provisionally assumed to have the constant value F, 
then the efficiency of the generator is given by 

Vi + .R(i + jff + Sf + Fj • 

It follows that y can be found for all currents if F^ is known To 
find It first ran the driving motor alone at the assigned speed 
ihe electrical power consumed, less that lost in heating the 
armature and field-magnet coils, is the F, required to overcome 
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hysteresis, Foucault currents and friction in the motor. Next 
couple the generator to the motor and let it run with shunt 
winding on open circuit. Subtracting always the power lost ia 
heating the various coils, we can find the power T^o + absorbed 
in hysteresis, Foucault currents and friction in motor and genera ton 
together, and hence Tfi is known. 

There is a simple means of checking the assumption that 
If'o and Wi are constant, because the total loss of energy at any 
stage, less that lost in heating the conductors, gives the loss of 
energy in hysteresis, Foucault currents and friction in both motor 
and generator. This will usually be found not to differ very much, 
from Wo+ Wii but if it increases we may divide the loss among 
the two machines in the ratio of Tf o to Wi- This is all the more 
reasonable in that we have no means of judging exactly where 
the frictional losses arise. Moreover, when the efficiency is high 
a slight error in estimating the losses is of no importance. 



Rg. 212 


Fig. 212, which refers to a 200 kilowatt compound generator 
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d^vemg current .t 260 volte, triU give the reader an idea „£ 

clSr’' 

„f “'“““‘‘o® of altematliig currenta. The ptiuciule 

• , ■ V . however, practical reasons which make 

l“bed° Tz: ir zTrz 

of alternating over direct current occurs when high voltagS 
are used (of. Art 157 ). In this case it is desirabfe that S 
s ip rings should be abolished and the currents collected from 
s mndings : the induced currents may be obtained by 

making the field-magnets move instead of the armature because 
e requisite magnetising current can always be obtained with 
quite low voltages. The principle on which modern alternators 
are constructed will be understood from Fig. 213 . The field- 



magnet frame, which carries an even number of coils, forms the 
rotating part of the machine. Current is furnished to the coils 
winch are not shown in the figure, by sUp-rings attached to the 
axle, and the windings are arranged so as to produce positive 
and negative magnetic poles alternately along the circumference. 
The armature coils consist of one or more turns of stout wire 


P. E. 
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m of copper strip, and are wound alternately in opposite directions 
being finally connected to two fixed terminals TT on the frame 
of the machine. In the position shown each coil is pierced by 
the maximum magnetic flux: the sign of the flux is the same 
for all the coils since the direction of winding alternates to keep 
pace with the alternations of the field-poles. When the axle has 
moved round so that a north pole is in the place originally occupied 
by a south pole, the sign of aU the fluxes has changed, and this 
corresponds to one-half the period of alternation of the current. 
It is thus easy to see that if the speed of revolution is n per 
second, and if there are m poles on the machine, the number of 
complete periods of the alternating current is ^mn per second. 

A convenient source of alternating current for laboratory 
purposes is the rotary converter (Fig. 214). It consists essentially 




Pig. 214 

of a direct-current shunt motor with certain additions made to 
the armature. In order to avoid confusing the figure the com- 
mutator has been suppressed and the brushes A, B allowed to 
slide directly over the armature windings. Connexions are taken 
from two opposite points P, Q on the armature to two slip-rings 
sliding under two brushes C, D. Let us first calculate the 
difference of potential between C and P as a function of the 
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time, supposing that no current is taken from CD and that fT, 
hnes of magnetic induction run straight across from left to Lht 
If OP makes an angle cot with the initial hne at time t it folln^^' 
from equation (4) of Art. 142 that the potential of P be ti^ 
to be equal to mn AB sin cot. ^ 

The potential of Q is mn AB sin (cot + w) = - mn A P =• 
so that the difierence of potential between the brushes C D i’ 
pen by F = 2mn APsinco. Now since the rotary co™/" 

this potential-difference must become equal to V the ir 1 

F = Fo sin cot. 

Thus alternating currents can be taken from the brushes C T) - 
^ the amplitude of the e.m.p. developed is not adlS Ih^;^; 
mil, being equal to the e...i.p. of the mains for all spLds of th! 

nver er. However, smaller amplitudes can be obtained K-d- 
connecting difierent points of the armature to sUp-rings ■ SulosI 
for example that the angle POQ, instead of being two Ight aS 
rs equal to a. Then the potentials at P and% are iF s^f 
and jFoSin(mt-f a) respectively, so that we should have “ 

V Vq sin cos (cot -i- ^a) (12) 

This is the most general case. The amphtude is proportional 

to sin ia, the “effective value” of the voltage being sin Ja. 

It IS thus possible to ascertain the angle a in any give^lase bv 
me^urements with an alternate-current voltmeter. ^ 

The rotary converter, with drum armature, generally gives 
a good approximation to a sine-curve of e.m.p. ^ ^ ^ ^ 

periltitairr''"'' can be determined ex- 

penmentaUy byp mgemous method depending on the principle 
of resonance. A number ni dv. • ^ principle 

oi'rlp ^^^Der of steel brings are arranged side by 

S de and near each one is placed a smaU electro-magnet coif 

Jr*,! o' oltematmg 

potential. The alternating currents through the coils give rise to 

fofth!? springs, wHch is most Renounced 

that spring whose natural frequency of vibration Lst nearly 
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coincides with the frequency of the alternating supply* This is- 
the principle of the resonance frequency-meter of Hartmann- 
Kempf. 

High-frequency alternators (400 to 2000 complete periods 
per second) are now supplied foi laboratory purposes. One 
pattern (Fig. 215) consists of a small motor carrying on the end 
of the axle a corrugated wheel 
made up pf steel stampings. 

A' small electro-magnet AA with 
wedge-shaped poles is placed 
near the wheel and arranged 
so that the poles are opposite 
projections on the corrugated 
wheel at the same time. When 
this occurs the lines of magnetic 
induction find an easy path 
through the wheel, and the flux 
of magnetic induction through 
the core has its greatest value. 

Half-way between the teeth the 
induction has its least value. 

The coils AA are excited with 
direct current and the change of 
induction in the coil B wound 
over the core gives rise to an alternating electromotive force. 
The frequency is mn, where m is the number of teeth on the 
wheel and n the number of revolutions per second. 

154. Delineation of alternating current curves- The 
oscillograph. The form of the curve connecting the B.M.E. of 
an alternator with the time can be determined experimentally 
by a method due to Joubert. On the axle G of the alternator 
(Fig. 216) is fixed a thick “disc of ebonite or insulating filbre, 
interrupted at one point of its circumference by a brass strip 
EE let into it. Two copper brushes FF, carrying screw terminals, 
press on the disc, and are mounted on a holder so that they can 
be turned round into any position by the handle 6r. The angular 
position of the brushes FF is indicated by means of a pointer 



Fig. 215 
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Alternate current and potential curves can be exhibited to 
the eye, and also photographed, by means of the oscillografh. 
The principle of the instrument is shown in Fig. 217. A piece 
of phosphor-bronze is bent over a small pulley P so as to form 
two thin parallel strips ss Ipng be- 
tween the wedge-shaped poles of a | 

powerful electro-magnet. The strips j^p i 

are kept tight by a spring attached 
to P, so that the restraining tension ^ 5 

is high and the inertia low. Hence 
the natural period of vibration of 
the strips, even with the attached 
mirror M, is very small (of the 
order 1/10,000 second). When a | i i 

current flows through the strip the ^ I 

two sides are urged in opposite *' 

directions like the fibre of a string 
galvanometer, and the small mirror 11 

M shows a deflexion. With an 217 

alternating current the mirror oscil- 
lates backwards and forwards, but this oscillation has nothing 
to do with the natural vibration of the strips and corresponds 
merely to a succession of equilibrium positions. The oil-bath 
KL, in fact, makes the movement of the strips so dead-beat 
that they respond completely even to rapidly changing currents. 

In order to obtain a record of the motion of the mirror we 
may receive the spot of light on a photographic plate which is 
made to move at right angles to the direction of vibration. In 
this way the curve connecting the current with the time is obtained 
directly on the plate. Oscillographs are usually fitted with two- 
separate strips for simultaneous observation of the current and 
E.M.E. in a circuit, the current strip being shunted and the voltage 
strip in series with a fairly high resistance. 

The chief difficulty with oscillographs is to obtain sufficient 
sensitiveness together with a small natural period of vibration. 
Instruments on the principle of the string galvanometer, with 
perforated magnetic poles, have been devised and are found 
very satisfactory. 


Fig. 217 
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+L ^ Harmonic analysis of curves. According to Fourier’s 
eorem an arbitrary function /(a;) can be expanded, in the range 
X ^ in a series of tlie form 


where 


/ (^) = cos X bi sin x . 

+ cos nx -f sin nx • 
1 

= bZ / (*) 


....( 13 ), 


and the other coefficients are given by 


i / 1 r27r 

= - I / (a:) cos nxdx, = - ( / (a;) sin ‘nxdx. 

In the case with which we are concerned/ (*) is a periodic function 
0± X, of period 277, and tlie expansion (13) holds for all values of a?. 

The curve y =f{x) is said to be harmonically analysed when 
the coefficients a and h are known. The constant term 
represents the mean value oif{x) over a complete period, and 
m generally zero in electrical problems. The most important 
terms are usually the terms % cos x+b^ sin x of the first order ; 
and if the curve is a pure sine-curve these are the only terms 
occurring. The higher terms are called harmonics by analogy 
with the modes of vibration of a stretched string, and the magni- 
tude of the harmonics shows the extent to which the curve deviates 
from the sine-form. 

It is interesting^ to examine the effect of inductance on the 
form of the current curve when harmonics are present in the 
alternating e.m.f. applied to a circuit. Let_^/ 27 r be the frequency 
of the applied e.m.f. F, and let F be expanded in the Fourier 
series 

F = o^o + % cos p -1- sin .. . 

+ cos np -h bn sin np -f 

that (3^0 “ 0 and that the resistance in the circuit is 
aegligihle. Then the equation L dijdt == F gives on integration 


sin p — cos pt 


Xn sin npt — cos npt 


* Tiie conditions of validity are the reverse of stringent. See Carslaw, 
Courier Series and Integrals, pp. 126-7 
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Since tte denominators increase steadily with n, it is obvious 
that the effect of harmonics in the e.m.f. curve is diminished : 
hence the effect of self-inductance is to make the current curve 
approximate more nearly to a curve of sines. The effect of 
capacity in the circuit, on the other hand, is to exaggerate the 
harmonics and may cause a considerable deviation from the 
sine-form even when the e.m.f. curve does not deviate much from 
it. For in this case we have 

i = c^ = c S wp ( 6 „ cos np - a„ sin npt), 
at n=l 

and the higher harmonics are' multiplied by larger and larger 
factors. 

The curves considered in electrical problems nearly always 
satisfy the condition/ (a: -h w) = - /(as), i.e. they repeat themselves 
after a half-wave on the opposite side of the axis of x. In this 
case the only admissible terms are those which change sign when 
X is increased by w, so that only odd harmonics can occur. In 
practical harmonic analysis we may take as given 2n ordinates 
on a half-wave corresponding to equidistant values of x and deter- ■ 
mine the coefficients in the equation 

y = cos X + cos 3x + ... -I- a^n-i cos (2n — 1) a: 

+ bi sin X -(- 63 sin 3a; -b . . . + sin ( 2 m - 1) a; . . (14), 
so that y may have assigned values for the values 


TT 27r 

2n' 2n' 


{2n — 1) TT 
2n 


of X. If these values are y^, y-^, ... y2n-i^ 

equations to determine the coefficients, namely those of the 


. rrr 
+ 6xsm^ 


,3r7r , ' (2m— l)rn- 

cos 2 ^ 

, . Srm , , , . (2m - 1) rm , 

• 63 sin - 1 - ... + V-i sin — — ^ . . (15). 


To solve the equations (15), multiply the rth equation by 

cos — l/r^ sum from r = 0 to r = 2m— 1. The left- 

^m 




Mi»omiOTir 


tand side becomes « cm - 1) On • k* i 
SI e a t e terms vanish except that containing ii^f.,.„ 

2n-l 


SO that (2w--- llnr \ 

r«t Jim [ 

Similarly . (2» — 1) -nr | ‘ • 41®| 

== H f - sin i__i_ . 

r*® ^fl / 

estentklLTo^^^^^^ following scheme. di„«. 

essentially to Runge, gives a convenient method of carrying out, 

half-wave, corresponding to the values 0°, 15^ . . . 165“ of jr, 
iQKo that the ordinate corresponding to * =» 18<ir*, 

9 , . . . 345° are equal and opposite to the above. The higher 
harmonics are not calculated. 


Zn 


„ ,{2*»-nnr 

S CM* ~~ ' ^ 

r=.6 a« ’ 


Scheme for twdve ordinates. 
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The meaning of the last table is that the rows are first to be 
multiplied by the sines on the left, and the columns are then to 
be added. Thus 

6 n 5 = sin 15° + sin 30° - d^ sin 45° - 4 sin 60° 

+ ^5 sin 75° + do sin 90° . • • (If). 

The accuracy of this table may be verified from the formulae 
(16). Consider for example the last equation. Here m = 3 and 
w = 6 , so that (16) gives 

6 a .5 = t/o cos 0° + cos 75° + cos 150° + cos 225° 

+ y^ cos 300° + ys cos 375° + y^ cos 450° + y-, cos 526° 

+ 2/8 cos 600° + 2/9 cos 675° + y^^ cos 750° + 2/ii cos 825°. 

The trigonometric functions can clearly be expressed in terms 
of sin 15°, sin 30°, ... sin 90°, and we find 

Oug = (2/i - 2 /ii) sin 16° + (2/4 - y^) sin 30° + ( 2/9 - Vz) ^5° . 
+ ( 2/10 - y%) sin 60° + ( 2/6 - 2 / 7 ) sin 75° + 2/0 sin 90°, 

which is identical with (17). 

156 . Investigation of a coil with an iron core. When 
a simple harmonic b.m.f. is applied to the terminals of a coil 
without iron, the current curve is also simple harmonic, but 



displaced from the e.m.f. curve by the amount tau”^ {Lp/R). 
reckoning a whole wave as 27r. This ceases to be true when the 




applied ELECTBICITY 

as well as displaced. Fig. 218 is a copy of an oscillograpli curve 
of current and potential in this case. 

current Tt^^f T! l^T ^ 

and the now W f ^ 

and the power W absorbed by it. The connexions for this are 


Pig. 219 


Jown in Fig. 219, where the crossed coils represent symbolically 
the current and voltage coils of the wattmeter W. The current 
coil IS placed in the main circuit and the voltage coil applied to 

IF (hreia^ ^ wattmeter measures the power 

Strictly speaking, the coil cannot be said to have a self- 
inductance at all, since the flux through it is not proportional 
to the current. But there must be something which corresponds 
to inductance, and we should define it in such a way that the 
commonest electrical formulae still hold good.. 

The apparent resistance of the coil is defined so that the power 
W is equal to RD. Here R is no longer the true resista^e of 
the coil, but considerably greater, since power is .absorbed not 
on 7 m heating the windings but also in hysteresis and Foucault 
^rents in the core. We next define a phase angle a so that 
F/ COS a (cf. Art. 130) ; and finally the self-inductance L 
so that tan a - LpjR, where pj^ir is the frequency of the e m p 
applied. “ ■ ■ * 

_ Since the last three equations have been used as definitions. 
It follows that they always hold. The apparent resistance and 
the self-inductance, of course, are not constants, but vary with 
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the frequency and voltage. The extent to which these quaP^ 
may vary in practice will be seen from Fig. 220. 

Ntmiber of turns 32, cross-s6ction of core 20 S(j. cm., 
actual resistance of coil 0*15 ohms 



Applied voltage 
Fig. 220 


157. The transformer and the transmission of pO' 

The principle of the alternating current transformer has air 
been given (Art. 134). Its function is to change the e.m.I'. * 
alternating current circuit ; and it is in this connexion tha' 
special advantages of alternating currents begin to appear, 
order to raise the e.m.e. of a direct-current circuit from K 
1000 volts it is necessary to employ a 100-volt motor to dr 
1000-volt generator; that is, to use rotating machinery, 
alternating currents the' transformation is performed 1 
stationary transformer which requires no attention whatevei 
in addition has a higher efficiency than any machine. 

In transmitting power to long distances a change of vo 
is sometimes necessary and generally advantageous. Su] 
for example that 100 kilowatts have to be transmitted o- 
distance of 10 kilometres (6 miles). If this is done at 200 
a current of 500 amperes would have to be sent, and the ct 
the cable would be about £7000. If, however, the voltagt 
raised to 2000 the current would be only 60 amperes, am 
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Fig. 222 shows the resiilt of a test on a small laboratory trans- 
former, in which the primary voltage and efficiency are plotted 
in terms of the secondary power IF 2 . It will be noti<;ed that 
Vi rises as more and more current is taken from the secondary. 


Mean radius of ring 7-5 cm., cross-section of core 18*8 sq. cm. Primary 204 turns, 
resistance 1-76 ohms. Secondary 226 turns, resistance 1*01 ohms. St'coudary 
voltage 53-5. 


Secondary power (watts) 

Pig. 222 

Hence in order to maintain constant voltage at the 
terminals in a lighting system the primary volta^ 
increased with increasing load. 

The efllciency of commercial transformers is very 
exceeding 95 per cent. The losses in transformers ar 
same as those in other electrical machines, namely 
Foncanlt currents, and heating of the copper win( 
modern steel alloys with low hysteresis loss (Art. 108) are 
used in the construction of transformers. It is also ad 
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very interesting. We clearly cannot short-circuit either field- 
magnets or armature without preventing the motor from working : 
but the inductive effect of the armature can be neutralised, by 
making it the primary of a transformer, the secondary winding 
being a fixed coil short-circuited on itself. 

In order to see how this comes about, let N denote the flux 
of magnetic induction through the secondary, R the resistance and 
i the current in the secondary. Then dN/dt + Ri — 0. When R 
is small, Ri would remain finite if all the inductance of the 
primary was in the armature (Art. 134) ; but since this is not so 
Ri becomes small with J?. Hence the flux N is small, which is the 
principle of compensation referred to. Since the magnetic field 
due to the armature currents is perpendicular to the main field, 
the additional windings on the field-magnet frame are placed 
at right angles to the ordinary coils. 

The alternating current series motor was first used in England 
on a large scale on the London Bridge — ^Victoria section of the 
London, Brighton and South Coast Eailway. 

Another alternating current commutator motor is the repulsion 
motor, invented by Elihu Thomson. In this machine alternating 
currents are supplied to the field-magnets, and the armature, 
which is the same as that of a direct-current motor, is short- 
circuited across the brushes. The varying flux in the field-magnets 
first induces currents in the armature and then acts on them 
mechanically just as in Elihu Thomson’s experiments (Art. L36), 
which were, in fact, devised to illustrate the principle of the 
repulsion motor. It has the 
advantage that the armature Qd 

is entirely insulated from the 
field. 




159. Polyphase currents 
and the rotating field. Let 

AB, CD (Fig. 223) represent a 
vertical view' of two coils at 
right angles to one another, 
AB being parallel to the axis 
of X and CD to the axis of y. 


Fig. 223 
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Imirar? reckoned as positive when it flows up, 

toj. half of the'co 'nrTrrtt that the current in the 

the eurrcit in OB is L of the arrow. Similarly 
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*i«, L,U, (hig. 224) be traversed 



by the cu,re„te cos cos (^ + |) , c„. (y, + M cespeotively. 
rtei, the component. o( magnetic force at the centre are 
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and A |cos y( + i cos (yl + ’) - J oos (,.< 1 'i;') • • 

sin pt and ^ 

The resultant field therefore rotates witl. aufiular veloeity /, 

as before. , x* r 

The method of generating polyplmne elect n>motive forces 

will he understood from Fig. 213, If an e.Ktni set of cmls is 
inserted half-way between those shown, and brought out to two 
additional terminals, the phenomena of induction in tlicin will 
clearly take place a quarter of a pmiod after those m the first 
set of coils. A machine so constnudcd wouhl be a two-pfimr: 
generator. Similarly a three-phase generator can b(‘ ccmstrur^ 
by arranging three sets of coils between every two consecutive 
field-magnet coils. 

Two-phase currents may also be taken from a rotary converter 
by suitable arrangement. For this fnirpose four points on the 
armature, separated from each other by tHl , are I'onnt'cteil to 
four slip-rings mounted on the axle. If the v<*ctorinl angles 
of OP and OQ in Fig. 214 are o>t and o>l \ rr at. time t, the vwtarial 
angles corresponding to the other jihase (say OP, fW) are ojf + |w 
and cot-ffw. It has been shown (Art.. 1:13) that the <lifference 
of potential between P and Q at time' I is l„Hiu<()/, and hence 
the difference of potential between It and <S' is 
Fo sin {(lit -P |w) = Va cos (i>t. 

The two potentials have therefore the propi'r phase relation to 
give two-phase currents. Similarly witii six slip-rings a thfe- 
phase current can be taken off. 

In practice it is possible, by using devices known as the star 
and mesh groupings, to obtain three.-phuKi' currents with three, 
or at most four, wires instead of six. It is not however proposed 
to describe these methods here. 

160. The induction motor. One form of rotating li'-ld 
motor is that kn own as the squirrel-atge motor, the principle of 
which is shown in Fig. 226. The currents, in thi.s cuse two jdiu.sc, 
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are led through two coils AB PT) ;r» « t * m i ^ 

,, , . , , ^ ^ uxed laminated iron frarv^^ 

called the sfator, I h(^ movino* ^ ^ • i 

moving part, or fotor, is made up of tliin 





t’lK. 22(5 

<liscH thn-aded <m a Hpi.ulla Uka the drum armature of a direct 
(•urre.d, umeluue. The nlc.tH iu the discs hold a number of stoui 
wuvs <.r of copper : these however are not wound aceonlinc! 
to any system, hut sunply connected together at both emls hy 
a solul copper r.ng, so that t!>e.y are all short-circuited, 

_n order to see. how i|,e wpiirrel-cage motor works, let us 
H^in by calculating the currents in the bars under the assumption 
. lat the inductive effect of the bars on one another can be neglected 
( onsidei two opposite bars />, Q (Fig. 226) situated in a uniform 
magnetic (mid II which rotates with angular velocity p the 
angular velocity of die rotor being oi. Any current that mav 

• <'He rotor, atul by symmetry will flow down the opposite bar Q 
Hmice we may imagine the bars P, Q joined at top and bottom 
so as to form an insulated circuit of resistance R, where < R. is 
t m resistance of a single bar. Let A be the area of this imaginary 
muit and write N ^ HA for the greatest possible flu., o' forci 
through a cod. I he actual flux through the coil PQ is then 
-■ A„ sm 0. In calculating dNjtU we must remember that the 

2a— 2 
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gular velocity w, so that {>> 

i) and the current i in tlic coil ! 
df) 

- N, cos e . == iv„ (p - co) cos 


coil is rotating with an: 
Hence ddjdt = — {p — co. 


The induced current vanisht* when p = m, Hincc t he coil wouW 
then rotate at the same rat«. as the field and the flux uf f.m-e wouW 
never change. In order that currents may he «leveh*iMa{ the 
speed of rotation of the motor must In* less than that of the field. 
However, since R is very small a considerable current will be 
developed for quite small values of p — o), so that the rlilTerwice 
between the two speeds in practice need not be vory great. This 
difierence is called the slip, and in large motors (loes not amount 
to more than 2 or 3 per cent, at full loud. It will he tmtieed that 
the current in a bar depends oti ito position with resp«'et to the 
field at the time being. In the presimt case the current is greatest 
when 0 = 0 and vanishes at right angles to the: field. Tins couple 
on the coil PQ due to the field M is 

iHA cos 6 ^ Nq^ {p o)) cos* 

which is positive for all values of 6 , It is obvkniH tlierefore tliiit 
there is always a couple on the rotor when o) is loss than jh 
that this couple, caeteris paribm, is proportional to tin* slip. 
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Since the current in a bar determines its inductive effect and the 

cerrerd, , SCI .. determined by the totalflnx threngh it, it is obvionalv 

, n.,>u»s,bl,, t.. dc ermme the eurrento by a direct method as hitherto 
In spite ot this, however, it is possible to find the distributiln 

r 1 tim'tint'pb™. ‘the''“* ‘7° ““Amptiom ate made. 

In till, lust |iUei. the number of rotor bars will be taken to he 

very gre. , so that the number between angles . and a + d. is 

U|nal to .«,(n/w, where 4» is the total number of bars on the 

111 oi. . b'lUii. t le calculation of the mutual inductances obviously 

Wi, notin, tlnit tile lliu; of magnetic force through one coil due 
to unit curr|.||t in another is greatest when the coil, coincide 
and srti, wheu their plan« are at right angles. Hence we shall 
no r II. VI ij ar wrong in assuming that the flux is L Cos d, where 
L » a eo.uit.ut nud « i, ,he angle between the two ooilL We 
shall also nuppost^ that no iron is present in the field 

W« hav(i now to calculate the flux of magnetic force through 
the cofl (K.g 226) due to the currents in the remainW 
hctitiouH coda. U J {6) IS the current in the bar P, the flux 

through / Q due to the group of 2rada/ir coils between d == a and 

a « a + da m 

2wda a, , y. 

■~~J (a) L cos (e - a). 

Hence the retpiirc'd flux i« 


'2n L (' ^ 


/ (a) cos (d - a) da. 


and therefore 


sin e I- /(a) cos (0 - a) da. 

'' . TT 

As Ixrfoo^, in calcnlating dNjdl we must remember that 
dd/dt « — (p ca)j 

while a is rnort^ly a variable of integration. Hence 

f . - fn. (p - m) cos e -b t .») f (P _ 
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[oh. 

and the law of electromagnetic iiulucticnj given 

r 

The equation (18) has to be used to determine the dwtribution 
of current along the circmnference. Assuine « stdiifion 



/(0) == A' cos 0 [ V sin 0. 

Substituting in (18), we have to satisfy the equation 

R (A cos 0 + Y sin 0) N„ (/» u,) vim 0 

— nL(p - to) (A' sin ff - Y cos <1) 

for all values of 6. This can be done provided that 
XR - YnL (p - «) - Nu ip - «>) 

and XnL{p-w)+ YM^-ih 


Hence we find that 

/(d)=-A„(p 


w) 


R cm 0 -- « /. ( p 


u») sin B 

O})* 


.(ill). 


Thus the distribution of cmrreiit elianges according to a sine-law 
as we pass round the circunifcretico, as before : but the miixinuitn 
is displaced and the current is no longer zero at right iiiigles to 

the field. On multiplying the expression (HI) by NucmO.*" 

If 

and integrating we find that the tnrune exertiMl by t!i«* mutor 
is given by 

w 

T = j ?2 "Va [ {Rvm^if — nL(p ~ ««) cos di-in n; ,lii 

TT R^ 1/ [p — oYf } \t ! 

-% 


or 


T 


nRNo^ (p — to) 
«* f n»L^{p’^-w)^ 


fJOj. 


If the motor is working on a constant voltage supply «h.- (!ii\ 
iVo will not be constant, because the rotor currents react <*ii the 
stator and induce electromotive forces in it. NeveHhelev.<, the 
performance of the motor is given in ite main features by cpcoimi 
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<20), regarding as constant. Writing x for nL{p-o))IB, 
T is given as a function of the speed ct) by the equation 


wlnire A is a constant. This expression has a maximum value 
I A wiien X I : it vanishes when sb- 0 and is small when a; is 
large. H<inco we should expect the torque exerted by the motor 
to be great<«t for some speral less than p, and to be comparatively 
small when the motor is starting (m = 0). This is what actually 
ocH-urs, the relation h(>tween speed and torque being somewhat 



as shown in Kig. 227. In practice, the starting torque is oven 
smaller than we might expect, because the heavy currents induced 
in the rotor tend to weaken the field just as the short-circuited 
8e<u>rulary of a transformer weakens the flux, so that is smaller 
at low than at high speeds. 

The combination of low starting torque with high starting 
current is a serious drawback to the squirrel -cage motor. For 
this reiuHcm motfirs larger than about five horse-power require, 
some starting device, especially if they are liable to be starte,d 
against a load. Tlie most satisfactory way is to give up the 
closed H((uirrel-cage construction and have regular windings on 
the rotor, which are brought out to slip-rings situated on the, 
axl(». In this way the resistance of the rotor can be made large 
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to begin with., and gradually cut out as the speed rises. Not 
only is the current cut down, but also the starting torque may 
be considerably increased by suitable choice of the starting 
resistance. 

161. The electric arc. The electric arc was discovered 
in 1806 by Davy, who observed that if two carbon rods, attached 
to the terminals of a battery of sufficiently high potential, are 
brought together and then separated, a brilliant light is produced 
so long as the rods are not too far from one another. Fig. 228 



Pig. 228 


shows a carbon arc lamp suitable for lantern lighting, in which 
the screws are used for striking the arc and for adjusting the 
position of the carbons. The phenomena occurring on lighting 
are as follows. When the carbons are first brought into contact 
a fairly large current flows through the circuit. Since, however, 
the chief resistance in the circuit occurs where the carbons 
touch, there is a considerable development of heat there, which 
is sufficient to raise the electrodes to incandescence. On separating 
the electrodes the intervening space becomes a conductor, partly 
because air conducts at a sufficiently high temperature and partly 
on account of the constant emission of electrons from the negative 
carbon (cf. Art. 226), and the current continues to flow. 
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Tht; physiological effect of the are lamp makes it dangerous 
to fix one s (‘yes u])on it for more than a fraction of a second : but 
tli(‘ arc may he conveniently observed by focusing its image with 
a lens on to a sheet of white paper. The positive carbon, which 
Ixicoim'H the hott(‘r of the two, is rounded off and has a white-hot 
depressioii in the centre, from which most of the light of the arc 
comt‘s. I he negative carbon is seen to be covered with small 
bubbh‘a which constantly rise and evaporate and are probably 
due to impuriti(‘s contained in the carbon. The air between the 
carbons emits comparatively little light, consisting of a yellowish 
paf(!h it» the form of a bow touching the negative carbon ajid a 
violet portion oppewite the hottest part of the positive carbon. 

^ Other materials may be used in the are as well as carbon. 
Thus tlni mineral magnetite may be used for the negative electrode, 
witii a^ (topper rod as the positive, which has the advantage of 
increasing the brightness of the ar(! itself. This is attaimsd in 
another w‘ay in the flame are, in which the positive carbon is 
impregnated with e«‘rtain salts, usually calcium, which evaporate} 
and impart a hrilliant luminosity to the are stream. The high 
temperature of the ehvttrodes of the carbon arc (positive about 
3700” 0. negative about (J.) causes them to be consumed 
in air at the rate of about 2 cm. per hour, and arc lamps are 
consoijuently fitted with automatic devices for keeping the 
carl.ons at a constant distance apart. The rate of consumption 
is reduced to about I mm. per hour in the enclosed arcs, which 
are enclosed in a glob(j which is air-tight, or nearly so. The 
relative advantages of the various kinds of arc depend very much 
on circumstances such as the cost of current and carfmns, and so 
forth, and it is difficult to lay down general rules. 

1’lie (^ihiiracteristic of direct-current arcs is that, as the 
curr(*nt rises, the difference of potential between the electrodes 
falls. Fig. 229 shows the potential-difference for magnetite arcs 
of various lengths and for currents up to 8 amperes. With the 
longer arcs more voltage is reejuired for the same current, and 
Hteinmetz has shown that the voltage can be represented over 
a large range by tiie formula 


F »■ Ffl + 


a (I + b) 
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Arc current (amperes) 
Pig. 229 


where I is the length of the arc and Vg, a, b are constants. For 
the magnetite arc 

7o = 30, a = 48-5, 6 = 0-125. 

The carbon arc has the constants 

7o = 36, a =51, 6 = 0-8, 

but the agreement in this case is less close. The quantity 7o 
clearly represents the least possible voltage that will burn an 
arc at all. 

Arcs can be produced between metallic terminals, but it 
may be necessary to employ water cooling in order to prevent 
the terminals from becoming too hot. The mercury arc lamp, 
which is sometimes used, burns between mercury electrodes in 
a vacuum. The arc can be struck by tilting the tube until the 
two streams of mercury run together. 
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'I’lie light- from the carbon arc, when examined with the 
8p(M:tr()Hc*()pe, iH found to be mainly continuous, being crossed 
by litu‘s only slightly brighter than the background. Metal 
airs, on the other hand, yield brilliant line-spectra. Thus the 
mercury arc (‘ontains about seven bright lines, of which the 
three strongt‘st are in the blue, green and yellow. The absence 
of strong lines in the red unfits the mercury arc for certain purposes, 
as red objects appear black by its light. 

The asyimnt'try of the arc, that is the difference in tlie appear- 
ance at the positive, and negative terminals, is an example of the 
contrast bi'tween positive aiul negative electricity alreaily referred 
to (Art. 23). 'Phis asymmetry has been utilised in tJie, niercury 
rectifier, by which alternating current can be converted into 
<lirect current without the use of rotary machinery. 

162, ISlectric lighting. Meters. Electric lighting in 
rooms is carried out by means of the electric glow-lamp, which is 
familiar to every reader. The form generally used at present 
contains a filament of pure drawn tungsten wire stretched over 
a frame consisfing of two sets of radial metal strips attached 
to a glass rod. The ends of the filament are attached to short 
strips of platinum or niiikel-steel wire fused through the glass 
and making contact with the terminals of the lamp. 

A description of the methods of determining the amount of 
light given out by a lamp, or its candle-power, is beyond the 
scope of this book : but a relative determination may be made 
in the laboratory to illustrate the conditions regulating the 
economii^ emission of light. The comparison is conveniently 
(uirried out by means of the paraffin-block photometer, whicli 
is the most accurate of the simple instruments. It consists of 
two similar blocks of paraffin-wax pressed together after being 
slightly warmeil, with a sheet of tinfoil between. Paraffin is 
translucent, and when illuminated from one side one-half of the. 
compound block appears bright and the other half dark. When 
illuminated on opposite sides by lamps of candle-power /, J at 
distances r, e respectively, the two halves will appear eipially 
bright when / /r® »» J js^, so that the rajiio of / to / can be deter- 
mined by experiment. B’or our pr^ent purpose it is sufficiently 
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accurate to take as a standard a new lamp by a good maker, 
run it off the marked voltage (say 100) and assume that its marked 
candle-power is correct. The lamp to be tested is also run off 
the same mains in series with an ammeter and a resistance box, 
so that various currents can be sent through it. More than the 
normal current can be used by placing one or more accumulators 
in series with the lamp. 

Suppose that at any particular stage the applied voltage is 
V and the current i, and that the resistance in circuit, other than 
the lamp itself, is E. The difierence of potential between the 
terminals of the lamp will be 7 -Ri, so that Yi — Ri^ watts are 
consumed in the lamp. Dividing this by the candle-power of the 
lamp, as found with the photometer, we can find the watts required 
per candle-power for any current. The resistance of the filament 

• . ■ j • 1 X j: 

will rise as its temperature increases, and is equal to — j — lor 
current i. Fig. 230 shows the result of such an experiment. 






. / k 
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. -20 -22 -24 -26 -28 -30' -32 -34 

Current in amperes 
Fig. 230 

The efficiency of a lamp is measured by the number of watts 
consumed per candle-power. This is about 1-25 for the tungsten 
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lamp. The eflieietiey falls very quickly when less than the normal 
current, is sent through the lamp, because the filament emits less 
light m proportion to its total radiation at. lower temperatures. 
Oonverw'ly, high efiicieuey results from the passage of a large 
current; hut if this is carried too far the life of the filament, 
which is limited by the gradual evaporation of the tungsten, is 
unduly shortened. The average life under normal conditions is 
rouj^dy 1500 hours of actual running. 

It is (‘vident from what has been said that an eirudent glow- 
lamp must contain a filament of high melting-point. The melting- 
point of tungstem, which is about 3000“ C., is the highest among 
the metals. ( 'arhon vaporises at about 3700° C., but the (wapora- 
tion becomes ap{)r(-ciable very much below this point, and lamps 
with carbon filaments cannot be advantageously used above 
HlOO^ (1. A recent advance in the manufacture of tungsten 
liimjts has been to [dace the filament in an atmosphere of 
nitiogen, which permits the use of even higher temperatures 
than in a vacuum. 

fi'hc Nvrnsl lamp has now gone out of general uses but is 
employed in laboratories for lamp and scale work, since practically 
all the light comes from a single point. It consists essentially 
of a short stout filament composed of the oxides of thorium and 
cerium, which heconms incandescent when heated by an electric 
current and gives off a brilliant white light. As, however, the 



Fig. 231 

filanumt will not conduct at ordinary temperatures special means 
have to b(5 adopted for heating it, as indicated in Pig. 231, which 
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shows the arrangement of the complete lamp. A represents 
the filament and B the heating coil, composed of a fine platinum 
wire contained in a , porcelain tube. (7 is a small piece of iron 
shaped somewhat like a horse-shoe, over which is wound a coil of 
wire F attached to C at one end, but otherwise insulated from it. 
The iron piece D is attached to (7 by a spring, and rests normally 
against another metallic piece E, thus completing the circuit 
through B, As soon as the filament A becomes hot enougli to 
conduct, a current passes through F which magnetises the iron 
core and attracts the moveable piece D. The heating circuit 
is thus automatically broken. 

The following table gives the approximate efficiency of various 
lamps : 


Lamp 

Watts per 
candle-power 

Mercury arc . . 

0-25 

Flame arc . . 

0-25 

Carbon arc . . 

0-5 

Tungsten filament lamp in nitrogen 

0-6 

Tungsten filament lamp in vacuo . . 

1-25 

Nernst lamp 

1-6 

Carbon filament lamp 

3-5 


Direct-current supply in towns is at a constant voltage, usually 
about 220, but sometimes 100. Hence the electrical energy 
used by a consumer can be ascertained by measuring the total 
quantity of electricity passing through the circuit. Ampere- 
hour meters on the electrolytic principle are extensively used. 

An interesting type of meter is the Kelvin watt-hour meter, 
which registers the power consumed on direct or alternating 
current circuits in any interval of time. It consists of a small 
commutator motor without iron, of which the field is produced 
by the main current i flowing in a coil. The voltage terminals 
are connected through the armature and also through a compen- 
sating coil assisting the field coil. The armature axle carries 
an aluminium disc which lies between the poles of a permanent 
magnet. When the impressed voltage is F, the driving couple 
on the motor is {Xi + ^F) F, where A and fx are constants, and 
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the retardinfr (‘()ui)le due to Foucault currents is vdff/dL 
the equation of tnotion of the armature is 




- MV + yuF® 


J/ 



Hence 


when; Ji is the retarding couple due to friction. On integrating 
over a long tinu' 7’ the left-hand side becomes negligible, and we 
have 


A IF f f i V>‘T -va~RT^ 0, 


where II ■--=// IWz is the power consumed and a = Jdd the angle 
turned througli by the armature. The compensating coil is ad- 
justed as nearly as possible so that R Hence AIF = va. 

Thus IF (tati be measured by means of a clockwork attachment 
which n-giaters a. 


I 

I 
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163. Experimental evidence ftor Faraday’s laws. We 
have tH(\v to t'oii.sidcr Uii* law« <tf elect rolyth’ tlccutupoMtictii, 
which were (liaiiiiswd Htuiicwhal hrictly iti Art. r»7. in h’niHiiHv'H 
; origiiml cxporimctitH the lirat Btej> wan t(t iiivcHligufe carefully 

j the olectrolywH of diluted Mulphuric acid iti order to ace whether 

j cotmmtent reaulta could he ohtiiiiied irrwpective of the aijse of 

I the electrodcK, the ahHoliile iiwgaitude of the curreut, and the 

[ Htreiigtli of the acid. The luetlual wa« to {»lace aevi-ral voltiuuetew 

I in HcrieH, ho that the. Haute aiuoiint of elect ricily imwt pans through 

i all. 'f’huH in one caHc thrt*f» voltaniettwH were iilaeetl in aeritw, 

t hi* firat having Hiuall eleetrotlcH of platinum wire and the Heeond 
i having plates of the metal ua electrod»*H, while in the third the 

products of electrolysm were collected Hcptirately, instead of 
together as in the first two. The sum of the volumes of hydrogen 
atul oxygen in the three cases were respectively 7f>30, 7.'h2r> and 
73-65 in arbitrary measure. The small tiillereuces that occurred 
were such as might be explained by the solubility of the gases 
in the litptid, and Faraday concluded that the great ««st accuracy 
was obtained with sulphuric acid of <letisity about 1-25, <*olIecting 
the hydrogen only. 

As an example of Faraday’s second law w(« may takr^ the 
electrolysis of lead chlorhle (PbOl*). Faraday foimd that the 
mass of lead dejmsited was to the mass of hydrogen liheratiHl 
front a water voltameter in the same circuit iu the ratiit l(«>-8r» 
to 1. The ratio of the atomic weights is 207, and the valeimy 
of lead is here 2, so that the agreejuent is fairly satisfiKdory. j 

.Similarly the amount of tin riepoaited frfun stanmnis tdiloride i 
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ia showing that this was the only cause, but when corrected in 
the light of this hypoth^is they became more consistent. Finally 
only the results 'with the higher current-densities were taken, 
and no correction was applied. The ratio of the depositions of 
silver and copper was found to be 3-3998, while the value to be 
expected on the basis of the atomic weights is 3-3946. 

It has recently been shown that accurate experiments can 
be made with a cadmium sulphate solution. Taking silver as 
a standard, the value 112-31 is obtained for the atomic weight 
of cadmium, the accepted value from chemical data being 112-40. 

164. The theory of electrolsrtic dissociation. The 

view of electrolysis now generally adopted rests on a theory of 
the nature of solutions, which we proceed to expound. It is 
d^irable in the first place to get clear ideas, from the physical 
point of view, of what is meant by atom and molecule. According 
to the ordinary definition, an atom is the smallest amount of an 
element that can enter into chemical combination. The physical 
molecule is the small®! amount of a substance capable of per- 
manent independent existence, as in the kinetic theory of gas®. 
The question of molecular weight is partly a physical one, as it is 
based in simple cas® on Avogadro’s principle, namely that the 
number of molecules per cubic centimetre of a gas at an a®igned 
temperature and pre®ure is a definite constant, independent of 
the nature of the gas. This principle, which cannot be regarded 
as self-evident, is shown in the kinetic theory of gas® to depend 
on a statistical theorem, that of the equipartUion of energy, 
namely that two sets of molecul® in pr®ence of one another (as 
in a mixture of gas®) ultimately reach a state in which the 
average kinetic energy of a molecule of either kind is the same. 
In the liquid and solid stat® of aggregation the molecule is 
defined by chemical properti® which cannot be discussed here*. 

If p is the pressure and p the density of a substance in gaseous 
form at absolute temperature $, then the combined laws of Boyle 
and Gay-Lussac are expr®s«i by 

p^RpdjM (1), 

♦ See Tkeoi^kS PP» ■ 
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where M is the molecular weight and It the universal gas-constant 
= 8-31 X 10^. 

Somewhat similar considerations apply to osmotic pressures, 
though the subject is by no means free from difficulty. There 
seems, however, no reason to doubt the conclusion that the 
osmotic pressure of a substance in dilute solution is the same as 
would be produced by the same number of independent particles 
existing in the gaseous form. The term independent particles 
is used intentionally instead of molecules, because we have so 
far no means of knowing what happens to the molecules of a 
substance when it is dissolved. If the particles were really 
molecules of the substance the osmotic pressure would be given 
by an equation analogous to (1), namely 

P = RcdlM ( 2 ), 

where c is the concentration of the solution in grams per c.c. 

If this equation is found to hold good, therefore, we mav 
conclude that the particles in solution are molecules. 

T^or example, Pfeifer found that a 1 per cent, solution of cane 
sugar in water had the osmotic pressure ,6-73 x 10®, while the 
above formula (c= 1/100, if = 342) gives 6-80 x 10®. 

As a matter of fact, most of the experimental work has been 
done on the depression of the freezing point of dilute solutions, 
which is easier to determine than the osmotic pressure. This 
depression is connected with the osmotic pressure by the equation 
S9 = PdjJXp, where J is the mechanical equivalent of heat, 6 the 
absolute temperature of freezing of the solvent, A its latent heat 
of fusion and p its density*. Using equation (2) we find for water 
solutions the equation 

S0 = 185o4- 

M 

This equation has been verified in the case of cane sugar by 
Griffiths, who found that at great dilution 80 = 18580/11. 

If each molecule of the dissolved substance gave rise on the 
average to ,h independent particles from the point of view of 
osmotic pressure, instead of one, the last equation would become 
80 = 1850Jcc/M. The factor h can therefore be determined by 

* See Wietham, TJieory of Solution, pp. 122-6. 
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Siil»t»iiee iO® c / M 


KOH 

NaOH 

KNO^ 

NH^O 

NaCI 

KBr 

HCI 

HNOg 

KMnO^ 

MgSO* 


With c€fl»m exceptioBS the valu^ of h have a remarkable 
tendency toward being whole nnmbers, which is the more pro- 
nounced the more dilute the solution. For example, in dilute 
hvdrochloric acid (k = 1'95) we conclude that practically all the 
molecules are split up into their constituent atoms. The weaker 
the solution the ehanee there is of a hydrogen atom meeting 
a chlorine atom and booming temporarily united with it, so that 
we should exp^t to be larger in this case. The case in which 
k approach^ the value B is attributed to the presence of three 
dissociation products, it bring necessary to suppose that complete 
dissociation is not so easy to attain; and similarly the other 
figure receive a more or less satisfactory explanation. The chief 
difficulty occurs with stannic chloride, which has the factor 
I: 6*82 while jdelding at the most five atoms. Loomis attributes 
this to certain disturbing effects. 

This theory of eketrdftic dissociation, namely that the molecules 
of ei^troiytic solutions are split up to a greater or less degree 


Factor h I 

SubstMLce 

10® cJM 

Factor k 

1-52 

K.S 04 

1-0 

2-62 


BaCl. 

1-0 

2-70 

1-86 1 


0-02 

3-02 i 

1*87 j 

hJsOj 

0-1 

2-70 : 

1*87 


0-03 

2-85 

1-93 

K,OOs 

1-0 

2-74 

1-93 i 

NajCOs 

i 1-0 

2-75 1 

1*93 

MgCl, 

1-0 

2-78 

1-94 I 



>3-02 ' 

1-95 ^ 

KAA 

very dilute 

l-f7 

Na^iOj 

1-0 

3-50 

1-^ 

K,re(CN)e 

0*02 

3-98 ; 

2-00 i 

SnCU 

1-0 

6-82 
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y Arrhenius in 1^7. Among kmmwn ^mmU^ wattr m 
w' ich most readily This te Altit- 

buted by Nemst to iu idgi which 

tend to weaken the attimction tew«« the pod»& of 
assuming thme to be ehai^^. 

165. Ionic tlieory of eloctrolfte. A mmtml 

m has already been said, m regaidiwj m mmtMmmg a etxtmm w^mmi 
number of electrons. It k to Ite iiipp«oii that ©at or m^m ^ 
these electrons are efl^tive in hiding the molecule 
if an element, in bolding the ©omponent atonic together, H 
a compound, in linking the We ha%"e mem ia f|f> 

last article that in many case* the moleenl^ of a body in «4ir§rW i 
are wholly or partly dk^iatfd, and we shall modify th# 
ology of Faraday by giving to th^ pirto the naiat of teia, 
all such solutions conduct ei<«tri€ity we conclude that the Mspuwto 
ions are charged ; that is, that one of the dkwiation 
contains one or more al^troai. in while othew me ia 4^higt 

The number of extra elwtrows in «th«f awe will be 
called the v^devbcy of the ioa>* 

On this view the primary fimction of the d^tn&dw ia 
lysis is to maintain a field of tmm in the iquid. A 
charged ion (or mtkm) is dnag^ along by the fidd and 
appears at the mthoAe, piovMfd that no s^ndary 
takes place. The negatively chargad ion* (or mmmm} 
wards along the lin^ of foKre and wmj appear at the aa®d#* 


We have now to show that the ionic theory te 


Faraday’s laws of el^wdysis. Let « be the char,^ mm tl* 


electron, M the atomic or naoleciilaf weight of an ioa p 
valency. Then we should expect* the ^mige of « chmr^ to 
correspond to the transfer of an amomt XM of the iriw^ 


A is some constant. Hence the m^m of the ion hf iwt 


charge is /xAf/p, where p «« A/# is a^ a mmtmit. This, 
is precisely what would ^wm hf Faraday’s laws, providesii that 
the number p is ideiitifi^ with the ehemical valency. R#vi#wiftf 
the theory as a whole, theidfow, we find that it itivoiv« ll# 


following hypothww: 
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( 1 ) A cbemically naivalent ion carries a certain definite 
elementary charge e independent of its nature; 

(2) A p-valent ion carri^ a charge pe. 

The first hypothms, as was pointed out by Helmholtz in 1881, 
is Bufi&cient of itself to lead to the theory of the atomic constitution 
of electricity. From our pr^ent point of view, Faraday’s laws of 
electrolysis form an experimental confirmation of electron theory. 

This conclusion is not invalidated .when secondary actions 
occur at the electrode, for we may suppose that the ion, instead 
of being liberated, enters into combination and releases a chemically 
equivalent amount of some other substance. The amount of 
matter actually liberated has therefore the same relation to the 
charge as if the liberation had been caused by direct transfer 
of ions. 

As regards the constitution of the ions in liquids, we notice 
that in the electrolysis of hydr<K 5 hlorie acid hydrogen appears 
at the cathode and therefore carri^ a positive charge, the chlorine 
ion carrying an equal and opporit^ charge. The separation of 
the molecules of the solute into cations consisting of hydrogen 
or metals, and anions consisting of halogens or basic radicles, 
is typical of those electrolytes for which h approaches 2 . It is 
natural on other grounds to suppose that the line of cleavage is 
drawn in this way, since the basic radicle (NOg, SO 4 , etc.) show 
great chemical stability in that they will bodily replace the 
halogens in compounds. Thus the simplest type of dissociation 
is exhibited by the equations 

HCI =H + CI, 

KNOa^K + NOa, 

and so on. 

In magn^ium sulphate, however, the SO 4 radicle is divalent 
and therefore carri^ a double (negative) charge. Hence we 
can also have the type 

MgSO^ = 6 ^ + 864 . 

Three ions must arise from the molecule when h approach^ 3 . 
The type is that of sulphuric acid 

H*SO.= H + ^ + SO4, 




agreeing ^witli the ehmgm i© dbe H mtd SO4 mm ia mth^ 

cases. There is ml» the typ w*pr»eEl«l hj 

+ O + a. 

The evidence from »aioiic prware i* deiaite for the higli«r 

valum of k. 

It must aot roncloddl t:lat the ehmrge on m Im m th# 
same^ under all eonditioiis. That the di»crktioa of ferrous 
chloride ma}^ he txp^ted to be ropMeiiKd by 

¥ti% « Fe + a a, 

while that of ferric chloridle is similarly 

Fe€\ « Fe a + €1 O. 

The el^trocheiaieal ^wivakalB of the more common ioa« 
are given ia the following table, expr^rf in ipmnai per coalcimli. 


Cktioas I 4e^j^e| 


Aeioiis ( ~ dbmgrj 


l#i5', 0 
IS*7 OH 

nm w 
m : i ck 
nm H B 

mm \ m 
mm c.H. 
nm OD* 
»si KO* 
Ill'S SiOs, 

m^t ■, Hr 

mm ( 

u £Sdf\ 


l§ 

17-tI 

It 

2i'01 

mm 

mm 

m 

mm 

im 

mm 

mm 

Hi 

imm 

127-t2 


Fe (ferrous mita) 
(ferric salts) 

Cu (cuprous salts) 
(cupric »lts) 


Sn (stannous salts) 
(stannic salte) ... 

Ba ... 

Hg (mercurous salte) 
(mercuric salt#) 




i It 

J 

: 


~ ~-H 

1 

I8W 

1 

1 23 

1 

39 - 1 

1 

1 53-85 1 

; 2 
^ 3 

1 153-57 1 

: 1 
: 2 

85-37 ’ 

' t 

107-88 

1 . 

112-4 

. t 

i". j 

t 

: 4 

131-37 

, t 

1 m 1 

I 

‘ t 


' t i 
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166. Physical constants connected with electrolysis. 

There is an important relation connecting the elementary charge 
e with the number of molecule iV of a gas at temperature 15° C. 
and at a pressure of 760 mm. of mercury. Under these conditions 
it is known that 1 coulomb liberate 0-123 c.c. of hydrogen. Since 
each molecule eorr^ponds to the passage of a charge 2e, we have 
0-246 Ne — 1 coulomb = 3 x 10^ electrostatic units, so that 

1-22 X IQio (3), 

where e is expressed in electrostatic units. 

Further, let nijj be the mass of a hydrogen atom. Since 
each molecule contains two atoms, and the density of hydrogen 
at 15° C. and at a prmure of 760 mm. of mercury is 8*517 x 10~^, 
we have 2iV'm^ = 8*517 x 10~®, or 

Nmj, = 4-26 X lO-^. 

Combining this with equation (3), we have 

— = 2-87xl0« (4). 

mg 

The value of N can be found from a study of the Brownian 
movement in liquids, as was shown by Perrin*. Taking Ms 
latest value N = 2*90 x 10^^ we find that e = 4-2 x 10“^^, but 
this number difiers slightly from that obtained in other ways|. 


In this book we shall adopt the value 

e = 4-75 X 10“^® E.S.U.. (5). 

Combined with equation (4), this gives 

= 1-65 X 10~^* (6), 


and hence we can find jbhe of any molecule of known 

molecular weight. 

If m is the mass of an ion or molecule of atomic or molecular 
weight M, it follows from (4) that 

e 2-87 X 

m” M 

This equation holds whatever value of e is adopted. 


• See J. Perrin, Les Atomet. Paris, P. Alcan, 
t (X Art 212. 
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tages from zero up to ateiit i Toto. A low-¥oIlage direct* 
urrent generator,, wiici mm be ewtei sepwralely by mrio* 
urrente, is: very coavenitat. Tie m coatain^ in • 

oltameter with eleetrodc* Ey one of wWci is «rti€d. Tie 
ither is joined through a key K to tie iiaiiiatei prong B of m. 
uning-fork making contaet ailemmtdif with the points 4 ^, 0 
onnected to the geiiei».ter and -an d«^too»eler wp^Mvdy. 
V'hen the key is up the el^tromeler f nickly t»k« up the poteatiai 
^ of the generator, the absolate BMgnitiide of which is ^ven fey 
, voltmeter attach^, to ite teraiiwiii. When the key is down 
he potential V is appli«J to the eieetroiytie cell m long m B m 
oined .to A, and when B is joined to C it commnnicato® to the 
lectrometer a potea,tial eq ^ to lie of 'polari^tioa m 

he cell. This method is applicable in the c»c of small etetro- 
ftic cells, whose polarisation B.M.t. woiid dismpp^r rapidly if 
hey were joined directly to a voltmeter. 

Pig. 233 shows the relation of poiaii»tioii to appliwl ®.m,f 
or dilute snlphnric acid b€lw«n eleetirod« of pktinnin foil* 
Vhen ¥ is small the polarisation is n«riy equal to F* 

nd there is no appreciable ^eetmiysis. But as F increasm the 
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polarisation e.m.f. tends to a maximum value which in this case 
is about 2 volts, but depends very much on the state of the 
electrodes. , ^ , 

Mute sulphuric acid, platinum electrodes 



U- ^ i 2 3 4 5 

Apjiied b.m.f. (volts) 

Fig. 2a3 

Except from the statement that polarisation is due to the 
formation of an electrical double layer ” on or near the electrodes^ 
i.e. a layer of positively charged particles in face of a layer of 
negativdy charged on^, no physical theory of the phenomenon 
seems to have been offered. 

The electrolysis of copper sulphate with copper electrodes, 
as we have seen, resulte in a loss of copper by the anode and an 
equal gain by the cathode. Phenomena of this kind are classed 
under the title of secondary reactions^ and must occur when one 
of the ions in the hquid (here the SO^ anion) is a radicle incapable 
of permanent separate existence. In such cases the ion in 
question combine with the matter of the electrode or solvent 
and causes the liberation of some secondary product. In the 
copper voltameter the SO4 ion attacks the anode with the 
formation of copper sulphate, with the result that the solution 
is not weakened by dectrolysis. With a platinum anode the 
radicle attacks the water in preference to the metal, and oxygen 
is liberated, the reaction being 

+ 2SO4 = 2h^ 04 + Og. 




The electrolyte 
expense of the salt. 

The liberation of He di^^iation 
weak solutions of »alte or adds depends 
Thns^ in^ the case of gulpharic acid the io 
the liquid are two hydropn cations to e 
hydrogen is directly literafedl, and Iht SD^ 
aboTe reaction at the anode^ thus eomvrvl 
acid solution throughout. 

Other example of secoiida.ry aefioa ca 
shall not consider here. It is inter«itiiig t 
in chemical behadour between the chargei 
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168 . Accmmnlators. Aceamulatois (see Art. 58| a» v^m^, 
convenient for laboratory pur|^»», .as they give an eilrtmtll 
constant electromotive force over the interval of time reqiiir«i 
for an ordinary experiment. The Exide ” accmniuktor, mail 
by the Chloride El^-tric Storage Co,iia|»ny, is an exaniiiie of i 
good modem accumulator. A grid on «ch eJfctiode hoMt tii 
active materia^ which is thereby prevented imm feling away 
when in use. The plat« are fey wo^en |»rtitioai, 

rendered porous by a sp^ial tr«ti»ent, 

which keep the plat« safely apirt and 

are found not to .add to At mtomiJ 

resistance of the cel. erfi 

tains about a dozen pwitive and m like m 1 |.. 

number of negative mmUmiA 

in celluloid boxes., and two eiils In 
series form a four- volt a«eiiiii^i^.tor g jf--?? ' : 

(Fig. 234) suitable for kfeomtory wmrk* M ft|l pi' 

As illustrating the pre^ tr^tinent of S i| |l ^ ^ 
accumulators, we may that ft- [\ ■ ■ 

one of th^ cells, which wiii ddiver | 

1 ampere eontimuously for M houre, 
should first be filled with the pur«t 
sulphuric acid diluled with 
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water till its density is 1-25. It is then charged at the rate of 
2 amperes for at least 40 hours, when gas is evolved freely from 
all the plates. Subsequent charging can be done at the rate of 
4 amperes for 10-15 hours, or in any case till each cell gives a 
potential-difference of 2-55 volts. Loss of liquid by evaporation 
is made up by the addition of distilled water. 

The Edison accumulator is unique in not employing lead 
and sulphuric acid. The positive plate is of nickel ozide and the 
negative of iron oxide, subjected to a special process, the electro- 
lyte being a 20 % solution of potassium hydroxide. The e.m.f 
of each cell is 1-2 volts, and it is claimed that more power .can 
be obtained, weight for weight, than from the lead accumulator 
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The changes of the difference of potential between the terminals 
of a lead accumulator during charging and discharge are shown 
in Fig. 235, which gives the results of a typical experiment (Cohen 
and Donaldson). It will be noticed that while practically all 
the electricity used in charging is recovered on discharge, the 
latter occurs throughout at a lower voltage, so that by no means 
all the energy is recoverable. The charging energy is represented 
by and the electrical work available on discharge by 

IV ^de, where V^ are the ordinates of the upper and lower 

curve respectively for the abscissa e. In this way we find that 
about 5-3 X 10^^ ergs are used in charging the accumulator, of 
which only 4-4 x 10^^ ergs are recovered, giving an efficiency 
of 83 per cent. This is a very favourable value, which is not 
usually approached under the conditions of practical working. 

The chemistry of lead cells is complicated and difficult. It 
is, however, most generally maintained that the principal part 
of the reaction is as follows. At the end of a normal discharge 
both electrodes are covered with a layer of lead sulphate, PbS04. 
When charging begins the hydrogen proceeding from the electro- 
lysis of sulphuric acid reacts with the Lead sulphate at the cathode 
and forms metallic lead according to the equation 

Ha + PbS04 = Pb + HaSO^. 

At the anode the sulphate ion SO4 reacts with the lead sulphate 
and the water of dilution to form lead peroxide and sulphuric 
acid, thus: 

SO4 + PbS04 + 2H2O = PbOa + 2HaS04. 

Hence the passage of one coulomb round the circuit is accompanied 
by the disappearance of one equivalent of sulphuric acid ; but 
three equivalents are formed by secondary action, so that the 
strength of the acid increases during charging. This process 
continues until the anode, which is to become the positive pole 
of the accumulator, is covered with a layer of lead peroxide and 
the cathode with a layer of pure lead; the potential-difference 
then being about 2*2 volts. Further charging results in the 
liberation of free hydrogen and oxygen from the electrodes, 
coupled with a sharp rise in the potential. Potentials above 
2*3 volts are somewhat spurious, as they disappear very quickly 
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oa cessation of charging, even when no current is taken from 
the cell. 

During normal discharge the current flows inside the cell from 
the negative to the positive pole, the latter forming the cathode 
in the electrolysis of the acid. The reaction at the positive pole 
is given by 

-h PbO, + H 2 SO 4 = PbS04 + 2 H 2 O, 
and that at the negative pole by 

Pb + SO 4 = PbS04. 

The visible reactions are therefore exactly reversed, the acid 
becoming vreaker and lead sulphate appearing at both poles. 
It is generally inadvisable to discharge the cell to a potential- 
diSerence lower than 1-8 volts. 

169. Measurement of electrolytic resistance. Kohl- 
rausch was the first to show that, when the effects of polarisation 
are eliminated or avoided, electrolytes obey Ohm’s law and have 
a real resistance. If small, rapidly alternating currents are used, 
and electrodes of sufficient size, the products of polarisation form 
but a very thin layer on the surface and are in no case actually 
liberated. Under these circumstances it is reasonable to suppose 
that the polarisation e.m.e., whose direction is opposed to that of 
the impressed e.m.p., is proportional to the charge e that has 
passed up to the time considered. Assuming provisionally the 
existence of a resistance 2 ? in the electrolyte, the current i is 
given by 

Ri=^v-Pe, 

where v is the applied e.m.p. and P a constant. Writing 
v = V cos pt, and remembering that i = dejdt, we find 

di 

R ^ + Pi = — Vp sin pt. 


Hence 


It follows that, if P is small in comparison with Rp, the current 
do^ not differ much, either in amplitude or phase, from its value 



©I ine «i«i.iwbr a iarg« 

surface can be ebtain^ with quit# »mall hj 'i«p«mtiti^ 

on them platinum in a iaelj di%4d^ form. Th«« coawdermti^ii# 
enabled Kohlrauscli tn enunciate the eonditiww tMwmmhl^ to 
success with electrolyte; iimtneiy high freqwiacj of all€in*ttoii , 
moderately large tmmtmmB, and electfod^. 

The methcxi of carrying out the memmemmt is as MlmmB. 
The platinum electrmles of the electrolytic cell are irst rl#mami 
in a solution of sulphuric acid and bichromate. w%*|b#iil 

well and placed in the platinising liquid* This eontiste of S ^mttm 
of ehloroplatinic acid and dti gram of ImA m^tm d:»tilv«^ i-n 
100 c.c. of water. A small current is passwi between tlit tlmtmmim 
so that there is a slight but steady evolution of and is revered 
at intervals until both elc^trixles are coverwl with a fine 
of platinum black. The dwtrodes are then placed in dilwi# 
sulphuric acid and a current passed in both dirwtiems in CMnicr 
to remove the last traces of the pktinkiiig solution. They mm 
then vrashed well with distilled water and replaced in the eleetriol vt*c 
cell. This may be of the form showm in Fig. tM if the electrol jto 
is a bad conductor : for better eonductora one 
like that in Fig. 2S7, but without the side 
tubes, is more suitable. The electrolytic edl ri ri 
must be of insoluble Jena ^ass and the eoii> H ■■HHI 

tents kept at a constant temperature by ’! 

means of a themicMtat, on account of the 

large variation of r^istiiiice with tempem- ! 

ture. 

The measurement of immtAme is made on — 

the Wheatstone’s bridge. The aiteriiatiag iii 

current is furnishal by a Mgh-frcqueacy - 

alternator or a small induction coil, and the ^ 

galvanometer is replaced by a telephone 

receiver (cf. Art. 1331. The usual relation between the ■ 
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The existence of a definite resistance is proved by the agreement 
of the results obtained under different experimental conditions. 
In one of Ms many experiments performed with this end in view, 
Kohlrausch measured the ratio of the resistances of various 
solutions in containing vessels A, with the following result : 


Solution 

Method of measurement 

BaI^b 

NaCl ... 

Alternator and dynamometer 

22-676 


Coil and dynamometer 

22-693 


Coil and telephone 

22-697 

K€1 ^ 

J? 

22-652 

! HCI ... 

»» 5? 

22-683 

H^S04 ... 


22-686 


Kohlrausch showed further that the error due to inductance 
and capacity in ordinary resistance boxes was negligible for coils 
up to 1000 ohms. 

The following method of measuring liquid resistance is in 



use in the Electrical Laboratory, Oxford. The electrolytic celL 
in addition to the ends carrying the electrodes AD, has two side- 
tub^ B, 0 fixed on to the main tube. Let it be required to 
find the r^istance in the tube between B and C. The resistance 



Millionths of 1 gram sulphuric acid in 1 gram solution 
Pig. 238 

The following table, due to Kohlrausch, gives the conductivities 
of some concentrated solutions at 18 ° C. in absolute measure 
(reciprocal ohms per centimetre cube). The strengths of the solu- 
tions are expressed in percentages of solute in the whole by weight. 



5% 

10 % 

m% 

30% 

i 

40% 

50% j 

60% 

70% 

80% 

1 

i KCl 

•0119 

-im 

•268 




— 


— 

— 

i XH,C1 

•092 

•178 

•S37 

— 

— 

— 




XaCl 

•067 

•121 

•196 

— 

— 

— 




K 2 SO 4 

•046 

•086 

— 

— 

I 

— 




1 MgSOi 

•026 

■041 

•048 

•044 

— 

1 




ZES 04 

•019 ; 

•032 

•047 

— 

— 




CdS04 

-015 i 

•025 

•039 

•044 

— 

— 

1 



C 11 SO 4 

•019 

i -032 

— 

— 

— 

— 

— 



AgNOs 

•026 

: -048 

•087 

•124 

•157 

•186 

•210 

— 


KOH 

! -172 

1 -315 

-499 

•542 

•450 

— 

— 

— 


VaOTT 

-195 

•309 

•328 

-207 

•121 

•082 

— 


— 
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relation of oondocti^tir tempera* 
certain lalta. At ordinary t«mperatof*>» 


tmmpmmtmm 

F%. ^ 

the rise of conducti-ritv of salt solutions m of th# order ol 2 pm 
cent, per degree, of acids soiaewfamt 1^. It is cimr, 
that care is nece^ary in iiimsuring the teiiipemtare, and 'im 
keeping it uniform, if accurate rf«iil,ti are to be obtein^* 

171. Voltaic cells. Famday’s laws the coa»€Eit» 
between the amount of chemical aclioii in a ’roltaic cell and tfc# 
charge that has passed ; but we require some further expknatiiia 
of their mode of working. For emmpe, in a Haaiell cell niAd# 
of pure materials, Tery little sue m long »« the cell 

remains on open ciremt ; but as si»n a« the eirenit is 
the zinc terminal begins to di^lrt fairly rmpdly, ’while wipper 
is deposited on the eopj^r lerminaL Ifeimit has pirea •« 
intermting theory of th^ pitaomem,, which we shall now 
explain. 

■ The theory is based m the Itol §M m^lic ion* mm 
caitom, and therefore ^ilivdy cha^rf. It Mlowi that m 
metal dipped in pure water tendi to into »liiti<ifi p»itiv#iy 

* A normal solution is one wMA M ^mm* ^ A# 

per litre, wbere M is the roolecate* II lefeirt Art. I ill th*l I r 

such a solution contains a mmmhm « l^| ^ 

of the nature of the dimAw^ 
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char(f«i, leaving the metal charged negatively. This can be 
verified easily with the aid of an electrometer. The amount of 
the metal actually dissolved is very small, for the positive charge 
in the liquid create a field of electric force tending to prevent 
anv more ions lea\dng the metal with a positive charge, and 
thus a limit to the amount of solution is soon reached. For 
the sake of illustration, suppose that the metal is in the form of 
a spherical shell entirely surrounding the water, say of 10 cm. 
radius, in order to produce at the surface an electric force of 
I volt per centimetre, or 1/300 electrostatic units, the charge e 
in the liquid is given by e/100 = 1/300, or e = J. This corre- 
sponds to about 7 X 10® ions in solution. Large as this number 
seems, it represents the solution, relatively, of a very small 
amount of metal, since a layer of inetal one molecule thick over 
the surface contains about 10^® molecules. 

Another factor comes into play when metals are immersed 
in solutions of their salts. Here the metallic ions already present 
tend to separate out on the metal after giving np their positive 
charge to it. Thus copper becomes positively charged by contact 
with a concentrated solution of copper sulphate. 


Zn Cu 



Fig. 240 


In the case of the Daniell cell we suppose that zinc tends to 
go readily into solution. Thus in a short time the electrolyte 
is charg^ positively and the zinc terminal negatively. Now 
the positive charge in the liquid, which resists the solution of the 
zinc, tends equally to deposit positive ions on the copper terminal, 
in this way assisting the action of the copper sulphate solution. 
Thus copper will dissolve less than it would normally, and may 
have ions deposited on it instead even in a weak solution. Under 





zinc sulphate soiiition 


which di>« m imlil this is cswnpeiisat^l by elwtrmiw*t#tif» 
and by the mmotie pressure of the |K»iti¥e ion in ilte 


pressure should be replace! if p«iible by .MMuethiiip iitor# 
dynamical. The existence of a definite iimgnitnde charset4*n.?4t,i4* 
of a metal under ail ciicniiistaiie«, sitch as a solution 
in the metal should be, dim not appear to har^e yet bei^n |>la4*e»i 

beyond doubt. 


Returmng to the Daniell cdl, we see that there will in 
be three placei where the 'potential nndergim an abrupt 
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Cl) tie potential certainly ris^ in passing into the liquid; in (2) 
it rises or falls according to circumstances, but in any case to a 
less degree ; while the effect (3) is small and can be calculated, 
(cf. Art. 175 below’)* If external circuit is completed there 
is a fall of potential in the liquids due to their electrolytic resist- 
iiiiee ; this resistance is called the intetnal resistance of the cell. 

Many methods have been devised for measuring the internal 
resistance of cells. Great accuracy is seldom required in the 
measurement, and the following method due to Nernst and 
Haagn will be found convenient, except in the case of accumu- 
lators, whose resistance is too low for the purpose. The cell is 
placed in a Wheatstone’s bridge 
together with tw’o adjustable 
resistances Ri, preferably 
accurate resistance boxes con- 
taining fractions of an ohm. 

The other arms of the bridge 
are condensers Ci, of the 
order of 10 microfarads. Alter- 
nating current is supplied by 
a small induction coil or high- 
frequency alternator, placed in 
seri^ writh a third large con- 
denser. In this way the circu- 
lation of continuous currents in the bridge is prevented, and the 
bridge is baianced for no current in the telephone T. It is easy 
to sho-w in this case, as in Art. 133, that 

V^R^_C. 

R, 0,’ 

and hence F can be found. The resistance of an ordinary 
Leclanche cell is about 1 ohm, that of a small Weston cell 
500 ohms. 

The resistance of an accumulator can he found by connecting 
its terminals to a voltmeter while it is also delivering current to 
an external circuit. If Yq is the voltmeter reading on open 
circuit, F its value when a current i is flowing, the resistance of 
the cell is given by Vq—Y = Ri. A medium-sized 8- volt battery 
has a resistance of the order of *05 ohms. 






■ urreiit by a eell is r«%^©fsiblt m tit tkermi^jnmmm smm» W'km 
chemical mm4 piysicd im tie eircuit rmn be 9tm4m m 

go on in the cppsite dir^tion by mm ininit€«tiiial chaii^#* Ii^ 
carcii,i3;igta.iic« under which we are o^mting. Thus 
iDaagiiici a cell E.M.r» nn ciw^iiit is F » 

o\x.rreii,t mund a circuit containiag a direct-current <#f 

adjustable e.m.?. F', The© the proc€» aiay be re^^ewiW#^ mhm 
*1^ exceeds V only infinitesimally, hecmtim them m iligit inciri^^ 
of^ raises it above V and sends a emreiit mnmi the eir«T«i| im 
tlie opposite dir«!tioi:i. In addition, however, the cell nmtmt fe# 
siicli that the clieinical actions are exactly undone by ihm 
transfer, so that the cell returns to the same state wheiiev*e^f the 
total charge that has paaied any piint of the circuit, rii€?ma«if«d 
algebraically, is zero. The tw’i? eoiiditioiis iii?eeMary for m e«ii to 
be reveraible are therefore ft) that it delivers only an 
current ; (2) that the cheriiieml phenomena at the el«?trcMi€« mm 
reversible in the ordinary sense. The second condition is- satirffd 
■v-ery^ nearly in cells which do not evolve gas, such as the IFani-flb 
Weston and Clark cells and (practically) the accumulator. ^Tb# 
original Volta cell Zn Cu, on the other hand, is ^»#ritimlly 

irreversible on account of the evolution of gas at the etipwif 
ternainaL If current in sent through the cell in a dir«?tioii oppci^t# 
to tbe normal, gas is now evolved at the mm terminal, «»« 
being deposit^ed as it would be with the Daniel! cell. 

Let 6 be the a'lMiilute tomperature of the cell, ^ its ©atropy, 
and let an amount of charge de (coulombs) pass round the citvwl 
in the ordinary direction.. The work done o» the cell in the prt^- 
c-ess is dlF =» — Vis Joul« o.r ~ er^, where F is th« 

in volts, and the heat given to it is « 0i^ calori«* f ieiM*-# 

tbe gain of internal energy of the system, measured in m 


from which it follows that 
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This equation contains the thermodynamic theory of the reversible 
cell. To interpret it, we notice that the left-hand side is merely 
dVjde, where F is the e.m.f. on open circuit. Hence on multiplying 
by 6 we have 

^dd wKd^fi 


The right-hand side is the heat actually taken up by the cell during 
the isothermal passage of unit charge round the circmt,, say A'. 
If A is the heat evolved by the corresponding chemical change, 
when conducted in a calorimeter without the fossage of electric 
charge, then the difference between the heats A' and — A is due to 
the fact that in the former case an amount lO’F ergs of electrical 
work is performed, and in the latter case none. Hence 


Substituting in the above equation and remembering that 
J = 4-18 X 10’, we have 

F = 4-18A-f 0^^ (9). 


TMs equation is due to Helmholtz. 

If the temperature-coefficient dVIdd is sufficiently small we 
haYC F==4*18A; in other words, the electrical work is “ equi- 
valent ’’ to the heat of reaction. In the Daniell cell the efiective 
reaction corr^ponding to the passage of one coulomb is the 
replacement of one electro-chemical equivalent of copper by zinc 
in sulphate solution, for which A == *2592. Thus 4-18A = T09, 
a number agreeing very well with the observed voltage. It is, 
however, clear both theoretically and experimentally that the 
above relation do^ not hold in general. Thus Bugarszky has 
found a combination for which A and V are of opposite signs, 
so that the cell at once absorbs heat (from the atmosphere) and 
delivers current. 

An accurate verification of Helmholtz’s formula (9) was 
carried out by Jahn in 1886. The cell to be examined was enclosed 
in a Bunsen ice calorimeter, and closed through a resistance and , 
also through a voltmeter circuit of high resistance. The heat 



j develop^ in tfe« edl dttiittf th« mi m kmmmw ciiirrfifii 

C. was txmm it Jatm^dwiiie^ tie eienili^l 

It will l»^ seen from the f^nwiiif tmhle thmt the apetaitai 
tliMiiy and m^ermtimn m wmj mtmhetmrf: 


173. Measurement df tenio relnciiy. If the di»tfic 
force in an electrolyte is donhW^ the carreat is ; froi», wiicfc 
it follows that the ions more with pro^rtioa^al to li# 

electric force. The Telocity of an io» ander anil eiectrii? immm 
(usually one Tolt per ceatimeire) is called ita so tlial if 

is tlie moWlity the vel^ily aader an tl«;tfic force B is given 
by == tiS. 

The nioMlitj of ions in eeitaia eaw* may hB deteriiiineci by 
the following melic^. It is applicable to dilute solntioiM of 
electrolytes in which only two ions are preient. 

The first part of the prcw^, da# to Hittorf, consists in finding 
the ratio of the aaoMlititt by mwiwring the changes which take 
place in the mmmtmtmm of the wlntion. In any pimrtieai 
case there will always be a |»rtioa in tie eenlre of the electrolyte 
where the eoncentmtioa m nailter^, e¥«i after tie lapse of mm 
hour or two, with a» ap^ed p^wtial of a few volte. In Fig. 242 
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the thick line represents a plane near the centre of the electrolyte, 
and the black and white spheres stand respectively for negative 
and positive ions, so that the electric force is from left to right. 
At the beginning of the experiment the dissociated molecules 
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Fig. 242 

near the plane are represented in the top diagram, and the other 
two diagrams show the position of the same ions at two subsequent 
epochs, the negative ion being supposed for simplicity to move 
twice as quickly as the positive. It is evident from the figure 
that the left-hand side of the plane has lost two paired ions while 
the right-hand side has lost four. Thus the strength of the 
solution to the left, as measured by the number of pairs of ions 
still remaining, has decreased half as much as the strength on the 
other side of the plane. It is easy to see in general that the loss 
of salt in the anode region (up to where the solution is unaltered) 
is to that in the cathc^e region in the ratio % to lia, where % is 
the mobility of the positive ion and that of the negative. These 
losses can be found by analysing the two portions of the liquid, 
and it is also easy to find whether the concentration in the central 
part of the liquid has altered during the experiment. 

Looked at in this way, the theory of the experiment is simple 
enough; but it become a little perplexing if the regions near 
the electrodes are considered instead of the central portion of the 
electrolyte. Thus in the figure the negative ions are advancing 
to the anode twice as fast as the rate of advance of the positive 
ions. This, however, cannot hold right up to the electrodes, 
because then there would be two equivalents of the negative ion 
liberated for one of the proitive, which would contradict Faraday’s 
laws. The behaviour near the electrodes is therefore somewhat 
complex, and electrostatic forc^ come into play which equalise 
matters in this rrapect. 




The Slim of the ionic iai>Miti« mm imm 

conductivity of the Hmmiyu, m wm mhmwm by KoWtai^^ 
1879, Let there hen iiiol^ul^ of th# mlt ^ e.c. Mm^ 
tion. Then in a dilute Milutbn them will mj, % p^Mmww 
ions of valency pj, and % nepitiire iow ml wsAtmj mhmm 

«iFi -- - m. 

K t\ are the actual vdc^iti^ of the imm, the 

in electrostatic unite ig ^ 

i == 4* 

« m (rj 4* 

If j is to be measured in ampere per m^m^m ceiitimetr#^ 

equation is replaced by 

If Ui and Mg are the mobilitien miici E the electric force in 
per centimetre, i\ = u^E and » tigf. Also j « mE, whim m 
is the conductivitv, so that 


c Sx W 

Hence from equation {f | w« have 

_ Hi % %*B7 X 

where M is the molecular w«fht of the Thus 


Since uju^ is given by Hittoifi and by 

(10), both Ui and % can M found. 

The theory «is only to the ia whick *11 

the molecules of the eleelTOlfte im which i* by no 

means easy to realise (ci Aft^. 1S4|* II f^owi that the veiwjitiw 
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®f tit mlwmt wHch cluster mmd it. The latter is 
the m%mt. pka«Wc iTp>th«ia. 

When the ionic eoncentimtion is mt the same at all poiiits of 
* li<|iiid diiiwcitt eoiii« into pl«?, and there is on the whole a 
drift of ioM mm in the absence of electric force. The ordinary 
ti«»fy of MMmim m hm^ on an analogy with the theory of the . 
low of heat, and that if n m the number of ions per c.e. ; 

at the pcMBt (s, f, z% then the number of ions crossing an ' 
iamgiMry surface-element tlS per second is 


where (A, jia, w) are the dirc^tion-cosin^ of the normal to dS. 
The i|uaiitity K is call^ the cmfficieM of diffusion, 

la the general ease in which an el^tric field is acting as well 
as difluiioii, the number of ions creming dS per second becomes 

l^"- K ^ p. -r ¥ + n {Xv^ + pv^ -f Ft^)"] dS, 


+ » {Ar^ + pv^ -f vVg) dS, 


where # is the velocity of drift under the electric field. The 
f€«:ult of inle^ating this expr^ion over a closed surface S muBt 

r 

however be equivalent to — I dr extended through the interior 

of S, since it repr^ents the rate at which ions are . leaving the 
iiirftce. Trarsforming the surface-integral by Gauss’ theorem 

wt find 


■Hi- 


\ d / 

^ ay +**’•') + fel" 


^,dn , \ dm 




+ a* ^ ^ + aii j • - 

Thk is the equation of continuity of a fluid in vrhich diffusion is 

going on. 

The j^ysi»l, meaning of the constant K is wdOi illustrated by 
the following th»r@iii, which follows from the last equation: 

If fP is iie mmn mim of the squares of the distances of a large 
mmmkir of mm im liqmid from ang fixed ^int in space^ 

dinf if m ehdrm fmm m thm i {W)jit fijK. 



If there is no electric force, r « 0 mtd 


Thus .V « SfJ f ^ 

^ i \rj^ ry^ ?2*/ 

Now it follows from Oreea’s reeipwM^sl thforeiii applieil to tie 
whole of space that 

KrAF ^ rArHT«n. 

Putting U » fS « x*4" ^ and F m in the prowling 

the right-hand side becoiiies fiA" Indr « f^KN. Hence the thwfffii 

is proved. 

It follows that ions tend to di§um io that the mmii crnlue mi 
the square of their distance from mmj p«nt iiicr^« mwMmmif 
with the time ; ami hence they nuMt ultimately difnit t# 
distances. This theorem ei»bl« m to calculate M ia tern» of 
molecular quantiti«. For consider the ioas which have «»lii«oai 
in the neighhourhocd of a point P, After a time l/F they ate 
found uniformly sprmd over a sphere of imdiai I with P m 
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fP inrr«^«« by an amount P in time II V, or by an amount 
per second. Hence d (R^)idi = IV, and 

( 14 ). 

From (11) and (11) we obtain by division 
u _ ^ 

K mV^‘ 

Let .V be the number of moleculra per c.c. in a gas at the tempera- ' 
tore of the liquid and pressure H. Then mV^ is twice the mean 
kinetic energv of a molecule of the gas, so that — 

Hence 

(15). 

A' n 

Altliough the present theory does not aim at rigour, the 
important relation (15) is exact. 

175. Concentration ceils- When two solutions of the 
saiiie salt, but of different eoncentrations, are placed in contact, 
thev mill gradually diffuse into one another and attain the same 
coiiceatratioii. This hom^eYer is a matter of days, and there 
is another eff«?t which takes place much sooner, namely the 
siiioolMng down of the surface of contact with the formation of 
a transition layer. It is this effect which we shall examine here, 
as it is accompanied by important el^trical effects. 

Let the plane x =« ff ori^nally separate two dilute solutions 
of the same salt, of concentrations Ci, respectively. Then 
after a short time the region on either side of the plane will form 
■ a tonsilioa layer in which the ^concentration chang^es rapidly 
but contiamoaily from Cj to 

In general the ions have different rates of diffusion, so that 
al iwt more charge will pa^ over the plane in one direction than 


mimion of 

COHCEHTRATiOM 


SOLUTION OF 
CONCENTRATION 


Fig. M4 



liB iiiiieli eharge in on€ dir«tioa m in tkm 

B tiM cicciiiTed let m be the nnni^r nf 

tic i>er r.e. at iii«tan»5 x frftni thm 


lOUM. 




m^E; and aqnation (i5| iia ih# 


Making tli€«e siibititutions we ind 

n d». 


or, nsmg p,gh 

This last equation enaWea us to calculate the natural differe'iwe 
of potential that aria® between the elutions. For writing it in 
the form 
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sad integrating across the whole transition layer, we have 

% 


F- 


Vi 


% 

^>2 n 




%■ 


where « = I'l in the undisturbed parts of the left-hand solution 
and « = vj on the right. Since v^jv^ = Cijc^ this gives 


F = 




Vr ^2 n Cl 
u^+u^Ne 


.(17). 


Here 7 is reckoned as positive when the left-hand solution 
is at the higher potential, and if Ne is taken from equation (3), 
F comes out in electrostatic units. 

The theory of the potential- differences arising at the boundary 
of any two electrolytes in contact is somewhat beyond the scope 
of this book ; but there is one important general property which 
must be mentioned, namely that it is only the ratio of the con- 
centrations, and not their absolute values, which enters into 
the expr^ion for F. For at a point where the electric force is E 
the condition of zero total flow of electricity is 


K,^ + n,u,E)=^0, 


where is the charge on an ion of the rth kind and summation 
is taken over all types of ion present. Hence E would be un- 
altered if aU the n’s were increased in the same ratio ; that is, if 
the concentrations of the two solutions were so increased. 

Cells in which difEerences of potential are produced by differences 
in the concentrations of the solutions are known as concentration 
cells. If we carry out the calculation of the surface potential- 
differences at 15° G., which is sufficient in view of the uncertainty 
existing as to the mobilities, and consider only univalent ions, 
equation (17) become 


F - 0*0574 


— — logio ~ YoltS , 


.(18). 


In order to verify this theory, Nernst set up a number of cells 
in which the eff^t of the electrodes is eliminated and the only 
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potentials it is necmary to consider are those due to chansM nt 
concentration. One example is the cell 

Ka.O-lnormal Ka,0-01nonnal Ha,<H>lnorniai HCI,0-lnormaljKCl,0-lnona«li 
(2) (3) (4) 1 (5, j 

with any similar electrodes. Here the potential arising at the 
in er ace (2, 3) is equal and opposite to that arising at (4, 5y 
since the ratios of the concentrations are the same in both cases' 
® of tte electrodes also cancels out. Hence the only 

^3 ^41 ^ electromotive forces are these between (1, 2) and between 
symbor general cell of the above type may be written 

! CiUiU^ I I I C^UsU^ ! CjMiMj |, 

where iq, are the ionic mobilities in the first electrolyte, Wg, « 
ose in the second, and Cj, the two concentrations occurring* 
ihe total E.M.F. of the cell is found from (18) to be 


V = 0-0574 .. “4 N 1 5 

^ result of Nernst’s experiments is shown in the following 


Electrolytes 


KCl, Ha ... 

Ka, HNO,... 
NH^a, Naa 
KOI, Naa ... 


observed 

calculated | 

1 

- (HB57 

1 

- 0-0380 j 

- 0-0378 

1 ~ 0-0390 1 

0-0098 

0-0109 ! 

0-0111 

0-0112 1 


In addition there are many concentration cells in which the 
effect of the electrodes is not negligible. The theory of these 
cells has been developed by Nemst. 
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CHAPTER XI 

ELECTRIC OSCILLATIONS 


176. Theory of condenser discharges. Let 0 be a con- 
denser whose plates are connected by a circuit of self-inductance 




,L,R 


A 

Fiff. 245 


L and resistance R. The function of the gap A in the circuit will 
be considered later, and for the present the gap may be supposed 
not to exist. If e is the charge on the inner plate at time t, the 
current is i = - iei'it and the difEerence of potential between the 


di 


plates ^ . Hence the equation x/ ^ ^ gives 




.( 1 ). 


The current i and the potential-difference V between the plates ^ 
of the condenser both satisfy an equation of tbe same form. The Xi 
equation (1) therefore determines the general type of electrical ; 

phenomena which can occur in a condenser circuit left to itself ; j 

and as we shall see that the quantities involved are usually : 




' atory m Mture, the equation mar be aatd to repreaent tit«- 
elecinc mcillaimm of the atirtem. 

M == 0, ^wmtion (1| hmmmm 4- % wfc^ 

1/i^ 

Hence in this ease e k a »tnipl©-iiafia#nic fnaetwa ©f %hm li»# 

of period 


wkere = l/iO as before. Tb© K>ltt€oQ of this es^amtioii iii 
form differs according m m ^ p,. If « > |li it is 

e = 5 = {J cos («* — -f B sin f# — * • , 151 , 

while when m < p it b«offli« 


We have thus to dktingnish^ two ty^ of d«diaigt; Ih# 
osdJJMary, given by eqaation (5| mmi emmmmg when ^ < 4,£l€^* 
and the non-o^ciHatmy which m^mm when exewis th» valne. 
O'scillatory discimrg«, which mm the iai»l nsnal as wdl m the 
most inaporteat tj;p, mm rep^^atel in geaeiml bj • vibrm- 
tion of damp^ $im^-kmm&mm lff«. The ^riodie time is 
convenientlv deined m twice the iatervai between two eoa^ative 
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epochs at which the charge or current vanish^, and is then given 
|jy r„ 2n(H^ - In general, therefore, the period exceeds 

that given by Kelvin’s formula. 


The quantity 


w emiled the damping cmffieimt, or dsctefneM. It^ is such that 
the exponential factor sinks to after one period given by 
Kelvin’s fonank. The discharge is only oscmatory when 8 < 2^7 ; 
blit even the value 8 - 1 represents a very highly damped 
discharge. For weakly damped oscillations in which S is so small 
that its square is negli^ble, Kelvin’s formula gives the periodic 
time with sufficient accuracy. 

177. Disciis^on of a particular case. Let the condenser 
be first charged to potential and the circuit then closed. Thus 
at time I = 0 we have e = CF© and i = — iejdt == 0. If we confine 
our attention to the case of small damping, equation (5) becomes 
€ « (A cos M -f B sin nl) The above initial conditions give 

A «= and B = p€VJn, so that the solution is 


: = C¥q ^ f ™ 


By diferentiation we have 

I = bCFq sin fil (9), 

neglecting p~ once more in comparison with We require also 
a rough estimate of the maximum current flowing in the circuit 
at any time. Since the damping is small, the variation of the 
exponential factor from time i = 0 up to the time of the first 
maximum of i is negligible, and we have with sufficient accuracy 

W = ^OFo (10). 

The decrement is found from (7) to be 




In these formulae al quantiti^ are understood to be expressed 
in the electromagnetic system of unik, absolute or derived. Thus 
if a condenser of 1 microfarad capacity is charged up to 100 volts 



A wm Ka¥e v ^ Jb « iir*, M « 1 aiitl « |ip^ 
-^6 Be find ^, .s 10^^ F » l/l^KI secfifidj iam%^ J ®ttt|ief^^ 
'03. The cnnditiott of snimll dimpiog is elemrly iatisfii^i, m 

complete 
«3«ci!kti0ii with 
large ladnctance and capacity : with ordinary laboratory 
it IS difficult to pwMiice c»eillatioiii slower than alK>iit liMI to tli# 
second without womme to iron in the indnetanee, which of mmrm 
alters the phenomena Kiaiem’'hat.. The resist&nee iifcfwmrT U$ 
gc noa-*cMcil!atory would he 2lMlohiiM* Imm 
's that the discharge of a condenser in an exprri* 
84 may ¥erT 'Brell be oaeilktor%» 


exponential factor sinks to l/« only after W 
This ii the type of com'^rstiTcly slow 
e inductance and capacity 


make the discharge 
which it follow 
ment such that of Art, 

Thisj of eou»e, does not ii 
formulae, which go on the 

originally on the pkt^ are nentralked in a comparatively shorl 

time. 

As an example of more rapid oscillations we may take 
case of a Leyden jar of ca|»city IdOfi e.s.u. charged to SCM'I volto 
and then discharged roimd a coU of m fem^ turns of wire, mj mt 
inductance I04ICK) e.m.u. and r^istance 1/lOth ohm. Here thf* 
periodic time of the €»cillatioiis is fi*€ x 10”^ swoiid and th® 
maximum current 5-S amper«, while S - -WS. The exptMieiitiiiJ 
factor sinks to 1/e in 1/IMMI0 second, during which time the systoin 
has carried out 3 CK) complete -im^ilktiong. The r«istance n«f««aify 
to cause an aperiodic dkch&rge would be liO ohms. 

178. FroductloB and deznonilialion of eleotiio cwoilla- 
tions. In order to reafc experimentally the conditions of the 
last article, namely to charge up a condenser to a certain voltoge 
and then discharge it, use is made of the properties of the el«rtri€ 
spark. Let il in Fig. 245 represent two zinc or brass balls brought 
to within a short dktance (say 1 mm.) of one another, and con- 
nected to the torminak of the seeondaiy of an induction coil. 
The break of the primary coil pvm rise to a rapidly increasing 
difference of potential between the terminals of the gix^omlary, 
which at first simply charge up the plates of the condenser. An 
soon as this poteiitkl-difereiice ris« to a certain amount, whicli 


408 


ELECTEIC OSCILLATIONS 


[CH. 


in this case is about 3000 volte, the spark-gap gives way and 
the condenser begins to discharge. Now a general character- 
istic of sparks is that when a current has once passed it can 
continue flowing even when the potential faUs below that necessary 
to start a spark in the first place. As soon as the spark passes, 
therefore, the gap A may be imagined to be bridged across by a 
conducting wire, which is broken again when the amplitude of 
the oscillations falls below a certain amount. The course of the 
oscillations produced by an induction coil and spark-gap is 



illustrated in Fig. 246, which represents the current as a function 
of the time. If the “break” of the coil occurs at A, the condenser 
is charging up between A and B without passage of current. 
At B the oscillations begin, and BC represents the periodic time. 
The oscUlations cease at D, after which nothing happens until 
the next “break” of the coil at E, when everything goes on as 
before. In the Leyden jar discharge considered at the end of 
the last article BC is of the order of one-millionth of a second. 
In one-thousandth of a second the amplitude of the oscillations 
is reduced to the fraction 1/e® = 1/150 of its original value by the 
action of resistance alone, without taking into account the 
additional damping due to the spark-gap. Since the time between 
two succmive “breaks” of an ordinary coil is of the order .^th 
second, it follows that the idle interval of time DE may much 
exceed the active interval BB. 

The oscillatory nature of condenser discharges in circuits of 
sufficiently low resistance was first shown by Feddersen (1861), who 
examined the image of the spark-gap in a rotating mirror. His 
experiments have been repeated and modified by numerous 
observers. The following table gives the results of some recent 
experiments by Di^elhorst : 




Fif. m 

is seen for each interruption of the hammer-break of tli© 

That the coil has, under certain eiicumstaiic«^ a disturbing mMmt 
may be shown by short-circuitiiig the water-r«istmiicw P'""* If, 
when the sparks of the induction coil fwur im 

which can be observwi ailh a miitm routing miich Iw. 
than before. The secondary of an induetioii coil, ia faet. I»i 
a large self-inductance and something analogous to capacity, mm4 
therefore forms an (filiation circml by il^lt 

Fig. 248 is a reproduetion of a mtte* repimeatiiig the carreal 
obtained by chargiiig up a coaieiwr and then dischargtfig it 
through a eircmt without a i^rk-pp. The fr^uency her^ m m 
250 per second and the decttmeait I alb^ul §*I2, The r«? 4 >rcl wmm 

* I am mdebtad to J. Zmamk Iwr %a» niid for Fig. 201S,» 
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not made with an ordinary oscillograph, but with a Braun tube 
• 4 . ovT%lainod later (Art. 206). Zenn«:k has also 

in a manner to be explained larer v.a-ii" 

examined circuits containing spark-gaps, with remarkable results. 




• fiMf- * ‘ ' sVAV/Av.*."-"*- 


Hg. 248 

Thus if the electrodes are ^wer or copper the amplitude of current 
■ airtVs almost linearly, and not exponentially, to zero. This fact 
shows that the effect of the spark-gap in oscillation circuits cannot 
be entirely neglected. 

In spite of the simplicity of its manipulation, the induction 
coil is not well suited for work with condenser discharges. In 
the first place it usually gives far more voltage than is required 






frequency of the (wnOatioB vitya €«rt«ia liaaits. Here varioi» 
lengths of a solenoid of thkk wire, wound on ebonite, are taken 
off by a sliding contact in the iorm of a wheel rolling on the wire. 


179. InstnxizaCTta for ^tectiag anci measnriiag liigh- 
frequency cmnrenla. If a aiagle train of oecillations in & 
circuit Cl induces oeeillatioiis in a aenmd orenit C,. then it can 
be shown that the total chai^ pa«ang round the 
circuit is zero. This is evidcsitiy true if C, oonteins a condenser ; 
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if ntit. !et /j 


be the eiirrent in Cj at time /. 


Then with the usual 




(It 


i?.,/., = 0. 


h.r. -rariiri witli respecr to t over the whole time occupied by the 
we have jihdf = 0. It follows that the oscillatioas 
caiu.'.t be detecfed by 'inserting a direct-current galvanometer, 
i„vi>_-ver s-nsitive. in C.,. Moreover, a telephone receiver in 
the «.-i:vuit will give no’ sound: for the frequency of electric 
oicilluti.m- is too high to excite the vibrations of the membrane, 
u!ui the telephone will resijond only to the integral effect of the 
whole train, that is most probably to fudt. 

For measuring purposes the most generally useful instruments 
are the ihstmol gdlva itonteters described in Art. 104. As they depend, 
on the heating effect of the current, they give deflexions propor- 
tional to A Jfj-d', where A’ is the number of trains of oscillations 
per second. Duddell’s thermo-ammeter is particularly convenient 
for laboratory work in which the greatest sensitiveness is not 
required. 

The necessity for sensitive detectors^ of high-frequency 
currents has arisen in connexion with the transmission of electric 


tvaves to a distance (Art. 199). 

The simplest of the sensitive detectors now used is the 
deieeior. It has been known for some time that certain 
crvstals, such as psilomelane, exhibit unilateral conductivity 
when held between two metallic plates : i.e. for a given applied 


♦ The tirfft of these seems to have been ]Minchin’s impulsion cell (1890). It 
coii4>ts of a small glass tube filled with an alcohol and containing two metallic 
plati's eoiiiiceted by platinum wires to a quadrant electrometer. One of tlie 
platen is clean and the other sensitised by a peculiar process. A cell so prepared 
is sensitive to light, giving an e.m.f. of about | volt for diffused daylight; 
but if it is tapptU lightly it becomes insensitive, a second tap restoring the 
Sf.ii-itive state, and so on. ^Minchin found that the insensitive state could 
be eyiivertt*d to the sensitive when the spark of a Hertzian oscillator passed 
at a dhtance of 30 feet or more from the eelL A verj^ sensitive detector, the 
f‘oL:r#r, wa.> subsequently invented by Branly. It consists of a mass of metallic 
liliiigs cyiitaiiif.d in a g!as.s or ebonite tube between metallic electrodes, which 
becoiiiea conducting in the presence of electric waves. Branly, however, did not 
nxN ,mu.se as clearly as Minchin the fact that its action was due to the inductive 
effect of Hertzian oscillations. By the end of 1891 IMinchin had succeeded in 
fletet'ting the effect of a Hertzian oscillator at a distance of 150 feet. 



liigh-frequeiicT alt.., 

currents, as it will let tlirongh more eiirrfnt one way thmm Ife# 
other and give for jidi a inite value different from zero, A 
train of electric oscnlktiona, inducing on a loop of wire containing 
a crystal and telephone in serifti, will therefore have an integral 
effect, and a sharp click will be heard .In the telephone, la 
practice, the receiving eircait w^ill nsmlly tx>ntaiii a C0iidt»»«r, 
and the telephone a.iid cryital are in mtim acw^ss it. The 
sensitiveness can genermllv be i.ncreas«l by applying i ileady 
electromotive force to the crystal by means of a battery atid 
potentiometer as shown in Fig. 252, the best voltage l»in,g getierilly 


Crystml 

K 


T® 
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of the order of half a volt. But this potentiometer attachment 
would not be used when simplicity of operation is the chief 

lifcsitleratiirii. 

The crystal detectors in iibc are of three types : 

I T| CTTStiil pressed betweeii two fiat metaliic plates .(car- 

boriifidiiiii). 

(2) IHie of the metaliic contacts in the form of a points the 
pressure being adjustable by means of a screw (molybdenite, galena). 

(S| Two cfestals making contact with each other at a point, 
the pressure being likewise adjustable (zincite -copper pyrites, 

ziiicite-bornite). 

These types do not differ in principle from one another, as contact 
takes place in all cases over a very small area. Some difference 
of opinion exists as to w’hat crystals are the best to use. Thus 
carborundum has the advantage of being extremely hard, so that 
a slight change in the pressure to which it is subjected does not 
its seiisitivene^. On the other hand, ordinary specimens of 
it are not as sensitive as the zincite-copper pyrites combination. 

The precise cause of the peculiar rectifying action of crystal 
detectors is not known; but some experiments of Pierce may 
be mentioned in this connexion. With carborundum he found 
that the difference between the positive and negative currents, 
for the same voltage, became much less when the faces of the 
crystal were platinised so as to increase the area of effective con- 
tact with the electrodes. The action therefore appears to have its 
seat at or near the points where the crystal touches the electrodes. 



Fig. 253 




suppi»e that the ap|mratus in queation m 
placed in a circuit of self-indactance L and roMtanee M, m that 
a small current » flows in it at time t. If this current is induc-ed 
by a current j in a neighbouring wcillation circuit, we have 

i if| -f iii+ F-0. 


Very considerable improreiiieiit rmnite from the iasertitui of 
a grating between the fiknient and cylinder, the thrf« being 
raised to different potentials. This device is due to d« Fortwl. 
Such a contrivance is no longer a yalve, any more than a crvital 
is ; but it is easy to see that appat^m wkitk 
obey Ohm's law mt m a retiifyit^ .Le* m wwiite 

that the relation of current to |»tentiftl is the same for Mph 
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Exfi^ndifig thr fiiiietiiiii/{0 as far as by Madaurin’s theorem, 

w« lia¥e 

L t ■ M % -{R-r (0)} i -r If" m = 0. 

dt ol 

»nre f - ' i when t = 0. On integration over the interval occupied 
by * single train of oscillations, this gives 

so that fidt certainly differs from zero if /" (0) does ; that is, if 
the ( 1 , T) or characteristic curve is bent in the neighbourhood 
of the origin. 

The above is a kind of general theory of crystal and valve 
detectors. It must however be remembered that no adequate 
pr<j»jf has yet been adduced as to whether crystals behave in the 
same wav at high and low frequencies. 

180. Properties of high-frequency currents. The current 
in an (»ciUation circuit may reach a considerable magnitude. 
Thus if C = 5000 E.s.c., F = 30,000 volts and n = 10®, Va* = 1^0 
amperes. As regards its inductive effect, however, this current 
is equivalent to an alternating current of no less than 10® amperes 
at a fretiuency of 25 per second. It follows that the induction 
effects are extraordinarily great. A glow-lamp in series with 
a loop of wire of one or two turns will glow brightly when brought 
near an oscillation circuit. 

The most remarkable property of the currents is that they 
are not uniformly distributed over the cross-section of the wires 
in which they flow, but concentrated near tbe outer surface, 
and this more and more the higher their frequency. The exact 
theory of this effect is given in Art. 203 : for the present we may 
regard it as an experimental fact. It can he demonstrated with 
the api«ratus shown in Fig. 255. A represents a hollow metal 


A 



B 








Fig. 256 

cylinder about 5 cm. in diameter, B a coaxial metal rod, the two 
being placed in metallic contact by plates at the ends. Both 


x: 


insertefl thr inner is %"iem’wl through a mimll h«i#» 3 

the eyliiicier. iSeiiil n kiw-fre<|iietiry eurrent through the 44 {ipiiri*ti 
fi'orii ail iiifhietiori eoil, muI adjiiit the outer gap ho that t| 
current will just imss through the inner tube in preft^reiieo 1 
going through it. If nnw the a{i|«ratus m placet! in an oseilhiticj 
circuit, the converse will be found to weur. This ilhistrate* if 
preference of the eiirreiit for the outer |Mirtio!is of a wire* 

The efiett of this iiiiiH|UiiI distribution is to increase the appiirt-i 
resistance of the wire. Imagine^ the cross-sec*tion of the wire t 
be cut into a large number of et|ual areas, and let 1 be the current 
through one of them. Then for a given total current Zi has an 
assigned value. But the heating effect of the current is {iri>|wir- 
tional to and by a known algebniiea! theorem* this is least 
when all the fs are e<|iia]. Thus the heating effect of a 
current is least w’hen it is distributed uniformly over the miss- 
section of the wire. 

The heating effect of high- frequency currents lias been 
measured by several observers. The apparatus used by Fleiiiing 
for this purpose is shown in Fig. 2o6. Two wires Ikj , If 2,, as iieariv 



f%, fsis 


as possible identical are paired down two tubes Tj, Tg coriiK*<‘ted 
by a cross-tube containing a thread of oil to that the wli#ib‘ 

* It. (,%fTita!, %*oi II. p, 49. 






irliere A is a iiiimerical coastant which is equal to unity in a truly 
syiiinietrieal apparatus, but in practice may have a slightly 
different value on account of differences in the sizes of the tubes 
and the thermal emissiviti^ of the wires. A may be eliminated 
bv performing a second experiment in trhich high-frequency 
flows through the left-hand wire and direct current 


pving ^'^4/3* 

The fractional increi^e of r^istance can thus be found experi- 

Hieataly. 

The ehange in the distribution of current in a circuit also 
affects ilte seif-inductasce ; but whereas the resistance increases 
indefinitely as the current flows more and more on the surface, 
the inductance tends to a new limiting value, called the Ugh- 
The thcNDry of Art. 121 must be modified 
in this case, since the internal filaments of the wire no longer 
contribute to the magnetic flux. Instead of the result L = M + 
we now find the simple r^ult L — M. Thus the high-frequency 
^ M mremA w eqwd the mutual indudance of the line 
^ of tie erom-$&imm and a parallel curve drawn in the 

$mrfom of the mm. As an example of this rule we have the 
followisg formulae for. high-fr^uency inductance : 
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(1) Long mlemmd of m iurm^ k^h I, mm J. 

L = 

the distribution of current being unimportant. 

(2) Recta ngulm circuit a bg i, diam^er of wire 2r. 

L = 9-210 |c log,o a logi^ {a-hd)~b logw (6 -f- rf)| - 8c -f- 

where c is the half perimeter, d the diagonal of the rectangle, 

(3) Circular mil of om mdim m. 


L a (28-9S log^^ ^ ^ 25-13^. 

The preceding reinarlcs show that we must be rather earef^l 
in speaking of the rmstance and self-inductance of a circuit for 
high-frequency currents. Serious practical difficulties do mmt 
arise, since the resistance of mcillation eircuite can be calculates! 
with sufficient accuracy for the particular frequency in question. 
The difference between the high and low-frequency induetaiiee 
of a circuit amounts to exactly half the total length of wire %mmi^ 
and is usually insignificant. 


181. Tesla esq^erfmentB. The idea of tramforming elect rie 
oscillations is due to T«la. His apparatus, called a Tmla trai». 
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former, is shown in Fig. 257. The primary consist of a small 
number of turns of thick wire inserted in the oscillation circuit ; 


m 


oscillations 
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the secondary coil is a solenoid of many turns careMy insulated 
from one another*. In this way an extremely high voltage 
jof the order 10*) is reached, and a variety of striking experiments 

may be made. , , t 

If the ends of the secondary are connected to two unequal 

metallic rings (diametera 15 and 10 cm., about 10 cm. apart) a 
beautiful conical discharge takes place between them, the whole 
.space being traversed by filmy blue streamers. Leads of bare 
and even insulated wire are likewise surrounded by a luminous 
halo. The secondary terminals may be joined to a pair of wirte 
10 metres or so long stretched parallel to one another about 
10 cm. apart, when a filmy discharge will take place along their 
entire length. Long crackling sparks are obtained from a pointed 
terminal attached to the top of the secondary. Glow-lamps and 
discharge tubes light up at a considerable distance from the 
transformer. If a discharge tube is held in one hand while the 
secondary is touched with the other it will light up, and with a 
powerful apparatus the currents may be made to pass through 
the bodies of several persons. In performing these experiments 
it must be remembered that it would be dangerous to touch 
the primary of the Tesla transformer (or any other oscillation 
circuit). 

182 . Electrical resonance. When an electromotive force 
y cos pf is placed in a circuit containing resistance, inductance 
and capacity in series, the current is given (Art. 130) by 
i — I cos {jd — a). 





values of p. Tliis effect is called remmme by analogy with the 
oorresponding ^ in acoustics. The phase- difference between 

current and ple,c-fc,|‘C)nj 0 tive force vanishm when resonance occurs, 
the circuit -fclien behaT€s exactly like a simple coil of resistance 
and mductOs^oic^sg zero 
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Fig. 258 

Fig. 258^ shows an arrangement for examining the resonance 
of two electric osoillation circuits. are two small inductances 

formed by stretolaing insulated wire over wooden frames. Three 
turns of wire of 1 mm. diameter, placed about 2 cm. apart on a 
rectangular franao 60 cm. by 30 cm., will give a suitable inductance 
(of the order 10^000 ateolute electromagnetic unite). is a 
Leyden jar, 0^ a* 'V'ariable condenser of somewhat larger capacity, 
G a thermo-araxiaeter or other sensitive thermal galvanometer. 
Care should bo ■fcaken to stert with the frames a considerable 
distance apart, otherwise the current in the swondary may be 
too large. On “fcixrning the handle of the variable condenser a 
large deflexion of the galvanometer will occur at a well-marked 
position. 

A curve corm acting the cajmcity of the secondary with the 
current may be os^lled a vesoMiiwe cufV€, This name is however 
usually reserveci for a particular curve obtained as follows. 
Imagine the periodic time 27r(LC)*of the natural oscillations 
of the secondary^ circuit calculated for all valum of its capacity. 
Then at a partic-iila.r periodic time the current in the secondary 
will have its mstzKiimum effective value /©. If I is the effective 
value of the cixxrent for any other period T, the resonance 
curve is one wifli TjT^ as abscissa an<J Ijl^ as ordinate. An 
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Cj => 1250 E.s.L’., resistance of secondary )■ 
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TITo 
Fig. 259 

The exact theory of r^onance curves, and the way they depend 
on the decrements of the circuits, will be considered in Art. 203, 
The general form of the curv^ is fairly obvious from what has 
been said above. R^nance occurs when the natural frequency 
of the secondary coincide with that of the primary, that is 
when Lfii = 1^0^. Neglecting the damping of the primary, the 
resonance curve will have a more and more pronounced peak 
the less the resistance of the secondary. It will be shown that- 
the sharpness of the peak depends essentially on the sum of the 
decrements of the primary and secondary. Curve II of Fig. 269 
shows the efEect of inserting a non-inductive resistance of 9 ohms 
in the secondary, the scale of current being the same as that in 
curve I, from which it is clear that the sharpness of resonance is 
considerably reduced. 

183 . Frequency-meters fbr electric oscillations. If the 

seif -inductance of the secondary circuit in Fig. 258 is known, 
and also the capacity for various positions of the variable con- 
denser, we have clearly an instrument for determining the frequency 
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of the oscillations in the primary. The condenser is adjusted, with 
the circuits still a considerable distance apart, till the thermal 
vanometer shows the maximum deflexion, and then T = %r {Jt f » \i 
IS the periodic time of the primary oscillations. An instrut^i*.!* 
of this type was first put on the market by Donitz. The 
accurate method of measurement is to draw the whole resoixane# 
curve and determine the position of maximum current graphicjailiy 
otherwise it is rather difficult to find this position on accoixyjt ll 
the slight unsteadiness of the oscillations which always occuii^a in 
practice. ^ ' 

A very convenient instrument is the portable 
meter of the Marconi Company, the internal arrangemeiif If 
which IS showm in Fig. 260. Here the detector is a carborundum 
crystal K of comparatively high 

r^istance in series with a tele- f ^ 

phone T, the whole placed as a J 

shunt across the variable con- S ^ 

denser (7. The inductance i is ^ 

built into the lid of the containing Y J 

box. In use, the meter is first 

held in the hand and the handle ^ 

of the condenser turned untD there 

is a maximum soxmd in the telephone. The observer now move# 
away until he can only just hear the sound when the handle i» 
in a particular position. In this way it is possible to determiii® 
the position of r^onance with great nicety. 

An ingenious direct-reading frequency-meter has been invexutcd 
by Hirsch. One plate of the variable condenser is kept in ocin- 
tinuous rotation by a motor. Attached to the edge of this 
is a small vacuum tube containing helium, which is also connooTetl 
through a sliding contact to the fixed plat^. When the conri^i jieof 
passes through the position of resonance the difference of potent ial 
between the plates is a maximum, and the discharge tube caxi be 
made to light up in this position, and this only. A graduated sc^ale 
under the discharge tube then givm the frequency by inspection. 

For absolute determinations of frequency it is necessanv"' to 
standardise the instrument in some way. The method of cali- 
bration adopted at the Reichsanstalt, Berlin, is to compare tlic 
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Of a given meter mth one or more standard meters, the 
induetlnce and capacity of which are determined once for all 
fev calculation. A careful series of measurements was cam^ out 
fev Uiesselborst in 1908 in which the accuracy of th^e Btandar<is ^ 

cherkwl bvobser^'ations with a rotating mirror, so that the absolute 

readings are known to be correct to a few parts m a thousand. 

It wiU appear shortly that electromagnetic effects are pro- 
pagated through space with a finite velocity c equal to the rario 
!d the electromagnetic to the electrostatic unit of charge. Thus 
el«-tric meilhtiom are accompanied by electric the wave- 

length A being connected with the penod of oscillation by the 
relation A = cT. For this reason frequency-meters are usuaUy 
described as wave-meters, because they also measure the wave- 
length of the corr^ponding electric waves. 

In Kelvin’s formula T = 2v (LOf both L and C are supposed 
to be measured in the same system of unite, for example the 
electromagnetic. But now if C is measured m electrostatic units, 
L remaining in absolute electromagnetic unite, the formula becomes 
T = 217 With this understanding we therefore have the 

simple result 


:2w(iC)® 


giving A directly in centimetres. When not specially stated we 
shall alwavs understand L and 0 to be measured as here described. 

On account of the ease with which observations can be made 
the wave-meter becomes the most convenient instrument for 
measuring small indnctances and capacities. If a standard 
inducunce is at hand, or one whose magnitude can be calculated 
from its dimensions, then the capacity of any Leyden jar is found 
by making up an oscillation circuit of the two (taking care not to 
introduce more inductance than necessary in the leads) and 
ineMuring the corresponding wave-length. The method is ap- 
plicable to cases in which the leakage is too great to permit 
of electrostatic measurements. Again, with a known condenser 
self-induetancw can be measured ; and this is the most accurate 
method of measuring small inductances. Knowing the self- 
inductances of two coUs, their mutual inductance may be found 
by a method already explained (Art. 132). 


are said to be weaklj oonpled whea t m Bumll, stroagly 
when k apprf»cli« mnitj. Eqnalioa P4| shows lhal mm 

two possible oseillmtioa ff«|aeiicie» ia a pair of oow^ed ctFrwt#* 
which in general are mot the mmt m the aatnml fpm|i»fict« ^ 
the two eireaits bv theiaseiT«. 
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fi « J cc» fi 4" B SIB 4” C cm qt 4- D sin qt, 

r, ^ f I i (.-i cmpt-rB sin pt) + 

jL| |ii* ““ p 

wlief€ P I 'Z k' 1 

Wbeo I » Cl we haire ej — CiV^, % == < 
e#iiiiti«iis determine the arbitrary con 

thiM we find 

- / X^l^ 

f j « I €\ r® + cos f I), ^ = i 

Hence ti - i (|> sin j>C + g si 

The fre(|iiencies p and q^ if not too close, may be detected 
separatelv with a wave-meter, and appear in the form of two 
hum|« when a resonance curve is taken of the two circuits 
together bv means of a third circuit loosely coupled with tbem. 
An example is given in curve III of Fig. 259, from the results 
of an experiment in which Li = 9800, = 18,400, M = 3600, 

Cl » 1250, Ct « 665, k = 0“2^. The positions of the maxima, 
as calculated from (16), are given by r/To= 0-856 and 1-13, 
which agree well with th<B6 observed. 

As in acoustics, the existence of two frequencies gives rise to 
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except that in calculating them the damping has been 
Fig. 262 is an actual oseillograph record of the s^oiwiary 
in a pair of coupled circuits. 

An important practical conaeqiicace of the above is a. 

wave-meter cannot be brought t<» mmi to mm oscillation c«»v«l 
without reacting on it and altering ite fTOpency. A 
detector is therefore eMenlial for aoeuracy. 

185. Bam^riug in €»otllstoii t^rouiia. It is elmmw 

electric oscillations will be dain^d out by any proems i a living 
a dissipation of energy. Tie foramlm (11}, which t*k«^ ini# 
account the heating of the wir« of the circuit alone tial 

only if E is the resistance calculate for the 
frequency), therefore givee an inferior limit to the danipAup 
takm place in pmclicc. Other »«irc« of energy-loss 
much reducoJ by suitable d«iga of tie c^cillation eire-ixi^, th# 
spark-gap excepted. 

The effect of the spark-gap on the eourse of the 
has already been mentioned!- Magneiiusa i« the b^t 
for the electrodm if small damping is f^uirci, but «»4 

cadmium are also to be recommeiided. The spark-gap. 
must not be too short, mj mi l«il 2 mm. in length. If tfc#^ 
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of in arytimry waits 

Fig. m 


tike© of bj means of a third Icmely conpled with the 

'i»i 'Iwo, IJaitf o^aary diciimsteiiem a ciirve is obtained 
ike that of Fig. 2S3, I, which eorrmponds to aparkdeagth mm. 
,11 MW the spfk-leagti it diminish^ the hump of the coupled 
cifwit iulmidt md a third itimp rtsm which correspads. to the 
of ^iiktioa of the seprate circuits, supposed 
^wil lewre II» tparkdenglh 0-15 mm.). The beginaing of this 
pr««« m dwdy appreal in carve III of Fig. 259. 

tte mhmwm ialwpretttion of these resulta is that with short 
tpifk'pp tie primary «eiIlatioa may cease altogether,, leaving 
tie ciwwt to c^ill&to alone with ite own .aatural 

&nte tie s^»adary contains no sprk-gap its 
da»i|M§ m iiitti, m may he mmu from the sharpnms of the 
c#a.t.»i peak .ia curve II. 

€mm^f enoagh, tharrfore, toe problem, of pr«Miuci,a,g weak 
ilamping in one mimm% depwda on tie production of very strong 







The arriotifit of coupling between 
the tw"o circuits is also of importance, 
as will be underatcwKl by m reference 
tO' Fig* 261. Every E^rk-gap will of 
course b'ccome non-coiid noting if the 
current is allowed to bwome verv 


At a point such as P the amplitude of cmteiit m 


of the coupled <»ciIktion» ai^ n«irly ll folfewi 


!t86» Tire stoglng aro. The problem of exciting 


OTOillatiomSs was .Milvfd bj immmm « iWh If a 

of the order of & mkrofamds, and a selfdndueto^e L, oi 

order of ^ henry, are plac^ m a shwat • rar^i 
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ciirrfiit of 2 to 3 ^mperm at im volts, though a higher voltage 
is r«|iii?ecl for really gtx>d effete. In actual working the carbons 
s:r« iwt brought together till the are is struck, and then separated 

R 

I — WWW 
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Fig. 265 

slowly until singing begins, which occurs just before the separation 

at which the arc goes out. 

The oscillations are det^ted in the usual way with a secondarj 
circuit containing self-mductance, capacity and a thermal 
detector; and resonance curves can be obtained showing that 
the primary frequency is given approximately by Kelvin’s 
formula. The difference of potential between the plates of the 
condenser may rise to four or five times the potential of the mains, 
m may easily be seen by placing an electroscope or electrostatic 
voltmeter across its terminals. 

Many striking experiments may be made with the singing arc. 
A pi^e of iron placed near the coil L rais^ the self-inductance 
and lowers the note emitted by the arc. The note may be altered 
continuously by making up the self-inductance of two coils in 
»tii« with one another and moving one of them about so as 
to change the mutual inductance. It is raised when a secondary 
circuit in the vicinity is short-circuited, on account of the diminu- 
tion of the effective self-inductance of the primary (cf. Art. 134). 
The oscillations may be detected acro^ a room by means of a 
receiving circuit with a telephone shunted across the condenser. 
When the capacity of this condenser is changed the intensity of 
the sound in the telephone change also, but not the pitch : this 
illustrates the important principle of forced vibrations, namely 
that it is the frequency of the forcing agency which is established, 
and not that of the system acted on. 







The last eqiiatiow pvm 


Again 2L 4 . 

■ ^ dtdt^ ’ 

which gives on integratioii 




If j is ..tO' execute periodic changf# iijjJkf sad f i»i«w Ubif 
original values periodicallj. The left-hand ride tfci» 
effectively 2S ^(djliifii, which incr««« coatmmiy m ^sm 
goes on. The integral oa the right mmi 
with t. Hence periodic change mmmmt take if ( F| mi 

negative, that is if J?/" (Fj -r 1 >%m that a 
for the production of oseilktions » that wmewhete or cilh« 


This condition cannot be »t»iecl by an ntdinmir m 

even , hj a glow-kiap, for which MiiW m iJwaya In 

the arc betm’een «Ad carbons, howiv«r, di/dF m arrive. 

The above thwiiy is notMng aiof# than an il»t»ifoo, aiar# 
the beha^riour of the art for m low m Ml to the mmm4 

is very dif erent from itm Itehationf for^i^v eiafteato. 
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i«alto ©btaiii^ b J Blondel by means 

One 0 f hm ean'ai ii shomm in Fig. 266, repi 


of the oseillograph. 
•esenting the most 


Afv 

f V 


Are 

eiirrrat i 


coitiiiicMi ease. 15y taring corres|K>iiuiiig ^ 

idotting them against one another we obtain th.e characteristic 
ciif¥e (Fig. 261}. The ^rtion ACD in the curves corresponds 
to the internal during which the arc is letting current through, 
DBA to the interval of extinction. At C the arc is fairly hot; 
but as the current diminish^ it cools slightly, so that the potential 
at D is slightly higher than at C. At D, when the arc ceases to 
eoaduet, the state of the r^t of the circuit is such, that the potential 
falls to a negative value (at E) and then rises rapidly. Though 
the arc is croling all this time it is still hot enough to re-light 
al A for a certain potential higher than that at D. The cycle 



is then completed along a carve AW Iving anifornilv alwn* 
curve CD. ' ' 


I. Hertz’s experiments. In ail oar pr. vi.i.;- ^„f}. 
ave postulated a direct influence of one object A on another B 
across t e intervening 8{»ce (action at a distance). No obj«rtw»n 
can be taken to this point of view as long as the phenomena 
correctly explained. However, there is no denjing that it w»«Jd 
be more satisfying if the action was traced all the way im*m A 
to 5 by postulating suitable properties in the separating med inm 
In 1888 Hertz published a remarkable series of experimezits 
confirming the theory, propounded by Maxwell in 1863, tk«t 
electric action is pronasated in the form of ■«•««■»« -ii »». . 


Hertz’s earlier ex^peri 

shown in Fig. 2^. Tw 


TO COIL 

MS ^ 1 ^^ ^ 

40 cm., were join^ hj a ^pper wine m em. teag. Ti# mm wm 

cut in the middle and a 8|»rlc-^p inserted, the teriiiiiaig ©f w|i«fe 

were connected to m large indnetioa eoil Although the 

does not form anything Mice m clewed drenit, yet the J, J* 

have capacity and the aonn^ting mire wnaetbing ike imdartmiieie, 

so that the discharge is CM?ilIatoiy and of wry high 

For a receiver {Fig. 269) Herti ns^ a wim in the form of a eiivi# 

of radius S5 cm., likewise iateirophed by a s^rk-gap. Wh-rf* 

the oscillatiom fiJl on the weiver sparks aw seen to 

the gap, m^hose length can ^ adjost^ by of m mirfttmrtrr 

scremr. 

The first observations were on lefiexioB, or rather on niter- 
ference between the direct hmm of mys and the btatii 








jmm . mrhve. Working in a large lecture room, 

lirfti lip ill a liorizoiital position at a distance 

ui i:i from a wall to which a sheet of zinc 4 metres 

hiifli and - widt^ had been attached. Periodic variations 

wert^ hmiid in flir uiteiidtv of*s|Mirklng when the receiver was 
hmumullv a! increasing distances in front of the zinc 
This was mnhutml to the formation of standing waves, 
the mavehomtli *d which was estimated at 9*6 metres. 

SiihM>.|iieiit!v Hertz worked with much shorter waves (65 
ffniirneirt^l, the apparatus shown in Fig. 270. The 

was now a brass cylinder 3 cm. in diameter and 26 cm. 



Fig. 270 


bug, with sj»rk-l>alls in the centre. It was placed vertically 
in the fcwai line of a parabolic mirror of height 2 metres and 
:fciJ leiiftii 12*5 cm., the wires from the spark-gap to the induction 
cimI 'biiiig led throiigh the mirror. The receiver was formed of 
two •Irmif il ol wire, each 50 cm. long and 5 mm. in diameter, 
plae^ with their ends 5 cm. apart in the focal line of a second 
pimWic mirror. From the nearer ends two wires were led 
tli»«,fh the miiror to a small adjustoble spark-gap at the back, 
ia which llie passage of sparks was observed. 

Im |wi|iag th« experiments it should be borne in mind that 
the linear rweiver is affwted most powerfully when it is parallel 
to the Imm of electric force, while the previous circular receiver 
r«s|»iids li«t when ite plane is perpendicular to the lines of 
mag'iietie foime. The greatet distance at which the short waves 
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detected was about 20 metres, but experiments were 
usual y made at a distance of 6 to 10 metres. 

( ) Rectilinear proimgation. A sheet of zinc 2 metres hiuh 
an 1 metre wide stopped all sparking when placed in the path 
between the mirrors, but did not when placed on one side The 
body of the observer also had the same effect. Insulators such 
as wood did not stop the rays. 

mirrors are placed at such an 
® 'dgorous sparks could be 

K placing a sheet of zinc so that the normal to its plane 

bisected the angle between the axes of the mirrors. The effect 
was not very sharply marked, sparks being obtainable when the 
xmrror was turned through 15“ in either°direction. But since 
e imensions of the apparatus were of the same order of magni- 
tu e as the wave-length diffraction effects must come into plav 
(d) Refraction. Hertz used a large prism of pitch. The 
eig t was l-o metres, the cross-section an isosceles triangle of 
base 60 centimetres and vertical angle 30°. Oscillator prism 
and receiver were arranged like the collimator, prism and telescope 
of a spectrometer, the distance from osciUator to prism and froiii 

ot w5 , sparks began to appear in the receiver at the deviation 11° 
became strongest at 22° and vanished again at 34°. The angle 
oi mimm^ deviation was estimated at about 22°, corresponding 
to the refractive index 1-69. ^ ^ 

fl A large grating was made of copper wires 

fixed parallel to one another at a distance of 3 centimetres apart 
If the parabolic mirrors were vertical and the wires horizontal' 
practically no effect was produced by interposing the grating 
between the mirrors : but if the wires were vertical all traces of 
sparking ceased. This effect is analogous to that of a plate of 
tourmaline on plane-polarised light, the plate absorbing rays 
polansed m one direction much more than those polarised at 
right angles. It is however interesting to consider it from 
a purely electrical point of view, in order to gain insight into 
the way m which this comes about. It will appear shortly 
that the electee force m the wave as it falls on the grating is 
parallel to the direetioa of the primary oscillator. Such a wave 
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m in tht mwm when they sre perpendicular to 

Ike 4mm tofw : hmt if the? &m parallel to it currents and free 
and their electric and magnetic efiects are super- 
of the origtEal waire* The effecte of the separate 
iiiw» rtiftfoiT'e «ch other in certein directions (reflexion) and 
other in ©the» (a]^.rption). Hertz found, in fact, 
fiat 4# ^ting wottld perf^tly when the wir^ were 

hot wM when they were horizontal. 

H#fti foand that no sparks are produced if the oscillator 
m^wm are at right mii^m to one another, but they reappear 
wi« tie frmting is interp«M«i in a dir^tion which is not parallel 
to me of them. Let the lines of the grating make an angle 0 
irilh lie Viator. The charp^ induced in the wires are pro- 
port»aai to tie compooent Ecmd of electric force parallel to 
ti«», and ti«r d^ric fleld rnnkm an angle Jtt — d with the 
Hence the elw^tiical efleet in the receiver is roughly 
'poportbaal t# ^ sin i ci» #, which has a maximum value when 
|-iir. 


tM. Experiments of Bjerknes, and of Sarasin and de 

la Mie* We must now interrupt the main argument in order 
i& iiwcfifet two imvMtigatioM which throw light on special points. 
B|ffka«ii examinei the finance and damping under various 
A lel of circular rweivers was constructed of 
ir»fhw». bat of g«>in^rically identical form, and resonance 

f«fW of by altering the dimensions of the oscillator. 

f^narily 0t»rrei wm potentiai, the spark-gap in the 
m^m bring wiiaecd by a small electrometer of special design.) 
tie of Monance was gm^tmt with the copper receiver, 

aid lien flowed br^, Geimaii silver, platinum, nickel, and iron 
M lib Tie Older of the non-magnetic metals is that 

# lidf TOndmtivirifs, bat iron and nickel fall out of the series 
•fti pvt proportionally gr«itor dampmg, which shows that the 
mme into play even for the frequencim of 
e^iktiona. 

an i^iUator of lie same natural frequency as Ms 
iM X W per a«oai|, BJerkn^ next tried the effect 
d«p«ling tMn layem of various metals on the surface of the 
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receivers. The r«ulte are shown in Kg. 271, in which the 
abscissa repr^ents the thickness of the added layer. Thus an 
iron wdre covered with a layer of copper one-hundredth of a 
Eoillimetre thick behave like a solid copper wire* ; from a certain 
thickness onwards the nature of the underlying metal is in all 
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cases immaterial, the same effect being obtained with zinc on 
iron and with zinc on copper. Nothing could show more clearly 
the fact that high-frequency currents flow only on the outside 
of wires. 

Bjerknes found that the decrement of his oscillator was 0*26, 
a much higher value than that occurring with ordinary oscillation 
circuits. Some effect of this kind is to be expected if, as we 
believe, the Hertzian oscillator is continually emitting energy in 
the form of waves, so that its oscillations are more quickly damped 
out. This process is known as damping hy radudwn. 

The circular receiver, on the other hand, approximate more 
to tbe ordinary re-entrant oscillation circuit. It does not radiate 
and its decrement is considerably smaUer than that of the oscil- 
lator. This is brought out most clearly by the experiments of 
Sarasin and de la Hive. These physicists, in repeating Hertz’s 
experiments on the interference between the direct rays and those 

* The slight difference is probably due to the high conductivity of electro- 
lyticaUj deposited copper; while Bjerku^’ iron deposit seems to have been of 
low conductivity. 
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imm a sh^', foani thmt ike wam-krigth obtaimi : 
^fm^i mdp m fi« ii^mmmm 0/ the aid mt at all on 

When m hmvily-damjpd wave falls on a receiver 
it it into d^tfical rib»tio.n which continues long after the j 
ii*v» ^ over; and on the return of the wave similar f 

Itm are mt up. The two sets of vibrations will inter- | 

|«re ii«tmctiv#ly if tie time r r^uired for the wave to move 1 
frwMi tit receiver to the mirror and back is an odd multiple of 7 
IZ where T k the natuml f^riod of vibration of the receiver. ‘I 
Ti«i tie dk'tonct I of the firat ncKie from the mirror is given bj 
J — |er, e i^ing the velc«itj of propagation of the waves. In 
ifcii there is no quantity characteristic of the oscillator, 

wMei ei'piaini the otoerv^ed facts. 

and de la Rive also examinol the formation of 
g»l»n*ry el^tric wav« on wirm, and found the same wave- 
kafth in air m on the wire, as shown in the following table : 


1 

fllikk (thin (tiiick 

(thin 


wire) wire) wire) 

wire) 

1 m 

35 35 25 20 

20 10 

1 444 1 

1 1 

304 3^ 240 172 

i 

204 76 


' 292 1 — 224 — 






KLKrrmic 

plan. The oscilktor (Pig. m2) is aboat 7 cm. long, the aetttal 
spark-balls consisting of two small platianm knobs foriaai by 
fusing the end of a platinum wire in an elmtric arc. The c»ei!Iator 
IS partly immersed in turpentine, in which the main sparks pass. 



Fig. 272 |f^g. 273 


and the length of the spark-gap is adjusted for maximum effect 
by means of a screw, the b^t length being only a fraction of a 
millimetre. In order to aToid as far as possible the disturbing 
effects of the coil, a w^ater-r^istance W and a Leyden jar C are 
placed in the secondary circuit (Pig. 273), and the coil is separated 
from the oscillator by two subsidiary gaps about 1 cm. in length. 
The parabolic mirror, 40 cm. high and of focal length 4 cm., is 
of tin plate, perforated with holm to take the leads to the sub- 
sidiary spark-gaj^, sheathed in ebonite tub^. 

The receiver, which is placed in the focal line of a second para- 
bolic mirror, is a copper wire about 15 cm. long interrupted at 
the centre by a small thermal detector of the type invented bv 
Klemencic (Art. 104). It is importent that the detector should 
be evacuated and used with a very sensitive galvanometer. 

For convenience of manipulation the receiver is mounted on 
a stand moveable like the arm of a sp^trometer, and a prism 
table is also placed over the central pivot. The whole apparatus 
will be found very certain in action when first set up ; but after 
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m ti»# l&« immll i^A-balta hmi>me roiigheaed and require to ; 

^ »awJdfd in the dm^c are^. The wave-length emitted is : 

©I lit «der of li centimeter, and the size ^ of the subsidiary | 
^ mnch r^iiced. Thus refraction can be demon- 
with m pmm oidj 12 centimeter high, though a larger ; 

pmm if drimbic. '' 

In tliM way etonite, date and other insulators can be shown 
'to be more or l€» transparent, thin glass (even when coloured) ! 
alm«t coiii;^et€ly so. Complete absorption is obtained with #, 
tM» metal Bhmul m mdth a grating of thin copper wires (No. 24 , ^ 

i.w.o.) stretchwl 1 cm. apart on a wooden frame 40 cm. square, ’ 
pro'vided that the wires are parallel to the lines of electric force. 

The »me gating when tu.m^ through a right angle scarcely 
atoorbs the rays at all. A mrt interrting result is obtained 
with a large Mock of wcmd whose edges are parallel and perpen- 
dmalar to the .gmin. In this ci^ the absorption is greater when 
the gain is paraid to the elwiric force than when perpendicular. 

The block thus acts like a grating, probably on account of the 
gre^tar electric conductivity along the grain. The experiments 
#m aiexioii a.re also very striking, 

I^b^lew’s oripnal experiment required considerable skill to 
«ixy oat, m he a vei^ small oscillator ^ving a wave-length 
of only 6 inilliinetr«. The wave-length was determined by the 
iaterference of the wmm reiectoi from two parallel metallic 
iietls in different planes : bat the experiment is difl5.cult and not 
very a^urato. I^bedew wi® able to demonstrate the double . 
f«f»ctioii of rhombic sulphur for electric wav^. The great^t 
and liiwt refmctive indies were found to be 2-25 and 2*00, while 
Boitemann found the ^square root of the corresponding dielectric 
cO'Uitont to be 2-18 and T95 (cf. Art. 193). 


190* Kqaations of the free ether. The experiment 
with the Hertzian epilator cannot be explained on the ordinary 
ln» by action at a distance due to the charges or current present 


* ipeifci0fi fett' tlis Is the electric diseharge from a j&ne point, or from 
■ft WQ§hjm^ wirfie#, at a low |K>t'entml, and with the smaU capacities 

il ii impc^ble to get th© pot^nthtl of the c®cillator high enough to produce 
ih# nfifWiil diKh«rg0. This ^ tfee source of difficulty in work at very ^i gih 
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in the field : the far-reaching analogy with light-waT» points mther 
to wave motion in an imponderable medium (the elher% Mking 
place with a finite velocity probably identical with that of light. 

Any new theory propound^ to cover these effects should 
keep as close as possible to the existing theori^ of elTOtrwtaties 
and electromagnetism, because thc^ theori^, within their liiiiita, 
are confirmed most exactly hy experiment. We notice that 
Hertzian and allied effects are h^t shown with rapid oscillatioiw 
in rods, and other bodim which differ consideraHy from the 
re-entrant electric circuit used in ordinary experiments. The 
fundamental electromagnetic laws however refer to closed circnite, 
and are otherwise devoid of m^nir^. What is wanted, therefore, 
is an adequate theory of open circuilB. The line of least rmistance 
would seem to be to make aU cirmti-s by muMing m a currenl 
something which is mt a flow of d^ricky, and applying the original 
laws unaltered. This is effectively Maxweirs line of thought, 
and his views have proved so succmful that there is no n«id to 
consider alternative explanations. 

In order to see what is require, let us imagine space to be 
filled with moving electricity, p bring the volume-density (in 
electrostatic unite) and v the velocity at the point (x^ y, z) at time I, 
According to Art. 72 the current-density j would be given by 

. 1 . 1 . 1 

Ja? — -^pVgf Jf Js 


Prom the general equations 

= 


we have 


dx 




dH, 
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dz 
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-( 17 ). 


Using the previous values fory^^, we should have 


3 d 

(/>»,) + ^ (pu,) + ^ ipv^) = 0. 


( 18 ). 
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Tlik equation is however inconrect, as it conflicts with the general 
eijjiistion 


a , , 8 

% + & 


(p%) + 


cjc ^ By ' dz ‘ dt 

5|. 

T®wm.;iA r»»lviiig this dijficuity let us make the hypothesis 
that Gaiw’ tiiTOreni on the normal component of electric forcer 
ii itiM%’'efmlly true, and not only in electrostatics. Expr^sed 

analytically, this 

dx By dz ^ 

.E4|ii«tioi (19) now shows that 

0 8 8 

+ 3^ {/>*’.) + g^(pp.) 

8/1 8 / 1 dE^\ d ! 1 8E^\ 

8x\47t Bt) 8y\,4w 8t) 3z\.47r dt ) ' 

Hence we maj keep the equatLon (18) intact by writing 

• 1 / ^ 1 • 1 / ,1 dEy^ 


47r dt 


The 'V^te whc«e -TOmponents are. t— (-k^ , will 

4:7rc \dt dt dt J ‘ 

be called the ether-currefU-dem^y, so that a changing electric 

fmm mmMs m a curreM. 

The fictitious electricity has served its turn and may now 
be ilismiss^. For the frm ether equations (17) give 


1 dS^g, 


dHy 

c dt 

By 

8z 

IdS^ 


dHy 

0 . M 

dz 

dx 

IMi 


dHy 

c dt 

■ dx 

By 


To obtain three other equations the law of electromagnetic 
induction is invoked as a hypothesis in the followin(> form • 




The line-integral of electric force (electroma^etie i 
round any circuit C is equal to the rate of decrease of the fl 
magnetic force through C. 

Since the electric force in electromagnetic units is {cE^ , cE 
this gives *’ 


Transforming the left-hand side by Stokes’ theorem and 
results, we have 

€ dt d w d% I 


is usual to add the equations 


the first of which is obtain^ by putting p = 0 in equation 
The equations (22), (23), (24) are the ^uatio^ns of the free ether. 
They may be written vectoriaily in the form 


-~-€iirl# L 
cm 

diir # = § 

V/ 

The new theory throws some fight on the problem left unsolFed 
at the end of Ch. fiHj namely as to how induction takes place 
in a fixed circuit when another circuit is moved. We should aow^ 
regard a changing magnetic force as ^companied by an electric 
force, because the constitution of the intervening medium recjuifes 
it to be so. There is thus a certein (rml or apparent) antithesii 
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htiwftii indttcti 0 a ia ® eiitttit bj its own motion and by the 
©f neigilMOiiring circnita. In the former case the action 
©f tie etitr on a mooring charge is involved, in the latter the 
i^ciic pro^rti« of the medium as the carrier of electromagnetic 

.lotion* i 

191. The electromagnetic theory of light. From i 

equations (22) and (23) we have ,| 

1 ^ a /dH,\ __ (djly\ \ 

c di^ a^ I Bt J Bz \ Bt / 

( B^E^ , B^E, B^E^ B^Ea 

^ \ BxBy By^ Bz^ BxBz) ' 

Hence 

i ^ 4. _ 1 ® ^ ^ 4. 

? Bi^ Bx^ 8y^ Bz^ Bx \ Bx 'By Bz ) ' 

Remembering (24) we see that satisfies the differential 
^nation 

Bx^ By^ 3z^ Bt^ ’ 

which is the equation of wave-motion (Art. 6). Similarly al 
the components of elwtric and magnetic force satisfy an equation 
of the same form. It follows that electromagnetic actions are 
pro^gated through the ether with a velocity c equal to the ratio 
of the electromagnetic to the electrostatic unit of charge*. 

According to the m<Bt reliable determinations the velocity 
of light im v&ew is as follows : 

Michelson (1885) . . 2*9986 x 

Newcomb (J^) . . 2*9986 x 

Perrotin (1900) , . 2-9990 x lOi®. 

The agreement of th®e numbers with the values of c given in 
Art. 140 is very remarkable. The natural consequence is to 
regard the electric and luminiferous media as the same, and to 
explain light as a form of electee wave (of very short wave-length). 

As Hertz remarked in connexion with one of his experiments, 
it is a fascinating idea that the process^ in air which we have 

* Tbe ratio e of the two units has the dimensions of a velocity. The theory ’ 
of Metrical dimensions is otherpriro of httle interest. 
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been investigating repr«eat to ni nn a mUnefoM larger 

same processes whicb go on in the neiglitoiirfeo^ of a Fr^nel miimw 

or between the glaw pkt« for exhibiting Newtonk 

The experimental evidence as to the velocity of 
of electric wav-es in air is by no means m satisfactory as it mi^h% 
be. If we accept .Sarasin and d® la Rivek conclusion tbimf 
velocity is the same as that of wavw oa wir«, we may Mttl^ 
the measurements of Biondlot, and of Tmwbridge mud 
(Art. 196), which show that the velocity is very nearly thmt mi 
light. A direct method would consist in m:«M:nring the wave- 
length by an interference methc^ with a reronator of 
natural frequency; but the experiments made by m, 

this direction are not very concli 3 ffiive. 

We now proceed to lend definiten^ to the idea of an 
wave by means of a simple example. Consider a plane 
travelling along the axis of z, and write 


Substituting in the eqimtions of the 
ether we find 


We may take ^ 0 without low of 

generality, and thus we have the p^- 
ticular solutions 


jffa. = 0 , F^mp 


There is no lonptudin&l component of 
either E or Hj, m that tke me 

trammrse. Morwver, E and H are in 
the same phase, but at right angles to 


one another. Fig. 274, which repr«ento Mg. r 74 
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Ii« and naagnetie forces at a given time, at various points 

of lie axk of 2 , shows the relation of the three vectors to one another. 

192. Theoiy of the ideal Hertzian oscillator- Hertz 
has gi’ren an elegant mathematical theory of the waves in the 
ether in his experiments, in which the oscillator is reduced to 
ite simptet theoretical form. The plate-o>scilIator and the rod- 
<»!tllator have this in common, that electricity surg^ backwards 
and forw^ards acroM the gap so as to have an electric moment 
which is sciinetimes positive, sometime negative. Let us consider 
the ideal ease of a small electric doublet at the origin, with its axis 
along the axis of 2 and its moment a prescribed function f(t) 
of the time. Towards solving the equations of the ether in the 
space stirrounding the doublet let us make a trial assumption \ 

r ^ ' F - F - ^ ^ \ 

1?^ _ia*0 h--(25).y 

edydV c'dxdV 

On substitution we find that all the equations are satisfied if 6 
satisfies the single condition 

dx^ dy^ dz^ dt^ * 

This may be further specialised by writing 




Sutetituting this expr^sion in equations (25) we find after some 

reductions 

^ Siz * . %xz , xz \ 


cr*^ 




'±11 f " 
^2 J 


_ y f _ JL 4 
±f’^ f 


..(27) 
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respectively. 


are written ii»tend of/^f - /' (j (t — ^ 


► o far all that has been found is a particular solution «»f the 
equations of the ether. The inveree powers of 1/r show that 
source of disturbance is situated at the origin. C!o«« up 
t e source the term in the erprrasion for the electric fore^ 
predominates, and we have approximately 


^ f(t), B, =. E, » - l)/(0. 

This however is the static imce dae U an domhlet of ai€>»i#||f 

f it), with, its axis pointing along the axis of s (cl Art. 15). K#w 
the finite velocity of pro|»gatioa d&m aot matter close up 
oscillator : kenee we conclude that there actually is aa 
doublet of moment/ (I) at the origin. The field at any plmc# and 
time is tken given by ^uatious ( 27 ). 

■ The ^magnetic force at auy point is at right angles to thes 
containing tke point and the axis. The el^tric force is aJwiiyii 
in that plane. At points on the ©quatorial plane 2 = 0 we hm rT. 
further ^ == 0, so that the el«tric force ia at right 

to the equatorial plane. Th^ r«ults are perfectly general 
hold good whatever the form of /(f). 

In order to find as nearly as pomible the forces due to mm 
actual Hertxian <»cillator, we write /(I) «« A for f < d, awi 

"=5= Ae ^ CO'S I for t > §. l^e form of the solution is tliffi 

different accO'rdiing to whether r is greater than or less than €i. 
Outside tke sphere r «= rf we have simply the static field of the 
doublet of moment A. We have thus to look on a Hertxiaii wave 
as expanding continaally outwards and pushing back the crigifial 
electrostatic field as it go«. Fig. 275 shows the electric fow 
at a point in the equatorial plane as a function of the dtotmuec 
from tke oscillator after an interval of five complete periodi, 
S being taken as 0*2. The eleetiic force outside the ’wave on 
this scale, too small to h% shown. It will be noticed that tlie 
phase of tke electric force is not tie same at all points, but ch»Bg«"# 
sign at regular intervals.. This is in most striking disagreement 
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witii t}i0 tliw^r? ©f wstioa &% a distance, according to whicli tlio 
pliase, at a pven time, should be the ^ same everywhere. It m 
mtnmtmm to find what the formulae (27) would become on this 
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Fig. m 

latter hypothesis. The doublet may be regarded as consisting 
of a moveable charge e at the point (0, 0, and a fixed charge 
-e at the origin, where eC=/(^); and the magnetic force is 
then calculated from Ampere’s formula, putting ev for ids as in 
Art. 95. This would give 


Hence the thwry of action at a distance would lead to the first 
term in equations (27) in «^h c^e, with t — rjc replaced by t. 

The difference between the formulae is specially marked at 
great distance from the oscillator, when (27) reduces to 


While the terms in (28) are at most of the order 1/r^, those of 
(29) are of the order 1/r, and therefore fall off less rapidly with 

increasing distance. 



xorce m -felie eq|uiatorial plmae at that distaaee as a faactirjfi ^ ||^ 

time. Tlie slow falling off of intenaity with dbtanee i* «m« of 
the reasons wla v such great distances have been covered in wir«lfais, 

or electric telegraphy. 

193. Proimgation of elecixio waves in dielectrics. Is 
dielectrics thei-e is, in addition to the ether current, a cuunraast 
due to cttanging polarisation. Consider a simple model didoctm 
with n molecxiles per cubic centimetre, each molecule contadiiiniii 
a moveable electron e (ef. Art. 4?) and a fixed balsndi^ 
charge — e. If (x, y, r) is the norma! position of an electron 
{^ + i, w -+■ v> ® + 0 its potion at time t, then the componefita 
of polarisation are given by F* = fic|, P, » nerj, P, = nel. Tlte 
motion of the electrons constitutes a current, and the cimnrttt- 

density (Art. T2) is Adding the ether-eniwfit 
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Ti# three are left aaaltered (sappoBing the 

Mdmtm to be noH-mafaetic), wMle the aquation 


m iatw^ttc^ iiist^ of the eorr^ponding equation in E. 
fandanientol ^nations for a diel^tric are therefore 

1 BD 


original two, and the ^nations require supplementing by a 
relation between D and E, The form of this depends in general 
m the nature of the mol^ule and other factors which cannot 
be liniverttlly spwifi^. However, when the oscillations are 
not t/«M> rapid vre may expect the molecule to respond to the 
deetric force in the same way that it would to a steady force of 
tie »m© magnitude, and write D == KS^ where K is the dielectric 
coBslant. 

The above equations may now be treated in the same way as 
lie equations of the free ether. The six components of electric 
and magnetic force satisfy an ^nation of the form . 

It follows that elwtfic wavm of sufficient length are propagated 
in a dielectric with the vdocity e/y^K. This explains the refraction 
of' doetiie irav« by insulators. The refractive index, bdng the 
imlio of the wave-velocity im mmm to that in the dielectric, is 
oi|uaI to %/ii. Hence we have the following remarkable conse- 
f nonce of liaxwdfs tb^iy: 

Tic of m dM^rw fmr suffide^l^ hmg ehdmc 

m-im m eftwl fo tM nwt of Us dMedric constant. 

A itrict t«t of this theory with very long electric wavm is 
dearly out of the quostion, since it would be neC'Cssary to*' use 
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The rraiilia for benzene and paraffin wax lend strong support 
to Maxwell’s theoiy, considering the difficulty of this kind of 
measurement. For th^e and some other substances the dis 
persion is small*. The behaviour of water is very remarkable. 
For the longer wave-lengths ft is nearly constant and equal to 
V'A', but fails rapidly below the wave-length of the shortest 
electric wavra hitherto produced experimentally. There 
evidence to show that the refractive index is quite low for the 
longest heat-wavra, so that the region of transition is to be 
sought in that portion of the spectrum which is still unknown 

The question of what caus^ the variation of ft with frequency 
is answered by the optical dispeision theories f- These theories 
show that the equation D = KE may be applied to periodic 
changes as well as to steady states, but K in general depends 
on the frequency. This generalisation of the idea of dielectric 
constant will be useful when we come to consider the case of 
electric weaves on wires. 

194. Electric waves along a i>air of parallel wires. 

A perfect condudor is one for which the lines of electric force 
leave the surface at right angles, even at the frequencies of electric 
wav^. Subject to subsequent verification we shall assume that 
all ordinary metals fulfil this condition, at any rate approximately. 

We shall now consider the propagation of electric waves 
along two wires of perfectly conducting material. The wires 
are taken as parallel to the axis of z, but not nec^sarily thin 
or round, the cross-sections by a plane parallel to z = 0 being 
bounded by any two curves Cj, Cj. The theory is based on the 
following elegant particular solution of the equations of the ether : 



where U + iV — f {x -I- iy, z — d) j 

/ being an arbitrary fnnction of the two argument x + iij^ z - cL 

* Tlie refractive index of a tramparent substance for visible light often agrees 
well with tb© iqmr© root of dielectric constant, 

t Sm Brnde, Tke&nj of O^ics, Englisfc translation, pp. 382 et seq. 
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Confining attention to a jpaiticiilar time and a partit n? ., . 

^ conditiiM) of perfect cood^t»«i^ m 

afpotentifST h”'* ‘’f » 

potential in the corresponding electri^tical problem IMw* 411 

^ 1 ** magnefic force with the equipotrMtIaf , 

W e shall assume that the charge on the wirei rt.n*id'> ^ 
on the surface, and is given by Coulomb’s hiumil.t /. 4,^ 

Suppose now that the wires have a length I graat in 
wth their distance apart, and that C is the (•iipa< it% fjj, 
e ectrostatic problem, which we suppose to have been ladread^ 
solved. In the actual wave-problem it fdilows from wigiat fm* 
been said above that the integral fEth is the same for huet 
of el^tnc force passing from Ci to C* in the parficnlar wa*.- 
comidered. Denoting it by F, V may be called the diff»-rJ „i 
potential between the wires «g tk^ crom-^iion, and i.< u f unetioc 
oi z — ct only. Let e be the charge per unit length oi m %hf 
cross-section 2, i the current in electromagnetic unit.«. ihi? 
same place, and — c, — i the same quantities for the arire C 
Then e = OV/L The charge entering the part of C, betn ««« tU 

planes z and 2 -+- dz per semnd k - ^ dr. This must be a< *',,utu«l 

for by the rate of incrmM of the charge within the -*,evijo», 


Heae© 


ia Ihi 


corres|>%ruiKs»- 


j . CA iw 

A cos ~Y ¥ - € «= ■ I cm-Y-lz-- 


namely 1 | Hence Since i« thk 

case, we have simply $ a® e. 

The distribiitioa of ^wmmA and *'|»tentiar” cv»rr€>s|^ruihsM 
to the wave-length A in €|h«t w lh» given by 

F ji t . 2®r 

= A cos y (z - di% € ^ W y ^1, 

. CA. %r, , 

I _ |g _ . <3t|. 

It will be notietd that the t§m% of the wiiw appears citiJy ii 
the boundary eonditioas. In phya»l language, the wlr'- - 
only to guide the wav«, which are rmlly pwi^,pi^ thff>ttph ihi 
ether. The velocity of propi^galion is c, 

* Notice tiia»t tii# Iww 4«imWe frowi W m m 1% 

components are dfldx^ - iF/%, t| ^ I- ar/aj*, ^ J#* -ci' 
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For a ware trareUing in the negative direction of the axis 
of * we have 

F •» A cm ^ {2 + ^), e — -y- cos y (2 + (^), 

,-=_^cos^(2 + cf)..(33). 

Adding (32) and (33), with a slight change of notation, we have 

the solution corresponding to a stationary wave, namely 

„ , 27rs 2Trd CA 27re 2mct 

f = A c<w cos — - , e = - cos cos ^ , 

CA . . 2tt(A 

i = ^ sin ^ sin — . . (34). 

Three cases have to be distinguished : 

(1) Free ends to both wires. Here we must have i == 0 when 
2 — 0 and when 2 = L The fimt condition is satisfied already in 
equation (S4), and the swjond if &rl/A = where n is an integer. 
Hence the possible wmve-lengths of the free stationary waves are 
given by A = 21, 21/2, 21/3, etc. |i 

The distribution of the amplitude of current and potential (or 



f w «— COS gm ^ 

The termiaal conditioas are Ihea »lisfiiri if &|/^ »» mw^ sa thmt 
A ~ 21 , 21 / 2 , 21 / 3 , et€. The fiisl two waves are showa ia Kg, 27 §, 






195. l^xperiments with staHonarj electric waves cii 
wires. The prodaetioa of sImtioMiy wav« oa mre® orip.aat« 
with Hertz, whc»e appamtiia km dace beea modifirf aai 
siderably improved. Fig, 2® & dmple armBgeiaa#B:| 

suitable for qualitative expcrimeate. A A' are the phtm of m 
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Hertzian nsciilator of the tfpe shown in Fig. 268, the plates being,, 
saj, Belli, square. Opposite AA' are two smaUer plates PP', 
terminating the parallel wirm PQ, P'Q\ 6 metres long and 4 cm. 
apart. In detecting the wav^ no direct metallic contact with 
the wires is permissible, on accotmt of the distnrbance that would 
be produced thereby. Two small glass tubes TTy covered with 
tinfoil, are slipped over the wir^, and are connected together 
through a crystal and telephone. These tubes act as small 
condensers, and the charge on them at any time are proportional 
to ^ e, so that the intensity of sound in the telephone at any 
position corresponds to the amplitude of e or V* 

On placing a metallic bridge B over the wires between the 
telephone and oscillator the sound in general disappears, or 
becomes very faint. But when P is in a position in which the 
amplitude of V vanishes (as at Z, Fig. 277), the corresponding 
c^illation goes on unchanged and a sound is heard in the telephone 
The position of the nodes of potential can thus be found by 
moving the bridge along the wire with an insulating handle. To 
isolate the first harmonic in Fig. 277 place the bridge about one- 
fourth the dmtance along the wire and adjust for maximum 
sound (point Y). Put the detwtor at the centre of the wire and 
place a second bridge over the wir^ on the other side. A pro- 
nounced maximum sound occurs when this bridge occupies the 
position Z. 

Quantitative results may be obtained by replacing the telephone 
bv a galvanometer, or by using a sensitive thermal detector as 
was done bv Rubens. His r^ults showed that the distribution 
of charge along the wire was simple when a bridge was laid across, 
but very complicate when there w^ no bridge, as we should 
expect from the mixing of the various harmonics which then 
occurs. 

It is not difiScult to see m prmri that we are here dealing with 
the natural oscillations of the wire-system. The primary Hertzian 
oscillator AA' is very heavily damped (we may if we wish use a 
quenched spark-gap at S ) ; while the oscillations in the wire- 
system are very persistent. The latter will therefore continue 
alone long after the Hertzian oscillator has ceased to acl. It is 
interesting to notice that the circumstances are entirely altered 
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if the plates PP' are the same size as AA', and close to them. 
For in this case SAPBP'A'S will form a closed oscillation circuit 
which does not give rise to electric radiation, and the primary 
damping may then be quite small. 

The oscillations on wires bridged over at one end (Fig. 278) may 
be examined by joining QQ' together permanently by a wire. 
It is sometimes more convenient to excite these oscillations by 
another method, due to Blondlot (Fig. 281). Here the wires are 



Fig. 281 

bent round so as to form a loop enclosing a small condenser circuit 
(diameter of loop say 8 cm., plates 4 x 2| cm., 2 cm, apart) 
which acts on the loop by electromagnetic induction. The 
Blondlot oscillator would most naturally forced waves of its 
own period, but if a short brass spark-gap is used, the primary is 
usually sufficiently damped to show the natural oscillations of 
the wire-system, which in this case is closed at the nearer end. 
By bridging it over at the further end as well we may determine 
the nodes shown in Fig. 279. 

The stationary waves on wires can be demonstrated in an 
elegant way with the apparatus shown in Fig. 282. The wires 


Fig. 282 

are enclosed in a long tube containing air at a low pressure, which 
glows at places where the potential” is greatest and remains 
dark at the nodes, so that the tube is filled with alternate bright 
and dark patches at intervals apart equal to a half wave-length. 
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196. Measurement of the velocity of waves on wires. 

The veJcidty of propagation of electric waves along wires was 
mmsared by Blondlot by a direct method. Two Leyden jars 
(Fig- :!S3| imve their inner coat- 
»p rontimiciiis, but ^ch of the 
coatiiip m cut into two 
prt» Jll, A*B\ serrated from 
#'»f another. Tho inner coatings 
mf« eoiiia«t#d to the sa^ondary of 
aa indiictioii coil, in parallel with 
tit sfMrk terminals C\ C*. A is 
Joiii'Wl to by a wire interrupted 
by a sinal! spark-gap DD\ and 
alKi by a pi«e of moistened cord 

tie object of which will appear 
shortly. BD and B'D" are join^ed 
by wii» BFB, B'F'IX, mch lOOO 
inttrM doubled back on 

lieiBsdTes, being also con- 
noted tofetier by a moistened 
»rd E\ 

Tie worHi^ of the apparatus 
m m WIows. While the coil is 
titling up the inside coatings, 
sad Wore the spark-gap CO' 
pw way, A and A' tend to become charged with electricity of 
oppi^to and so do B and S'. Th^e charges are however 
^ualM as they apimr by the moist cords, which conduct 
•ttfitienlly well for the purpose. As soon as the .potential is 
hi^ enough to 8|mrk across CO' an oscillatory discharge .takes 
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tile time that elapsed between the two discharges 
^^xiced the value of -y. 

-A set of five observations gave as the mean v = 2-964 x IQi® cm. 
®ec., and three similar observations on wires 1800 metres long 
ga-v-e 2-975, 2-986 and 2-980, mean 2-980 x lOiOcm. per sec. 

The weakening of the wave in traversing such a great length 
^x^„e was distinctly noticeable, and Blondlot made the coatings 
^ larger than AA' in order that the sparks might be of nearly 
intensity. 

Another accurate determination of the velocity of waves on 

13^ es has been made by Trowbridge and Duane. Their method 



’f excitation is practically that of Fig. 280, adapted to give forced 
astead of free vibrations on the wires. The primary condenser 
consists of two _ metal plates 30 cm. square, separated by a 
hce-b of plate glass 2 cm. thick. Sheets of ebonite 1-8 cm. thick 
re laid on the other side of ah, and metal plates cd, each 26 cm. 
jULax-e, attached to them. These plates form one extremity of 
xe parallel-wire system EJF, 58-6 metres in length, wHch is 
ibemipted at J by a spark-gap with pointed terminals of cadmium. 
h.e primary circuit is completed by a sliding piece BD containing 
spark-gap 8, the distance of the parallel wires AB, CD from one 
lotlier being 40 cm. By moving the shding piece about resonance 
lu. be obtained with one or more of the natural periods of oscilla- 
otx of the wire-system ; which is advantageous in giving the 
■ea-fcest possible intensity of light in the spark-gap J. The most 
)wexful effects were obtained when AB=^CD = 85 cm., in which 
Be resonance seems to have taken place with the first harmonic, 
rowbridge and Duane observed the position of the nodes and 



Mean 3-003 x lOi^ 

The velocity of propagation of waves on wires is therefore 
sensibly the same as that of light, a conclusion that has been 
utilised already. Again, it is clear from these experiments that 
the waves are capable of traveling considerable' distances before 
being extinguished, so that there is good reason to believe that 
copper and other metals fulfil approximately the conditions of 
perfect conductivity as utilised in Art, 194. 

197. Measairement of dielectric constants for high 

frequencies. The theory of waves on a pair of parallel wires 
may easily be extended to the case in which the wires are 
surrounded by a dielectric. The fundamental solution (31) is 

then replace by 


wsere . + % r | + ty, z - j 

The velcjcity of propagation along the wir^, as in the free dielectric, 
is ; from which it follows that if A is the wave-length on 
wif» immersed in air, and A' that on wires immersed in the 
dielectric, the frequency n being the same in both cases, then 
A^/A • where K is the dielectric constant for the frequency n. 

In order to apply this result for a liquid dielectric Drude used 
the apparatus shown in Fig. 2m. B is a small Blondlot osciUator 
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in whicli the condenser is done away with and the ends of the wire 
cn oit fiat and left adjacent to one another. When a bridge 



Fig. 285 

is laid over the wire the Blondlot oscillator and the loop form 
together an oscillatory circuit having practically only a single 
period, 'which induces forced oscillations in the system to 
right of This may be shown by means of a second bridge 

B2 (disregarding the trough for the present), with a small 
electrodeless vacuum tube T held over the wires as a detectcir. 
As B2 is moved along the wires, remaining fixed, the tube 
lights up brightly at regular intervals of, say, |A. The wave- 
length A in air is thus determined. 

Having found the position of the first node B2 a trough .^*144 
with perforated ends is slid over the wires until one end coincides 
with and the liquid poured into it. A third bridge may 
now be laid over the wires inside the trough and moved about wm 
before. It is found that periodic maxima still occur, but the 
distance between the successive nod^ has now a smaller value 
|A'. Then A' is the wave-length in the liquid for a wave-length 
A in air, so that K is known. 

The object of making the entrance to the trough coincide with 
a node is to get rid of the strong reflexion which would otherwise 
occur with liquids of high dielectric constants. Drude further 
found it advantageous to work the oscillator off a small Te«la 
transformer instead of directly from the coil, and to immerse 
the whole of the oscillator and the loop L in petroleum. The 
pitting of the spark-balls, which is the chief source of troulde 
in high-frequency work, is thus much reduced. 

By this and other methods it has been found that the 
dielectric constant for substances like alcohol and gljrceriiie 
depends markedly on the wave-length, but that for a particular 
wave-length K and agree fairly well with one another. 
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Ij®* Eltctiic osclEitttons in rods and solenoids. We 
mw mm^ m » det»table (tboiigh. extremely important) 

ia «rMei tl« mathematical difficulties are such as to 
mf lipd tffatflient in the vast majority of cases. . 
C^^l«r iwt the simple Hertzian rod-shaped oscillator, 
in Rg. 21 % If we leave the damping out of account 
iwi ttoli have a of itolioaary wav^, with the condition t == 0 
*1 l©tl ©f tie rod; hence it is reasonable to suppose that 
^ vatww of vibration are given approximately br 

« * . • 

f «» J «a -j* where A is the wave-length. The general 

e MjBt then shows that 


%m tii« of tie wire are z = 0 and z = 1, th 
pv# &fl/A a* mr, where n is an integer 
idli^MUb wavt*ltngtfis mm given by A = 21 /n and 
for cinent and charge b^omes 

• ®a --I**- ®n , e == TtA^ cos -^r— cos 


ELEOTEIO OSCILLATIONS 463 

Suppose that initially the current is zero and equal and opposite 
charges are distributed symmetrically on either side of the middle 
point of the, rod. The first condition is satisfied by the above 
solution ; the second gives 

COS -~j~ = — YiAn COS ^ 

for all values of z. Hence n must be odd, so that only the odd 
harmonics are fresent. The distribution of current and charge 
along the wire at any given time is shown in Fig. 286, in which 
only the first two odd harmonics are included. 

These considerations make it very probable that the wave- 
length in air corresponding to the fundamental oscillation is 
approximately twice the length of the rod. The relation of 
wave-length to length of rod for a number of small oscillators 
has been examined very carefully by Ives, using an interference 
method to determine A. The results were as follows : 


Length of 
oscillator 

1 (om,) 

Wave-length 
\ (om.) 

Xjl 

4-93 

10-42 

2-10 

749 

15-24 ' 

2-04 

9-85 

19-86 

2*03 


The wave-length is therefore somewhat greater than 21, and 
in addition the damping is considerable (S = about 0-2). 

The natural oscillations of finite straight solenoids have been 
examined experimentally by Drude, who has given tables for 
calculating the fundamental frequency of any given coil from its 
dimensions. The coil to be examined was excited inductively 
by a small Blondlot oscillator with variaMe capacity, the wave- 
length corresponding to any particular position of which had been 
determined by a separate experiment with a pair of parallel 
wires. Eesoitance occurred in certain positions, and was recog- 
nised by the lighting up of a small vacuum tube attached to 
one end of the coil. The order of magnitude of the fundamental 
wave-lengths of ordinary coils will be seen from the fact that for 


I . ■ 




^ wm. M mi, 

IV m^mmU i*t ifm*ify « coil moipletdf lire 

m mmm^m til t«fiii of wim, 

m - two c€»B^iiti%"e tnrtis, 

i « *»«l €if e«l. 

tr -' rirmlar. 












UM*« «»We us to do this. 

fh« BStnia! fw}uency of a rod- 
oadttator may be considerably reduced, 
*ad the wave-length lengthen^, by 
iiweftiag a self-inductance in it. This 
pinci^e is extensively applied in wire- 
Ims t^egiaphy, to obtain resonance 
between a short aerial and wav^ 
mwnh longer than its fundamental 
oamUarioa. A given coil do« not, 
l^wever, add the same wave-length 
to ail aerials. 

190. Wirelew t^graphy. It 

jocognised sbortiy after Hertz’s 
d^vffity that dectric waves might 
be md for signalling acrMS space 
without wwes, the difficulty bdng to 
pmdttce them with sufficient intenmty 
and delect them far enough from the 
*»«»«. The attempts to do so were 
first pwhed to a really practical con- 
duriou hy Marconi in 1895 6. The 
two modifications introduced into 
Herta’s oactilator by Marconi were 
(IJ to rej^ace one half by a timple 
earth-^mnexion, (2) to use as the 
other hMf a long vertical wire, with 
Of withmil a capacity at the somimt. 
Maitoai’s transntitter is ahown in the 



Fig. 287 


left-hand diagnim of Mg. 288, The long wire AA, now generally 
known as the is connected to a large metal plate embedded 


in the sad, and interrupted at a point just above the ground by 


a spaA-fip S. A Morse key inserted in the primary of the 
iadiwtiim cod I enabled the operator to keep on the spark for 


tenpr « short® intorfab at a time, and thus make the recognised 
<rf the Morse ci^e, la the receiver the spark-gap was 




placed 

other 


TRmsmrwim 




tave now to consider the pMsible improvements in 
H apparatus. Xo real r^nance is obtained between the 
ter and receiver with this arrangement, for before the 
brmks down the iwcillations excited are those of the 
one and not of the aerial-earth system. Further, the 
«ng insulated, is very liable to disturbance from atmo- 
dectricity. For these reasons Marconi at an early stage 
the coherer from the aerial and put it in a shunt circuit, 
h the aerial acted inductively. A common form of 
receiver on this principle, for use with a crystal, is shown 

idea of using coupled circuits in the Iransmilter is due to 
The high dampng of the simple aerial (S about 0-2) 

1 reaonancc and ako lowers the efficiency by distributing 
rgr over a large range of wave-lengths. Braun’s plan 
eou^e the aerial inductively with a condenser circuit, 
aping of which can be made comparatively low. This 
combine to some extent the advantages of small damping 

pt radiation from the aerial. . . , ti. 

289 shows a station arranged on this principle. For 
it m essential that proper resonance should be obtained 
1 all the circuits. The practical method of procedure is 
ws. A temporary spark-gap is first inserted in the aerial 
lich is excited directly off an induction coil or alternating 
irmnsfonuer. The wave sent out will not be very homo- 




m 

It is Bot mmmmwj tkM tw# « 
ciiits ©f a e 0 ttpl#d Irmas'initt^r ih0iiM 
imsttlalrf from m% aa^lher, ©fl 

two 'pDiiits. CIS ti« aeriml i 

Joined to the coftieii^f aad i'ptk-i 
respectivtif, as §h&wm i» Fig. • 
similarly hr the Thi^ 

is known m 

BOO. Wmm of quoncliod 
wiT’atew t«lo.fmpiiF* The i^t i 
port ant progr^ ia teh-*i?ra|j 

has been ia the dir««tioB im^ « 
€ffk*wmy ; thal m, mmwm 

far .i- <AUiv u> a -ingle 
mnd sending them omt with lie 1^^ i 
pesdilare of |pw'«r. 

The ©ripMl dl Imaa’s syst^ 
seems to- ^ m MlmwB. II w t 
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eircaim <’,. C, of deeremcntB Sj, loosely coupled 
toU^CT. S, being leas than it can be shown that the oscilla- 
Imm nltiroately suhside with the smaller decrement Sj. Hence it 
w poMiye to me an aerial of high radiating power and still keep 
tite^aping down by coupling it with a condenser circuit of small 
daraping. Hut »'ith weak coupling the current in the aerial is 
HB^l, and more energy is wasted in the primary (particularly in. 
the apark-gap) than in radiation from the aerial. The efficiency 
u therefore low. Practical stations on the Braun system usually 
w«ked with quite tight coupling. This, however, has the dis- 
advantage of sending out two weaves of different frequency. 

In Wien’s system the difficulty is avoided by the use of a 
gwmdM tpark-gap at S (Fig. 289). The degree of coupling is 
Ihen only important in that it affects the efficiency of the quenching 
(1ft. 18i) and the amount of energy transferred from the primary 
to the setxmdary. When the quenched spark has ceased the 
a«*ial conttnues to oscillate by itself, and emits a wave of one 
frcqsimcy only. 

T1m> atdution at which we have arrived is somewhat surprising, 
m it practically means a return to the simple aerial, with the 
•paiii-fap eliminated. It is, however, an essential part of the 
qoeachad spark system to place inductance in the aerial until 
ita total dampng is small. If Sj is the part of the decrement 
mmuif from radiataoii and Sj that arising from other causes, then 
tito efficiency is only high as long as 8j is large compared with Sg. 
1%# dbmpng is only low as long as Sj + Sj is small. Hence to 
miMtf larth conditions it is neceeary to have Sg very small, and 
this is impmuble with a spark-gap in the aerial. It is found 
hf experiem* that the total decrement of the aerial can be 
idNtat^mnily redact to 0-05 or so. 

One type of quench^ spark-gap suitable for wireless telegraphy 
hM airtody been described in Art. 186. The apparatus used 
^ Marconi for long distance wireless telegraphy, shown in 
1%. 291, depends on the same principle. Power is furnished 
at 13,000 Tcdto by three direct-current generators in parallel 
with a hatte^ of 6000 accumulators. The spark-gap is formed 
of two discs kept in dow rotation, and a third studded 

*&c rotating very rapidly. The distances are so calculated 




that a spark can take place when the stack are in between tlic 

discs, but not othermise. An 

oscillatory discharge of the 

condenser C therefore be^ns ^ 

wheiie\"er the studs are in this fifir") 

position, bat it is rapdlj S^lV^iVy 

quenched as the spark-gap 

gets longer and longer, leaying 

oscillations in the aerial to go l § §L 

on undisturbed. The self- p ^ 

inductances i, L prevent the ' 

condenser discharge from cir- — \ ^3S 

calating in the generators or cr J 

accumulators, and signals are 1 

made with a Morse key K in D.s P ’P 

the main circuit. J \ E&rth 

The frequency of the sound ^ "T 

heard in the telephone of the < p 

receiving station is equal to ci ^ 

the number of wave- trains sent < :> 

out by the transmitter per 
second. Hence it is advan- 
tageous to increase the number of sparks per second until a 
note of medium pitch is heard. The sensitiveness can be furl her 
increased by using a tuned telephone; i.e. one whose ciia- 
phragm has a natural frequency of vibration equal to that of 
the sequence of sparks. 


201. Use of imdam'ped ' oseMlatioiis- With the singiiig 

arc as ordinarily used oscillations cannot be obtained of fre- 
quency higher than about lO,0fKl to the s^econd, so that sciiiie 
modification is required before the are can be of any use in wirel«is 
telegraphy. The conditions of succ^ were discovered by Poulsen 
in 1902, He found that it was either nec^sary or advantageous : 

(1) to make the arc burn in hydrogen, or in a gas containing 
hydrogen, such as alcohol vapour ; 

(2) to^ make the positive el^trode of copper, cooled with a 
stream of water, and only retain carbon for the negative elect roiit* ; 




El^SCTmiC I^GOLi:,ATIOKS 


13} m spi^jr a trawsirerse magnetic field ; 

|4| to wilate tie earlioii el^tw^e slowly during the whole time. 

Inopier to see the effect of conditions (1) and (2) it is necessai^ 
to refer hmk to Figure 266 and 267. At high frequencies there 
ap^rs to be a great tendency of the arc to become conducting 
in tie opfMmto dir«.‘tion when the voltage is reversed (point E) 
wkkh d«t»ys the regularity of the oscillations. With the 
iifdinary carbon arc the most important factor in maintaining 
the i^arreiit is the stream of electrons from the incandescent 
n«|ptive electrcMle (Art. 226). Now the positive electrode is 
tvfn hotter than the negative, so that there is every reason why 
the aft should light in the opposite direction if sufficient negative 
vfitMgt is at hand. This may be prevented by keeping the positive 
i4«rtrode comparatively cool, and it is also advantageous if the 
iiiterveaiiig gas is a good conductor of heat. Poulsen’s condition 
|3| ii i©e«ary if large quantitim of energy are to be emitted in 
thf form of waves, while (4) is a practical device for increasing 
Ih# stwiiiifM of the arc. 

An lindamprf f^ilktion is nothing more or less than a high- 
li^ii«cy alternating current, and many attempts have been 
nmie to produce the oscillations with a specially-designed 
illeffMitor. Unfortunately the frequency required (30,000 per 
i«« 0 »d Of more) is very high and not easy to reach wdth a large 
wiwhitte. In GoldschmidUs alternator the problem is greatly 
«»plifi^ by the ingenious device of transforming the frequency 
a«|imittieal!y inside the machine. A description of the method 
^ild however occupy too much space. 

A i|»eial difficulty arises when we attempt to receive undamped 
i^ktiow with a crystal and telephone, which does not occur 
With traiiis of dampd oscillations. The telephone membrane is 
movdl fiom iti ptition of equilibrium by the first few oscillations, 
mi m sharp ciek is heard in the telephone. Subsequent waves, 
lowew, only serve to keep the membrane in its displaced position, 
•ad tlt» ia m farther sound til! the waves cease, when a second 
ciek m Thus a dash on the Morse code is heard as two 

ciieki, and the middle of the signal is not utilised at all. One 
way iiul of this difficulty is to place an interrupter in the receiving 
ciRuit, which cuto out the telephone periodically and givers a 
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liote of its cnrii fret|ii€iicy during the whole time that the wmwm 
acting. OoHschmidt’s recent detscUm, which wmkB iml#* 
peiicieiitly of any crystal or ^tifying device, is a mtary imtewmpiet 
whose frei|iieiiey is of the same order as that of the omillatiniii, 
Tlie total charge let through in a given direction while m ItKifli ig 
in contact with a brush clearly depends on the phase of tlie tmiBrn* 
tions at the moment wdieii eontaet begins. If the fre<'|iienr%’ of 
interruption is m and that of the oscillations m, where #i > the 
same phase will rwur periodically » — #» tim^ a seconcl, atiti a 
soniad of that frec|«eriey mill be heard in the telephone. Thui 
if n == 40,0()(l (A metr^) a fre<|ueEcy of intermption of 

39,000 will give a note of fre€|uency KXM). One of the advantagi* 
of this detector is that the note can be easily ehtiig^i mt the 
receiving station to suit particular telephone. 

At the time w^hen the Poiilseii arc m^as introduced it wm thought, 
that it w^ould quickly revolutionise wireless telegraphy and oaat 
the spark methods altogether. This belief has not been JiMtsifni, 
and it still remains to be seen whether damped or undamped 
oscillations are most advantageous in the long rim. The 
of midamped oscillations seems to He in wireless ieleph^Qm^. Tht 
principle of this is very .simple. In ordinary telephony tie 
resistance of a circuit is varied, in time with the souiid-wmv«i 
falling on a diaphragm, by a loose-contact device fmierophoiif 
transmitter). In wirel«s telephony the aerial contains a micro- 
phone capable of carrying large currents, and the amplitude of 
the wBvm varies, more or lem emetiy, in .accordance with the 
fluctuations of the voice. The wmwm me received in the ordiiiATj^ 
way with a telephone and an oscillation valve, or suitable eryitml 
Communication has already been carried on over coiisideraMt 
distances. 

202, !Fheory of resonaiace ©imres and measurement of 
tlii.e decrement of electric cscillalion chcuite. In taking 

off a resonance curve the only thing that is vari^al is the 
of the secondary circuit. The quantity p «= R/2L is therefore 
a constant, and it is convenient to work with this quantity mt 
fixst instead of the actual dacrement S, which is a function of tht 
capacity. 


electhic oscillations 


0 


0 


.(37) 

.(38), 


EUtcruJKJ j- u [CH. 

Using the notation of Art. 184, the equations for two coupled 
(filiation circuits in general are 

-WC.$ + 40 .$+«.c 4 + 

They may be written 

d^Ci , , 9 ^ -!- « 2a 

and h dt ^ ^ 

where Ki®=l/iiCi, = l/AaOj, RJ2Li, y^ = Ril2L^^ 

ki= MIL^, k^= MfL-i- The coefficient of coupling h is thus 

equal to (ifci^jji The initial conditions are 

ej = CiFB, dejdt = (i, e^= 0, de^ldt = 0] 

when t = 0 J 

The solution of the difierential equations is impracticahle as 
it depends on that of an equation of the fourth degree but, 
m has been pointed out bj Mandelstam and Papalexi, the 
tnean required can be obtained by direct treatment of the 

equations. We require the thermal effect in the secondary for 
s single train of waTCS, namely 


,..(39). 


7 2 . 

if ■ 


dt 


Wele atoo It 
Tien we have 


0 \dtj 

i ^^2 


dt. 


d-€i 


J Q 


d^C^ -J, TO 

ez-^dt = -I^, 


r® /dfi \2 r* 

I m dt, -.J 

J 0 [dij J 0 dt dt 

-V. I 


and idio 
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Miiltiply equations (37) and (38) by ngV* and nj%i reapeetivt^lv, 
integrate and equate. Then using the above results we h&\-^ 

+ 2/11 ^ + »i® A' - 2/x,«i^P . . (lo). 

Similarly, by multiplying both equations by rfej/di and an 4 


integrating, w ^ have 

2M»/i*-i«i*C/Fo* + l:ie = 0 (Ilj, 

-^+2/iii:+«/P=0 (42). 

Q + 2/ijA" - VA = 0 (43), 

+ 2/igJj® = 0 (14). 


The equations (40), (41), (42), (43), (44) enable us to eliminate 
Ii, K, P and Q and determine the required quantity I^, Wo 
thus find 


r 2 _ 

" ■ il? 

X MlV+/l2Wi* 

+ 4/ti/x2(fti+ /^Mi^)-r X--(/ii /AaMi*)* ' 

This formula is perfectly general and holds for loose or tight 
coupling, and even when the diaiharge is non-oscillatorv. 
A special case of great importance is that in which h is email and 
Wi nearly equal to Writing 1 for /„ » for % and » + Am for 
n^, we then find 

n oc 

PiPs{(A»)2 + (pi + /ijf} ■ 


W e can now introduce the wave-lengths A and A -f AA and the 
damping coefidcients Sj, ^ of the circuits, the latter being t-akeu 
for the frequency corresponding to A. We have with suflScient 
accuracy 


n 


2xr<; 


, An = - 





9 


SO that 


^oc 


-f ^ 



(4B% 


showing how -felne. effective valae of the secondary ciirreBt de|'M>ri<li 
on the decremeints of the primary and secondary circuits anil 
wave-length ho which the s^ondary is tum^. This forniiila. 
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wlfck |pw« the form of the re^nance curve near the peak, is 
doe to Kjericnes. 

We have mow t# show how 8j and may be determined by 
L<^t f# be the maximum ordinate of the resonance 

tttfTe, f a nrighbonring ordinate corresponding to wave-length 

M, Thcii 



Thm the $Mm of the deerements Sj , can be found by measurement 
of the r^onaiiee curve. To find Sj and separately, suppose 
tliat thf naftxiniiiiii ordinate of the curve is reduced to by 
ia^fting a iiominductive resistance R in the secondary circuit. 
Th# effect of this is to incrmse to Sg + S', where 8' has the known 
value wM being the capacity of the secondary in 

fl€rlwiaiagn«tie units. Thus 

ft*^fSt + 8'){S, + S,4-S') 

+ ^ 

wWch pv« % since S| -f S^ is known from (46). Hence both Sj 

and ^ can fee fomid- 

In canyiitg out this method it is necessary to have a very 
•KWlive thermal det«!tor, otherwise the value of k necessary to 
pvt wmdaWe defiexions may be so great as to vitiate the results 
Many interastiiig rmults have been deduced from 
otaffvatioBi of raonanc© curves by M. Wien and others. Thus 
it ht ffnad that the of the s|«rk-gEp is to distort the resonance 

ciifira m wdl ms fimltening it out, so that the value of 8^ thus 
obtained m difftfeait when different points on the curve are used, 
•ad gftater than when no spark-gap is pr^ent. The latter case 
mm fmlarf exprisi«My by the method of quenched sparks 
|Alt» lte|, The^ metals, such as alver and copper, which show 
effect in the d^r^, alro affect the frequency of the 

qwto apprwsMy, the periodic time being sometimes 
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one or two per cent, greater than that calculated from KeiTin'i 
formula. The follomlng table giv« the mean decreiirteiit and 
percentage increase of wave-length for 5 mm. spark-gaip, of 
various metals. 




Inei^^e erf way#- 

Jtetiil 

limtemmi 

length dne to 

per . 

Magn^ium 

((•059 


1 Cadmium ... 

0-065 

\ 0-04 1 

1 Zinc 

0-071 

: im 

Aluminium 

0-073 

! OM 

' Platmum i 

0 -m i 

\ 0-16 1 

1 Copper 

( 0 -OSO ; 

0-25 1 

i Silver ... ... 1 

1 1 

1 0-116 

0-35 


In these experiments care was taken to reduce the other mmmm 
of energy-loss, and the decrement of the circuit without spark-gmp 
was less than 0*01. 


203. Resistance of wires for Mgh-fteqnency cmrreiite. 
The exact theory of the distribution of high-frequency curreiita 
over the cross-section of round whtm was first given by Lord 
Kelvin. The rate of altemation is not supposed to be great 
enough for ether currents to come into play, so that we have at 
every point j = orE where u is the conductivity of the material 
of the wire. 

Let j\ H be the current-density and ma:gnetic force at time f 
at a point in the wire distant r from the centre. Applying the 
work law ’’ to a circle of radii:^ r with ito centre on the axis and 
its plane at right angl« to it {Fig. 292) we have 


2wr£r = 

Differentiating, we obtain 


; 4fr 


I %mfjdT 

J i 


Sr+V-^- 


44B). 


Now apply the law of elwtromagnetic induction to the rwtangle 
bounded by the axis, a paralel line distant r from it, and two 



mn ^ujLMmmn im. 

wmrnm m% mm (Mg, W$). iM be tie 

mim ^ j mhmg tkr mm§. Tkm tiw Bm dictric hrcm j/a a:iii 


y# tw'n dim ©f lie rwtangle, m^MIe tie iux of 

tofee il is — f ff dr, Henea 



r 

‘J 


M 



i 



S> 1 

i r 
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SO that ber cc = 1 — 
bei X 




T 


.8 


X' 


22 . 42 22 . 42 . 02 . 82 

;2 /Y»6 /V»10 




22 22 . 42 . 02 22 . 42 . 02 . 82 . 102 

Writing 2r = x, we have therefore 





.j==A (her i bei x) 

or ^ (ber a; cos — bei a? sin J)^). 

It follows that the currents vary across the cross-section in phase 
as well as amplitude. If J is the effective value of the current- 
density at distance r from the axis, 

J2 = J^2 (I30J.2 ^ _j_ ]3gj2 (50). 

The functions her and bei have been tabulated and thus J can 
be found numerically. Fig. 294 shows the distribution of J over 



the cross-section of a copper wire 2 mm. in diameter, curve I being 
for a frequency of 10®, curve II 10^, curve III 10^ and curve IV 
10® per second. The total current i in the wire at time t is obtained 




m^mc mcniskTimB 



1^1 m^mc ^MAATims [ ch - 

b? ial^»tiriii cii’rr fht cp^*i«’tioii : thus i ^ 27 Ttjdr^ whcr® 
« m th^ rmiiiti# <4 th^ Herira 

I I rJg (If) dr 

•iwa.4 (A-r)1 


jr *0 


f (he/ X -f i bei^ 


ffirtii Art. 7. Hence 

2 ir*iJ 

I ,.x ^ - 

mt w'liliiig f « 2 ft for the Talue of x when r = a, the 

cmriwt :is 

4 

If I ii the eMmtive ¥aliie of the current, 

(51), 

giiriag J in terms of L 

The iiiitaataBeotts mte of deTelopment of heat is j^ja per 
CttMc c«iiliiii«t» per second. Hence in a volume-element dr 
dktaat r fmm lit axis the mean rate of development of heat 
m JHrlm » A^ir (het^ x -r- hn^ x)j2a. Putting 

Jf- sw 2 «ririlr ~ Ixdx/Iap^ 

whw I ii tie length of the wire, the heat developed per second 
m ll# whole wire ii found to be 

id* 

I X (Iter* X + bei* x) dx. 

To evaliale lh» intepal we notice that 

4* W* # « Vi) (x V~i}, 

m that lit ia^pml mm ^ foond iminediately (Art. 7 ) and becomes 

-W [^Cl v?) **''• iiV^) 

* i (ter ^ bri' ^ ~ ber' ^ bei ^). 



1 lie forama p 
ment.,. Th'iis for m 
wMie thwrj I 
increase of r«ist 
increase is lem for 
of iigli eoninctivi 
fact, wMehL is ea»i' 
where m is the fr 
unit length. 
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OCI'OTIICTIOH OF ELECOTICITY THEOIJGH GASm 


Mli. in rarefied gases. It has already been 

l^iatedi ®«t that the iaatilation of the air separating two charged 
coadtt€'t4irs will break down when the difference of potential 
feelw^i«i the condttctois exee^ a certain amount, and a discharge 
wil then pa^ 'between them.. The electric discharge in air and 
other gas€« is in«t coETenientlj studied at a pr^sure of 5 mm. 
of mmemj or 1«8, m tie ^tential require to produce the dis- 
charge ii then much .lea than at atmospheric pressure, unless the 
di«wtfod« are very cloie together. The nec^sary arrangements 
for iiiaiiipaktiag air at .low pr«sur^ are shown in Fig. 295. It 
» *i«ttiiied that dry air has first been admittM and then pumped 
out to m prwiire of about 1 cm. of mercury with an ordinary air- 
pii»p. Fufther exha»lioii m obtain^ very simply by means 
of tit Topitr inercury pump. Supp<«e that the mercury r^ervoir 
J, couBftDted to lie uprigil glass tube B by flexible rubber 
tiiMug, ii first of all lowered until the mercury in the tube is at 
lie level of 0. 'Tie cia.iaber D is then in connexion with the 
mmn but on imising the r^ervoir A this connexion 

m mt of ai soon m the niefcaij reaches the level of E, A little 
higher up a glw fioal F bcgiiis to be raised by the mercury, as 
ihown in tit igure, and is «al^|ueiitly pr^ed against a co.e- 
ilrictioii & in tie which jams it tight. On further raising 
the i^^rroir tie air in D k fenced down a long capillary tube into 
iH l«l la'fet jtf, wMm it iato the air* When the reservoir 

m lowft^, lie tpet above the mereury in D becomes a Torri- 
edlirn vacama, and by the time the me«3iiry is again at C air 
hm difiM^ from the mm appiatus into B, and the process 



CTH. xii| i^mrm OAi»i 

cmi li^ a^ia aod a^a. I« %hm wmw it m 

though iluw, I# th# m mt n;-'?" ^rv 

OT l«i. 



f%. M 

III order to mmmm th^ low the Mrl^^ ^m0$ 

is usetL The l«vd of th« mwaty » dbwiy im^dl aa^ ii 
»t' the braacMiig pml A"* of tie tw# tai«* At thm p^l tie 
pressure in hmth hmmhm m tie p m tie ^ia 

As the mewaiT r»« tit air m A# late m 

while the pf«mfe m tit f%il »»•»• lie m 

that the Iwrf ta lit two a»* i^m^m l^ e i^ ti# 

voluuue »l»ve a ix^ mmwk L m l^laii^ tmlb, f tit 
of bulb aad ta^ d#w» to lit bMii»Mi^ ^m% E. W^m wh^m 
the mewjarj itaa^ »l I lit p^«« m lie ^-inad i» 
pV/v and that ia lit ^biwi imht p lit ^ 


m through oases fcH. 


tevd ^ L mod *tf » f milliraetr®, where p is the pressure 

m of niew^iiry. The %’ 0 luiiies V and v having been 

irnmmmmi Mirnkmiul m gmdmmi Btmh em he attached to the 
t«hi M p%iaf the p^ure in fractions of a niilli metre. A ratio 
r/f - ^hmt urn » mmt genermlly eoiivenient, giving a difference 
<#l lewd of rnlMml Um millimetre for every millimetre pressure. 
The di^hmrge tube may be akmt 4 cm. in diameter and about 
loiif, wntAiiiing two aluminium discs X, Y to serve as 
The nec^Miry f^tential is furnished by about 50D 
ii ffi All in »eri« with a r«istance M of the order of 

#ln» and a niilliammeter A riding up to about ampere. 
In mme the di^iarge does not take place w^hen the battery 
» mmmmtM to the elactrodw, since the potential required to 
tlart A diK?l^fp may 1 ^ much greater than that required to 
a*iatoia it. la aider to get over this difl&culty the discharge 
mMf bf itoftai with an iaduction coil. 

nm ap|^i«-i^e of the vacuum-tube discharge is very striking, 
aad hii »V€fy wdl-mark©i ffatiirm, of which the most prominent 
the Wfewiag fel Fig. 297). The coloum refer to air. 

J a blight pnk layer of ^ at the surface of the anode, 
m |w«itiire electrode. 

B the 'pMtive column, a eolumn of luminous gas extending 
te a ©tm«der»hlt dklance I from the |H>sitive electrode and 
abruptly al a ^cer^in dislance d from the cathode. 
For m p?«a eunmt and priMure d k constant, and I increases 
with the diatom hetw<»a the electrodes. 

C lit Faraday dark space, merging into 
D tM ^ow (pde vidiet). 

B lie Hittorf (m Crookes) dark s|»ce. 
t a »i « ©»ap ^ow adjacent to the cathode. 

imf ^««a of th# ifc'ha'rge, m the press^ure is reduc^ed, 
&m idmiimWy ilwtmlei by Gaham’g experiments with nitrogen, 
wWei wm iwit prittiiiidy is order to determine the electric 
fat«« at pmato of the gsa. This was done by means of 

two wif« 1 ^ 1 ^ t^^her along the axis of the tube. In 

* A Wm Tiiti would to extremely useful 

fct ^ writ 









rarefartiiiii it hwmk mp ini# m sit^m 

»aci dark poftions c®n«T« to ti« mmi%^ (Wig. li 
b^giritiiiig at. th© ©ad n«i«t the csth^e If the tttfe« 
^tppeiA ranee is exce^in^y itriking, m the stfiat<^ ec 
the ifrmier ^rt of lit The n^tir# gl#w m 

dark a^c« ex^nd continmlly m the fw^nm m r^u 
they pttil back tit pMitif't c^rnmn mnd ttltinmtolj m 
greater part nf the Intie |Fig. mi The lifll in the iah 
extreiiidy faint and the d^tric foire lew, except 
el^trcMl^, Frciiii this ^int the peteatiml wqmimi ^ 

a diiMjliarge increase im|Jidl?, and it 

an infl/aence .aiacMne or indnction mU iiiitmd of a i 
aceimaalitors. As th^ low pr^nnw are »mewlai 
to rnessnrt it is more genemiT convenient to sfmMj 
of tlie tube bj the |»t€fitial r«|iiiffd to prodnce tie t 

205 , Cathode mya. A resiarksble ctiange takw 
the appearance of the* discharge in an ordiaarj^-sii«l t 
the pressure is reduced still fiiirtlier, until the diJM^harge 
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mhm mm4 A, c bw constants. We may suppose, 

loM #1 thMt the particle starts from the origin 

It. I *• i willi velocity fr, §, r'). Thus A =■ !?■ and c == l^r. 
w« lave 


iin f = 


|1 — a» cirfh ^ ~ .... (1). 


’ft# pith ia » a htlix, reducing to a circle if the initial 

m at right mi^m to the magnetic ield, and to a straight 
if li« 1*0 are pamid. The di'iwtion of dmcription of the 
mmnm m right- «r ieft-handed with reference to the axis of z 
mm m native or p^tive. 

WimB «», irn eincl agreement with Hittorf a 

oibwvatiow, bM im i^dition he found that the spirals were always 
d^rtitei ia • lig^bt’l^iidoi direction with r«^t to the magnetic 
i 4 d. The of Hittorfs experiments which is now 






Hij emBrtmmm m mmm 

which wan ctmni>ct«<} to earth, wm prWstod mm to l«t the mm 
throufjh, and n,«riy ^jj ^ ^ 

space behind from deetoustotK artwo. An ia^atod cfhtidw M 
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1 %. m 

is placed behind the aande aad caeaerted to m 


Hmh. Hiiw 


;••.•••»-*■ 

It follows that if the Tdbaty «l the «dl»de parlkfe k 
in any way the rati© tjm rf ita *iiia^ to ita B»i» i* Im©w®. 
since p may be fonad ftwaa tito «ta*j8*lic 4M«dm {wadta^ by a 
known force H. Thai waa toi# 4mm hf Wierhert ia ii®I- I» 
his experiments the ratlrndk!' raya, kket fSHHaK the m*-#haf*e«l 
anode A {Mg. S«), faB aa • Awl of fia« H fkm4 behind a 
diaphragm, fowai^ a f8ffln»ce«t apat. They were defterted sear 
the anode W a h*^ «l tn» I, wito Aiktie ©ittlktion rnrwt, 
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SO tbftt they were broadened out into a fan-shaped beam. By 
means of an auxiliary magnet the beam could be further deflected 
aad ife edge brought pr^isely on the screen once more. A second 



Fig. 303 

loop of wire in the elcK^tric oscillation circuit was now brought 
near the beam between the screen and diaphragm, and the 
additional deflexion obserred on the screen. 

In order to see what is to be expected, suppose that the current 
in the oscillatory circuit at time t is A sin pt, where pj^TT is the 
frequency of the circuit, and let I be the distance between the 
ioo|^ Zj and The only rays that get through the diaphragm 
are those which are most deflected by the first loop ; those, say, 
w'hich pa^ed it at the time t given hj pt— etc. The first 

ray pass^ the loop at time ^ ^ which time the 

current in the loop has bcK^ome ^ sin n 4- = At cos — . 

^ \2p vj V 

Similarly for all the other beams. It follows that the deflexion 

produced by the loop will be in the same direction as that 

produced by Zj, as long as m ie^ than With I = 20 cm., 

W'iechert found that this was the case for frequencies up to 

2 X 10^, showing that v was greater than 1*6 x 10® cm. per 

second. For these rays pH wm ^ual to 150. Hence from (2) 

we find 

- > 3-2 X im’’. 

m 

With the frequency 4 x 10^ the deflexipn seemed to be much 
reduced, and Wiechert concluded that the value of e/m did not 
much exceed 5 x 10^^. 
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hert’s experimente lead to oae extremely important 
m. We have seen (Art. 166 ) that if e is the charge on a 
t ion in electrolysis (the small^t charge known in 
sis) and the mass of a hydrogen atom, then 

— = 2-87 X 10i‘. 

ms 

Le of efm for cathode particles is about a thousand times 
Among the infinity of possible ways of explaining this 
mention two limiting hypothes^ as being most probable : 
The charge on the cathode particle is the same as that 
i^alent ion in electrolysis, and its mass very much smaller. 
The mass of the cathode particle is comparable with 
a molecule, and its charge about a thousand tim«» as 
that on an ion. 

hert adopted the first hypoth^is, and was thus led to 
le existence of particles smaUer than the atom. Exact 
mtal evidence will be given later as to the probable 
of the charges in the two cases. 



Fig. 304 
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Sioftlf’ •!!€? Wi«hert^s discGYery, Kaiifmann made a more 
a«?iif«te d#t€rniiiiatioti of the yaliie of ejm for the cathode particles. 
Th« «th«le C7 im his discharge tube (Fig* 304) was a plate of 

alumiiiittiii or copper, the anode A a platinum wire connected 
t© There was a large space behind the anode, screened 

to pfiftmt it from el^trostatie action and enclosed between two 
pkc«l so as to give an approximately uniform field 
fl over a eoiisiderabk length. The tube ’was closed by a prepared 
plate P which fiiioresced under the action of the rays, the 
anode J casting a sharp shadow on it. The position of the 
ctthcxle eottld be varied within certain limits by moving the 
iron, cylinder B up and down with a magnet. A Wimshurst 
laaciiic was iis«i to produce the discharge, and the difference 
of potential F betw^een A and C was measured with an electro- 
•telic voltmeter. 

Supp<»e for simplicity that the magnetic field is uniform and 
the dtfiexion small. On entering the field the particle has fallen 
through a potential F, so that its velocity v is given by 

(f^ — t?/) = eV, 

where % is the veiocitj on leaving the cathode. Kaufmann 
aroinftl ;^visioiiaMy that % was negligible in comparison with 

t. Tims 

2eF (3), 

wieie F is siip|w^ to be measured in electrostatic units. If 
I i§ the distance travelled in the magnetic field before reaching 
ll« ^ate P, and S the deflexion, regardlm of sign, then equation 

PI giv« approximately 


Eiiiiiinating I, and remembering that eo — Hejmc, we find 


. He P 

* 

Substituting for v from |3), we have 

m F% « U 

■:r=&fc) (5)- 
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lation may be teisted by seeing whether V^B/i remains 
ui^er various conditions, i being the current in the 
}. The following results were found by Kauf man n 
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5920-1 1600 
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5*8 
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Copper 

3870-11100 

5-8 

3118 

n ! 

Copper 

4230-14400 

5-8 

404 1 


possibility of appreciable initial velocity is therefore 
, and in addition we see that the value of e/m is independent 
ture of the gas in the t ube and of the material of the atihode. 
tion (5) can easily be extended to small deflexions in a 
ogeneous field. Since x=id the equation of motion in 
•ection becomes 

.,s Sev 




dx^ 

dx^ 


c 

eH 

■mem' 


tbe magnetic field at distance x from tbe origin, which 
it a point where the potential is nearly zero and H small, 

S= -- f dx rH dx 
»ICt7Jo it 

(liirr) 

s formula Eanfmann found that 


m 


■ - 5-31 X 


follows w’e shall adopt the ¥aiue 

€ 


m 


b-m X 1017 


4 % 


the mean of the best recent determinations. 



Sine© tie cathode particle, as has been seen, are the same 
whatever their origin, we have evidence of a new fundamental 
unit m carrier of negative elastricity, disproportionately light in 
comparison with its charge. Th«e particles are called electrons. 

Tie Mrt played by electrons in physical phenomena will 
become more and more clear as we go on, but as far as we know 
tie ratio of their charge to their mass is always that given by 
equation (6), from which we conclude that all electrons are the 
same. No evidence has yet been found of the existence of positive 
charge of less than atomic mass, so that there appears to be no 
such thing as a positive electron*. This justifies the mode of 
treatment that has already been adopted in the elementary parts 
of the subject. 

The cathode stream has the valuable property of following 
almost instantaneously any change in the applied magnetic field. 
This has been made use of in Braun’s catbode ray tube, which 
somewhat r^embles Wiechert’s tube in Fig. 303. After passing 
through a diaphragm the rays fall on a fluorescent screen of 
wiilemite or barium platinocyanide, producing a bright spot. 
An alternating current in a neighbouring coil makes the spot of 
light move rapidly to and fro, and with a revolving mirror, or 
other device, the actual form of the alternating current can be 
photographed. 

207 * Rontgen ra3rs. We shall now give a brief account 
of the properti^ of the Rontgen rays, which, as is well known, 
ori^nate in a discharge tube at very low pressures. A common 
form of Rdotgen ray bulb is shown in Fig. 305. The cathode is 
of aluminium, hollow in order to focus the cathode rays on the 
metal plate T, known as the target. This also acts as anode, but 
it is found advantageous to have a second anode of aluminium 
on the axis of the tube behind T. As it will appear shortly that 
the target is the source of the Rontgen rays, it is the most important 
part of the tube. It is made of a metal of high atomic weight, 
such as platinum, rhodium or tungsten. Since cathode rays have 
a very considerable hmting eflect the melting point must be high, 
and for heavy discharge (10“® ampere or more) some cooling 

*■ mm .Aik m. 



a-c any 

- 'end. and sealed into the glass. Such a tube is quite air-M^kt 
ordinary temperatures, but lets hydrogen through freely wli«« 
fc. On heating the tube very gently in a Buusea burner fiw# 
dirogen, wkieli always exists in the flame, passes into the 
i nmises the pressure. The pre^ure ia the bulb is an iiap€»rfjiii| 
ton in determining the quality of the rmys.. If it is imgh 
seharge potential 2l),0W volts or 1^) the mys are sefi ; tkat 
tliey are ensily 
or penetrmting 
get the disclxarg 
Tire photograp 
r demonstration 

tlxeir power of exciting iiiior«?ea€e la vanor® siii»| 
ixs A screen of h^riaai plaiiuocyanide will light up bi 
tire path of the mjs, even whm covardi at tie back 'with 
^er... If the hand is held at tie back of the 'mmm tie 


>*ULt one- third- A sheet of alumittium | mm. thick is absolia t i v*' 
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tomparent, and invisible on the screen. Glass and quartz are 
about as opaque as aluminium, and ebonite is almost transparent 
in a sheet 1 mm. thick. It is clear, therefore, that wMle the 
absorption of Rontgen rays in various substances is very different 
from that of light, it do^ not depend markedly on whether the 
substance is a conductor or not. It is much more of a mass- 
phenomenon, depending on whether the substance is light or 
hmvj, 

T1i 6 sbarpB^^^ of tho shadows shows that the source of the rays 
is very iiearlv a point. A sheet of lead perforated with a small 
hole will give rise to quite a small spot, eveii when the screen is 
some distance behind the hole. With two such sheets we can 
find the petition of the source wdthin the bulb, and with three 
we can prove the rectilinear propagation of the rays. We thus 
find that the rays emanate from the mntre of the target, i.e* the 
point of impact of the cathode particles. 

A fluorescent screen shielded from the direct action of the rays 
aay be made glow faintly when a sheet of metal or other sub- 
stance is plac^ near it in the path of the beam. This may be due 
either to ravs diffusely reflected from the surface or to some 
analogous radiation excited in the substance. For the present 
we may call them wo&ftdciry Tags, without stopping to inquire 
further what they are. 

The Rontgen rays show no trace of regular reflexion at polished 
surface, or of refraction by prisms, etc. Nevertheless, it has 
long been suspected that they are actually waves in the ether, 
emitted by the target under the impact of the cathode particles. 
The absence of regular reflexion and refraction is then to be 
ascribed to the shortness of the wave-length. This theory, which 
is due originally to &huster, has recently been completely vindi- 
cated by Friedrich and Knipping, who, acting on a suggestion 
of von Lane, observed the effects produced by the transmission 
of Rontgen rays through crystals. Lane’s idea was that the 
regular arrangement Of atoms in a crystal might make it act like 
a diffmetion grating, «tch atom scattering the rays and the 
multing wavdete iateifering so as to reinforce each other in 
certain diiwliom and di^troy each other in others. A narrow 
beam of rays, after passing through a plate of crystal, should 
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therefore give rise to a diagram of discrete spots. The exact 
theory will be given in Art. 227. Mg. 306 shows the position of 
the strongest spots on a photographic plate behind a crystal of 



Fig. 306 


zinc blende, cut parallel to one of the natural cube faces. The 
central spot A arises from rays that have not suffered any diffrac- 
tion. Other crystals, such as quartz, give different but very 
beautiful patterns. The wave-lengths involved, as we shall see, 
are of the order of 10“® cm. ; but we are here chiefly concerned with 
the fact that it definitely proves the wave-like nature of Rontgen 
rays, since the spots cannot be simply accounted for on any other 
hypothesis. 

Crystal diffraction may be demonstrated on a fluorescent 
screen, when the rays are sufficiently strong. For this purpose 
the Coolidge bulb (see Art. 226) is very suitable. It is advisable 
to use fairly large apertures (5 mm. diameter) and to rest the 
eye by remaining some minutes in the dark before observing. 
The experiment in this form is very striking, as the configuration 
of the spots changes rapidly when the crystal is turned about a 
vertical axis. 


P. E. 


32 
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Wormsl wad abnormal conductivity of Uie air- 

rnmm^m tlieo.rj. If m ordinary electroscope is left to itself 
for mmB days, the leaver sink .gradually ; but there is nothing 
to #liiw whether this is due to parage of electricity through the 
air or Imlmge alonf the supports. After allowing for the latter 
it lias b^n shown beyond doubt that atmospheric air conducts 
appwkbly, but very slightly. Fig. 307 shows an arrangement. 



Ol— DEARTH 


Fig. m 

due to C. T. R. Wilson, by which the leak over the insulators is 
entirely eiminated, and unequivocal results obtained. The gold 
leaf is attach^ to a metal rod A, insulated from the leading-in 
wire B by a small sMphur bead S, The leaf is charged up to a 
high potential (of the order of 100 volts) by a moveable rod R 
'Connected to one end of a battery of accumulators, the other end 
of which, together with the case of the electroscope, is earthed. 
The leading-in wire B is maintained throughout at the same 
|»t#atial as R, If now the potential of A falls on account 
of leakage through the air, electricity would tend to pass, if at 
all, from B fo ^4 and diminish the rate of faU of the leaves, 
Wiialiy this eff^t is zero lince JE is at the same potential as B. 

With this ap^ratns the amount of electricity Ic^t in a given 
time m the same whether the chaise is pmitive or negative, and 
indtpeadeat of the potential of the battery from about 60 volts 
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ori^^' This fact we shall find to be ^^ficant. The current 
orrn^Uy order of 10“® electrosfeic units per 

of the vessel. 

Ai. appear shortly that there are several ways of obtaining 
in air. The conductivity of air in the neighbour- 
^ to especially interesting, as it first led Giese, in 

modern theory of conduction in gases. It has long 
I -tto-wii- that the air which rises from a flame conducts 
tticiibyr ^ gQ that a current may be made to pass between two 
on either side of the stream, whether the electrodes 
waiino, or not. The main facts about this conduction are: 
1) *I?lxe conductivity persists for some little time after the 
hsB left the flame, since currents may be detected in a stream 
ir has risen to a considerable height above the flame. 

* 'I'h.e current between a pair of electrodes is diminished 
iPPlying an electric force between two other electrodes lower 
n tlio stream. 

Ohm’s law is not obeyed, the current being too small 
th6 ttigher forces. 

Jiese -tried to assimilate the conduction in gases as far as possible 
httt in electrolytes ; that is, to explain it as a convection by 
particles, called ions, not necessarily identical with those 
irruig in the electrolysis of liquids. Giese supposed that 
lire being constantly produced in a flame, either on account 
lie high temperature or as a result of chemical action. Only 
^ few are present in air at ordinary temperatures, and give 
til thte normal conductivity already described. When a mass 
las xdses from a flame, it becomes cool and the formation of 
ions practically ceases. At the same time those formed in 
flaiixo tend to recombine', that is, when a positively charged 
colli dLes with a negatively charged one it coalesces with the 
mtioxx of a neutral atom or molecule. The conductivity of 
giiB, if left alone, will therefore diminish more or less rapidly, 
the last traces remain for some time, since the chance of a 
,sion between the residual ions ultimately becomes very small. 

' cmxxse tending to remove ions from a stream of gas, such as 
HiiBVorse electric force, will clearly weaken the conductivity 
liuable at further points in the stream. As regards (3), it is 



thMi ihm mUm^mw be » mmt m me rise oi currtiii^ 

mth tktim: low, whkh occora when all the ions which enter 
die ip-- between the electrodes are taken away before they have 
nm* to reroiiibine. The smaller the applied electric force the 
Moce time there m for recombination, and the less the current. 

ai». loniaatioBbyRdntgenraya. Shortly after Rontgen’s 
t^rtfvery Benoiat and Harinuzeacu found that Rontgen rays 
wmM mpiiily diicharge positively or ni^tively charged bodies 
in thitr onghboarhood. This affords the most generally con- 
vewent method of ioiiising air or other gases. Since the current 
dlten exceed lO"** amperes, it cannot be measured with 
m galvanometer : but it can be measured with a quadrant 

dectroimter as shown in Fig. 308. The Rontgen ray bulb. 


fstrx* 


iM^ad dl an iadwidoa ©ml, is {daced iiwide a wooden box covered 
wtdi itid aboat t mm. thick in order to prevent rays from escaping 
kh ai The box also acts as an electrostatic screen. 

A p0l^ df » 3 » passes through a hole in the lid and afterwards 
Wavessas the ifMe between two metal jdate Cj, Cg, placed parallel 
to MS mwil« a centimetw or two apart. To avoid considering 
ssoMdbty radiation we may suppose that the rays touch 
■•liar «f tfo ^t«a. The |dato is connected to one pair of 
^pn^HMbi ^ an eiectiometw, the other pair of which is earthed, 
md h »MtataiMd at a potential of the order of 40 volts by 
mmm d a lattwy d imail i«;amulators (Art. 58). 
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an experiment the electrometer is first insulated 
^ ^ero read. The rays are ■ then put on for a measured 
Xj- ^jessing down a key in the primary circuit of the induction 
^ charge received by the plate is shown by the deflexion 

^loctrometeTj and the final position of rest of the needle 
ufter cutting off the rays. If C is the capacity of 
system, the current is i=.CVIt, where F is the 
required to give the same deflexion of the needle. As 
‘^tctple, suppose that 0 = 50 electrostatic units and that 
of 200 scale divisions is obtained in 10 seconds, 
’^sions corresponding to 1 volt. Then i = 14 x lO-ii 
; from which it is evident that much smaller currents 
detected in this way. 

of apparatus which has been found useful for many 
^eaats on the conductivity of gases is shown in Fig. 309. 



■Oira.'fced brass plate Q is fixed on a solid metal tripod, of 
tw o legs are shown, and rests on the earthed lead box L. 
wer-fcical brass rods serve to support a parallel plate P, the 
frame thus being kept automatically at zero potential, 
e-fcliod of supporting and insulating the plates Cj., C^, will 
i&TX'ti from the figure. The Rontgen rays pass through a 
lee-fc of aluminium occupying the centre of the plate C^, 



c©i»»rrnos or ttBcsnuoxy TH«uuMn lv-« 

•8d .ft#nr»nb W1 on However great the difference of 

be»w«« the pbtaa C\ and C* may be, the insulation of 
t\ hm imly t« withstand t*>e potential to which Cj may nse, 
mh»€b i* o! the order of 1 volt. This is the important principle 
of apiit inaaktioii. H C, wiui supported dkectly from C, the leak 
«»« the rnffom might vitiate the experimente. 

The furrents may be found in absolute measure by a method 
Am to Townsend. The inside plate of a condenser C is connected 
with the ^ortrometer. the outside plate being joined to a moveable 
|Mat A on a sliding potentiometer (Fig. 88). A suitable form of 
pt^entiometer is one having bit junctions and a total resistance 
of about IrtM) ohms. While the current is flowing the slider is 
moved ao as to keep the electrometer permanently near the 
ifw, and after it has ceased the position for zero deflexion is found 
aceantdy by the method of proportional parts. Let F be the 
enRTs^ondhng potential of the oui^de plate. Then since neither 
^ dfectnmeter nor the |date C, has received any access of charge, 
the wkde of the dectticity has gone into the inside plate of Oj, 
and b of amount CF, where C is the capacity of the condenser. 
The caffWttt is therefore given by i = CVjt. Since the capacity 
df the insulated system does not appear in this equation, the 
is valuable in experiments in which the distance between 
the plat«i k altered. 

Tim tdatiffli of current to applied potential in a particular 
«M* m shown in Kg. 310. Here curve I is the ordinary curve 
with an unscreened beam of Rontgen rays, curve II 
thib ^bained when a sheet of aluminium J mm. thick is placed 
fal Ae prth of the b<»m. These curves, which were first obtained 
Sr I. Jl. Thomaon and Sir E. Rutherford, are called saturation, 
mm* Irwn thabr external r«»emhlance to the magnetisation 
etaves rf iw®. Their explanation on Giese’s theory has already 
hem wtSaed (Art. ^1®). If », positive ions, say, each carrying a 
eha^ «, are produced between the jdat^ per second, the current 
l«r large imem m i%r, since aU the ions are taken away before 
th^ Imiv* time te rwraWne. This current is called the satura- 
tim mmA. It should be noticed that t&e weaker the ionisation 
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f#44 d^rm fmm rrftriri^ fm Il m #a#r I# 

det* mltj thii nl^altl tiac# the mte at wMrh i«»i tmm^M 
proportioaal to th^ mimme of ti# aumter prwat e.e*, *fid 
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Ilonl»<w mf» 1 em. 

rm. m , 


witb weak ionisation the ions can be left for a hn^eer time in the 
gas withoMt fear of thnr reeomUning. With vny weak ionisation 
the enireiit for the lower rfeetric ttmm u redii^ not so much 
by nocombination as by liiffoaion, by whkb they may come into 
contact with the oppMte djectrode from that towards which thee 
are directed by the force, and henrtdOTth cease to act as camera 
of the current. 

^10. The motion of ions fa faces. The motion of ions 
in liquid dectndyte* hani^ drei^y been dbetmed fally ( Art . 1 74 ), 
we have only to quote the raiatts. with the remaric that here it is 
much easier to jartfy the apfilkaticm of the Unetic th«w»r>' of 
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The ions move throughout in a uniform electric field, so that 
they have acquired a uniform drifting motion before they arrive 
at C, As they move from G to D they diffuse out laterally, some 

A- I 


B - 
C- 


eI 


Ri 


T 




Pig. 311 

being caught on. tbe disc and some on the ring R^. The 
disc and ring are insulated from one another and from the case, 
and the ratio of the charges %, arriving on them in a given time 
is measured accurately by a compensation method, the disc and 
, ring being kept as nearly as possible at zero potential during the 
process. . 

It is obvious that, in the absence of diffusion, all the ions would 
fall on and none would be received on R^. In order to calculate 
the actual value of take as origin the centre of the circular 
aperture in the plate C, the axis of z being directed from C towards 
D. The equation (10) becomes in this case 


K 


fd^n d^n d^n\ dn 
dy^ 0zV “ ’ 


or remembering (9), 

d^n 




~dx^ dy^ dz^ 


NeE dn 
"^Tz 


( 11 ). 

Since the whole motion is symmetrical about the axis of z, we 
may transform (11) to cylindrical co-ordinates r, z, and obtain 


3% 1 ^ d^n _ dn 

dr^ r dr 9z^ ~ ‘ 


where 


r = 


NeE 

2n 


•( 12 ), 

.( 13 ). 
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Let a be tbe radius of and the aperture in C, h the outside 
of J?2 and Ti the distance between C and D. If h is sufficiently 
gueat very few ions reach and n may be taken as zero, for all 
■^a^lnes of 2 :, when r is equal to 6. This simplifies the numerical 
calculation without leading to serious error. We have thus to 
fiaad. tb.e solution of the differential equation (12) subject to the 
folio-wing boundary conditions : 

(i) when z = A, = 0 for all values of r ; 

(ii) when r = 6, n = 0 for all values of z ; 

(iii) when z = 0, ^ = ^ 0 , a constant*, for T <a, 

== 0 for a < r < 6. 

To solve equation (12) put n = Re^^, where J? is a function of 
T only and 6 a constant. On substitution we find 


dr^ f dr 


+ (<92 - 2y6>) R = 0. 


Hence R = AJ^ (kr), where _ ^2 _ 

Solving for d in terms of h, we have therefore the particular 
solntions ^ (A;r) which may be combined into 

the single solution 

n = Jq (Jcr) {A cosh ( 2 : VFT/) + R sinh (zV¥ + y% 

If this solution is to satisfy condition (i) it can clearly be put 
iaa the form 

sinh {h(k^ + 

whexe <7 is a constant. 

The boundary condition (ii) shows that 

Jo(kb) = 0 ■ (15). 

H ence k must be one of the roots of this equation ; and generalising 
(14*) we have the solution 




)i| 


.( 14 ), 


n = S(7Jo (M 


sinh {(h — z) (Ic^ + y^)^} 
sinh {h {k^ + y^)^} 


( 16 ), 


*•* This assumption is nearly, but not quite, correct, since some ions are lost 
'hy clirffusion to C near the edge of the aperture. 
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the summation extending over all the positive roots of equation 
{15). 

The coefficients C can now be determined so as to satisfy 
the condition (iii). From (16) we have to make S(7Jo i^r) =f{r), 
where 

f (r) = n^ioT r <a 1 
= 0 for ^ < r < & / 

The problem of determining the coefficients has already been 
considered in Art. 7. We thus find 

^ Jq' {la) Jo iner) sinh {{h - z) {¥• + y^)*} 

(hb) sinh {h {k^ + y^)^} 

The number of ions falling on the disc per second is 


n^ = — 27tK 


« dn j 
^ cLr 

0 OZ 


and the number falling on the disc and ring together is 

rr r dnj~ 
n. -{■ no — 27 tK r ar 

^ ^ iJo Sz 

The integrals occurring can be evaluated by the formulae of 
Art. 7. We find 


~ dn j ^ 2 ^ 

l/jz_ k^Jp'^ (kb) sinh {h (k^ + y^)h 

f\ p dr ^ ’ s + 

k^ Jo' (kb) sinh {h (k^ + y^)^} 

...•...(18). 

It is evident from equation (11) that, if the dimensions of the 
apparatus are given, the ratio %/(% + is a function of the 
quantity i\i^eF/n only. Its value can be calculated accurately 
from equation (18), only about four terms of each series being 
necessary in practice. The results for the particular apparatus 
used are shown graphically in Fig. 312, from which the value of 
Ne can be obtained immediately when n^Kn^ + n^ is known, 
since 11 = 1-013 x 10*. Some of Townsend’s results for negative 
ions are given in the following table: 
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Pressure of 
air in 

millimetres 

Electric force 
in volts per 
centimetre 

Ne 

. 3 

145 

1-23 X 1010 

6 

0*98 

1-23 

6 

147 

1-25 

6 

1-96 

145 

6 

2-96 

1*27 

12 

100 

1-20 

12 

0-98 

1*20 

12 

146 

1*25 

12 

2-75 

1*26 

Mean 

1-23 X 1010 


This is identical, witMn the limits of experimental error, with the 
numlber 1*22 x 10^^ obtained in Art. 166, e there denoting the 
cliarge on a univalent ion in electrolysis. Hence the two charges 
ctre equal. Experiments were made with different gases and 
various modes of ionisation, with identical results. Experiments 
with positive ions generally gave the same result, but under 



TT 


Pig. 312 
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certain circumstances higher values, up to 2*41 x 10^^, were 
obtained, indicating that ions with double charges were present. 
If we accept this conclusion we may say that the charge on a 
gaseous ion is either equal to, or an exact multiple of, the charge 
on a univalent ion in electrolysis. There is no evidence of the 
existence of charges less than this elementary charge. . The 
bearing of this result on the nature of the cathode ray particle 
has already been mentioned. 

212. Measurement of the charge on a gaseous ion. 

The first determinations of the elementary charge e in absolute 
measure were made by Townsend, J. J. Thomson, and H. A. Wilson. 
The method has since been improved and made very accurate 
by Millikan, who has used it to give direct experimental proof 
of the discontinuous or atomic structure of electricity. The 
principle of the experiment, as far as it need be stated at present, 
is as follows. Let % be the rate of fall, under gravity, of a small 
oil-drop of mass m. If the air in the neighbourhood is ionised by 
Eontgen rays, one or more ions collide with the drop, and it acquires 
a charge ne, where e is the elementary charge and n an integer. 
To fix ideas suppose that the charge is positive. Then a vertical 
electric field E of sufiicient strength will stop the fall of the drop 
and convert it into a rise with uniform velocity v^. Thus we have 



neE — mg = Xv^\ ^ 

where A is a certain constant, which may however depend on the 
size of the drop and the pressure of the gas. Hence 

^1 + ^^^2 

% mg * 

It follows that if the ratio [v-^ + '^ 2 )/% observed by allowing a 
particular drop to rise and fall many times through a measured 
distance, the values will, with sufficiently weak ionisation, be 
small multiples of a common unit. 

Millikan’s apparatus for observing the velocities is shown in 
Fig. 313. The oU-drops are formed by a sprayer at A in the figure 
(not shown), and fall slowly until one enters a small aperture H 
in the plate C-y of a parallel-plate condenser. This plate can be 
kept at a positive or negative potential by means of a battery 


CONDUCTION OF ELECTRICITY THROUGH GASES 511 

about 2500 accumulators, the other plate C, beiug earthed. 
_ e c(m enser is illuminated by light entering through the window 
= and ionised by Eontgen rays entering through E. A third 



■window (not shown) allows the motion of the oH-drop to be observed 
through a short-focus telescope with a graduated eyepiece, so 
that the time of falling through a distance of 1-021 cm. could be 
accurately measured. The outer case was immersed in a constant- 
temperature bath in order to avoid convection currents, and in 
addition the condenser was edged with an ebonite strip 
containing only three holes opposite the windows. The following 
’fcaible shows one set of observations: 


E = 6-98 E.S.U., p = 16*95 mm., temp. 22*98'^ C. 




■^1 + 

•020241 

•022972 

2-1349 = 4 X 0-6337 

•020251 

•033748 

2-6664 = 5 X 0-6333 

•020110 

•033668 

2-6742 = 6 X 0-6348 

•020348 

•044677 

3-1908 = 6 X 0-6318 

•020235 

•033690 

2-6600 = 5 X 0-6320 

•020234 

•012196 

1-6028 = 3 X 0-6343 

•020372 

•001284 

1-0630 = 2 X 0-6315 


The constancy of shows that the drop is not evaporating 
a^ppreciably during the experiment. The submultiples in the last 
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column are constant within the limits of experimental error, 
that we have a very accurate proof of the existence of 

elementary charge. 

In order to find e in absolute measure the earlier experimenters 
used Stokes’ theorem* that the force required to drive a sphere 
of radius a with velocity v through a fluid of viscosity ^ is &7r^at\ 
Thus A = ^TTfjLa, where a is the radius of the drop. The we 
mg in equations (19) must be corrected for the buoyancy of the 
air, so that if p is the density of the oil and o- that of air, we must 
write mg = {p - cr) g- Hence we have, for a drop carrying 
a single charge, 

^Tta^ip - (y)g^ Qrrfiav^, 
eE — |7ra^ {p — a) g ~ ^irfiav ^ . 

The first equation may be solved for a, and then the second equation 
gives e, all the other quantities being known (ju = 1*824 X 10"“^ 
at 23° C.), 

Millikan, however, found that the values of e thus obtained 
were not the same in all cases, being larger for the smaller drops* 
As it is inconceivable that the charge on an ion should depend 
on the size of a drop with which it collides, the experiments show 
that Stokes’ law ceases to be accurate for very small drops, TJh# 
proof of the law, in fact, being purely hydrodynamical, fails when 
the mean free path I of the air molecules becomes comparaM# 
with the radius of the drop. This is usually the case in MillikaU^'s 
experiments. The most natural generalisation of Stokes’ formula 
is to assume a retarding force due to viscosity of the form 

^TTfjLavf , where / has the value unity for small values of l/n* 

Since I is inversely proportional to the pressure this become# 

^puav (j> . Millikan found that the observations could be 


reconciled over a large range, and the same value of e obtained 
in all cases, by taking 

= 1 + -, 

Vap/ ap 

the constant 6 having the value 6*264 x lO”®. 


* See Lamb, Hydrodynamics, p. 553, 
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In this way Millikan found the value 

e = 4-774 X 10““ electrostatic units, 

estimated correct to 1 part in 600. The radius of the drops used 
was of the order 2 x 10“^ cm. 

213. Fundamental physical constants. We have now 
all the data for determining the quantities N, e and m separately. 
Adopting the values 

Ne = 1-22 X 10“ (20) 

and e = 4-76 x 10-“ (21), 

we find, for the number of molecules in a gas at 15° C. and 760 mm. 
■pressure, 

N = 2-57 X 10“ (22). 

Again, since ejm = 5-30 x 10“ (23). 

we find, for the mass of the electron, 

m — 8-96 X 10“*® grams (24). 

The mass of the hydrogen atom has already been estimated at 
1-66 X 10“®* grams, so that 

mass of H atom 

mass of electron” 

According to the principles of the kinetic theory, the kinetic 
energy of a molecule of a gas at absolute temperature 6 is ad, 
where a is a certain constant which we shall call Boltzmann’s 
constant. Its value can now be found. For the pressure p is 
given by jp == \mND?, where JotH® = ad. Hence 

p = INad. 

Taking d >= 15° C. = 288° absolute, = 760 mm. of mercury 
= 1-013 X 10® dynes per sq. cm., N — 2-67 x 10“, we have 

a =2-05x10-“ (26). 

The kinetic energy of a gaseous molecule at ordinary temperatures 
is therefore about 5-9 x 10“^® ergs. 

These numbers, which give an idea of the order of molecular 
magnitudes, will be useful in subsequent calculations. i 
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214. Velocity of ions in gases. The velocity of ions in 
gases was first measured by Rutherford, and afterwards by 
Zeleny and Langevin, by different methods. Fig. 314 shows a 
method used by Lattey, which is due in principle to Rutherford. 


A 



ELECTROMETER 

Fig. 314 


Four plates A, S, 0, D are placed parallel to one another 
inside an earthed metal case. The plates B and 0 carry central 
gauzes, and D is connected to one pair of quadrants of a sensitive 
electrometer. The ions are generated by Rbntgen rays in the 
space between A and B. To fix ideas, suppose that it is desired 
to measure the velocity of the positive ions. An electric field B 
is applied in the space between A and B, which drives the ions 
through the gauze. The electric force between B and 0 can be 
made to alternate between the values + F and - E' by means 
of the rotating commutator shown in the figure, E' being numeri- 
cally somewhat greater than E. 

During the interval of the reverse force E' the ions are thrown 
back upon the gauze ; but at other times they proceed from B 
towards G m the same field as before. Let t be the interval of 
time during which the direct force E is acting, I the distance 
between B and C, and u the velocity of the ions in the field £J. 
If t is less tha,n7/u the ions are overtaken by the reversed field 
before they reach 0 ; but if t exceeds Ifv some of them pass through 
C and are received bn D. Hence the electrometer will remain 
imaffected when the commutator is rotating very rapidly, but as 
it slows down a deflexion will begin to occur. On account of 
diffusion the transition is not absolutely abrupt, but quite well 
marked, and the critical value of t can be determined to within a. 
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few 

IS then given by v = IJt. 
ions gives the mobilities, or velocities of the 
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P I cent. The velocity of the ions under the electric force 

■k-r,. Tl. 


Gas 



I Observer 

Air 

Hydrogen 

Carbon dioxide 

Oxygen 

1-36 

1-40 

1-37 

6-70 

6-02 

0- 76 
0-86 

1- 36 

1*87 

1*70 

1-80 

7-95 

7-68 

0-81 

0*90 

1-80 

Zeleny 

Langevin 

Franck and Pohl 
Zeleny 

Franck and Pohl 
Zeleny 

Langevin 

Zeleny 


_ The theoretical formula « = eElj^mV shows that the. velocity 
IS proportional to the electric force as long as the constitution 
<y tile ion, whatever that may be, remains the same. The experi- 
mental results give a clue to this. Let us calculate the mohihty 
ot a negative ion in hydrogen on the hypothesis that it is (1) a 
charged molecule, (2) an electron. The mean free path of a mole- 
cule at atmospheric pressure is about 2 x 10-^ cm, ; since the 
<- (.c.tron offers a smaller target its mean free path is longer, say 
l()”«cm. The velocity of agitation can be calculated from the 
expiation = ad. Thus in case (1) we have m = 3-3 x 

V = 1-9 X 10®andM==25. Incase{2), m = 9 x F= 1-1x10'^ 
Jind u = 8000. The results therefore show that in a weak field 
t/hc ion is not a free electron, or even a charged molecule, but a 
^roup of molecules clustered round a positive or negative charge. 
X he present theory does not allow us to calculate the number of 
molecules in a group, because when a particle becomes much 
larger than a molecule it is less deflected by a single collision^ 
and the effective free paths become longer in a way which it would 
be beyond the scope of this book to determine. It is, however, 
elear that the positive ion in any gas is larger than the negative 
ion. 

Lattey’s experiments were not restricted to small electric 
forces. Workingat low pressures, he found that when the velocity 

33—2 
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c is plotted against Elji {E 'hdng the electric force in volts per 
centimetre and f the pressure in millimetres of mercury) all the 
points lie on a single curve. The results for air are shown in 
Mg. 315. For positive ions in dry air we have = 1120 Elp, 



Kg. 315 

from the lowest forces, up to Ejp = 0‘1, corresponding to a mobility 
of 147 at atmospheric pressure. The velocity of the negative 
ions ceases to be proportional to the electric force when E/p 
exceeds -01, and rises rapidly for the larger forces. This effect 
IS not obtained with ordinary air freshly admitted into the 
apparatus. It requires careful drying over phosphorus pentoxide 
before the velocity in a given field attains its final maximum value, 
and the addition of a small quantity of water vapour makes the 
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^^^locity of the negative ion once more comparable with that of 
positive. 

The relation v ~f {Ejp) between velocity, electric force and 
^uessure, thus proved experimentally, is what would be expected 
uora theoretical considerations. . Consider a number of ions in 
U having assigned velocities immediately after a collision. 

bhe pressure is increased from jp to Xpp and the electric force 
^oxxi E to A£', the free paths of the ions are reduced in the ratio 
to 1, but the same velocity is acquired during a free path, 
gain, since the velocities just before a second collision are the 
iSaxne in both cases, the average effect of colhsions is also the same, 
t; follows that if the first regime is permanent the second one is 
and the average velocity of drift depends on Ejf only. The 
^a^rne is true of the average constitution of the ions; that is, the 
ua,*bio of the numbers of electrons, charged molecules and molecular 
*ol Ulsters at any time. 

]For Ejf = *08 the velocity in Lattey’s experiments is inter- 
ituecii ate between what would be expected for electrons and charged 
luolecules respectively, showing that the molecular cluster is 
aisappearing under the high electric force and free electrons are 
T3ecoming frequent. This process goes on until only free electrons 

present in the gas, as we shall show in the following article. 

In pure argon and nitrogen Franck obtained very high velocities 
with, quite small electric forces, which suggests that many of the 
ions in these gases are free electrons even under normal conditions. 

215. DilFiision and velocity of ions under high electric 
^ox-Ges, In his experiments on the diffusion of ions (Art. 211) 
X ovviisend observed an abnormal behaviour of negative ions in 
clryr gases, which will be understood by reference to Fig. 312. This 
is re-drawn in the continuous curve in Fig. 316, on the hypothesis 
titat Ne has the value 1*22 x 10^®, E being expressed in volts per 
oeixtimetre. Under ordinary conditions all the points determined 
4 ^>L.p>eri mentally were found to lie on this curve, as is obvious from 
wlxat has been said already. In dry air, however, such as that 
uisodL in Lattey s experiments, the lateral diffusion became abnor- 
ixx€klly great in comparison with the velocity under the electric 
j orce, so that fewer ions were received on the central disc. This 
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is sliown by the two dotted curves in tlie figure. There is no 
reason to suspect any diminution in the velocity under the electric 
force — quite the contrary. Hence we conclude that the coefficient 



a =0-75, &=2'5, A =7 cm. 
Kg. 316 


of diffusion of negative ions in dry gases, and therefore also their 
velocity of agitation, is abnormally great for high values of 
ToTOsend assumed that the mean kinetic energy of agitation 
of an ion in this case was lb times as great as that of a molecule 
of the gas, that is jia0, where the factor depends on the electric 
force and the pressure. This was explained hy supposing that 
the fanetio energy gained by an ion during a free path was 
not aU lost on collision with a molecule, so that energy might 
accumulate for some time. On this theory it is clear that ifc 
should be a function of EIj> only. Eeferring back to equations 
(7) and (8), we have no longer but = ifcad. 

Hence (9) becomes 

_ iVe 

K~m’ 
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a.nd the equation (11) regulating the motion of the ions is replaced 
“by 

dx^ dy^~^ dz^ hU dz 

This equation being of the same form as before, it follows that the 
same value of the ratio + n^) is obtained with the electric 
force =^hB th^t was previously' obtained with the force E, 
IFor example, in moist air at 16*5 mm. pressure, n^l{n-^ + %) = 0*4 
■when E == 0*87 volts per cm., but a force of 1*75 volts per cm. is 
required to produce the same ratio in dry air. In this case yfc = 2 
■very nearly ; and similarly h can be calculated for any other 
force and pressure. 

More recently, Townsend and Tizard have made measurements 
with higher forces and lower pressures, and have at the same time 
measured the velocity of the ions by deflecting them in a magnetic 
field. For this purpose a modified form of apparatus was used, 
shown in Fig. 317. The plate B in Fig. 311 was removed and the 

A ^ 

1 ^ 

C- — 


E 

T 



Kg. 317 


Jiole in C replaced by a narrow slit, 1-5 cm. long and 2 mm. wide. 
Tte insulated electrodes within the guard-ring B were three in 
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number, as shown. If 1 and 3 are connected together and the 
total charge received by them compared with that received by 
2, the calculation of h proceeds on much the same lines as for a 
disc and ring. To measure the velocity a magnetic field H is 
applied at right angles to the plane of the paper, and adjusted till 
the charge received on 1 is equal to that received on 2 and 3 
together, so that the centre of the stream falls on the line of separa- 
tion of 1 and 2. The stream is thus deflected through a known 
small angle 6. The force exerted by the magnetic field per unit 
charge is Hvjc in a direction nearly perpendicular to the original 
direction, so that 6 = HvjEc approximately. Hence 

v = EcdlH. 

The continuous curves in Fig. 318 represent the results of these 



Kg. 318 

experiments. In order to see what the ions are for these forces, 
consider the lowest result given by Townsend and Tizard, namely 
V = 5 X 10® and k = 2-8 ioi Ejp = 0-2, correspon'ding to a force 
of 150 volts per cm. at atmospheric pressure. In comparing it 
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with the theoretical formula v = eElj^mV it must be remembered 
that the velocity of agitation V is to be multiphed by the factor 
'\/h. The velocity of a free electron in this field should then 
be roughly 7 x 10^ cm, per second, which is sufficiently near to 
the above value of v. The ions therefore seem to be free electrons 
throughout. 

To recapitulate, we have the following information as to the 
constitution of the negative ion in dry air : 

(1) When Ejjf is less than about 0*01 the ion consists of a 
group of molecules ; 

(2) A transition stage occurs between the limits 0*01 and 
0*2, in which the average mass of the ion continually diminishes ] 

(3) When exceeds 0*2 all the ions are free electrons^ 

The behaviour of positive ions is of much less importance, 

as the stage (3) is absent and the most that can happen is the 
transition from a small group of molecules to a single atom or 
molecule. 

The dotted curve in Fig. 318 refers to a sample of air which 
had not been specially dried. The effect of a trace of water vapour, 
which is very considerable when Ejp = 1, becomes less and less 
as the force increases, and above Ejp = 20 ions move as free 
electrons in moist gases, or even in water vapour. 

Since molecular clusters are not present in gases in their normal 
state, the process of ionisation must consist in the detachment 
of one or more electrons from the molecule. Both parts then 
move freely, or act as nuclei, according to the circumstances 
already described. The nature of the ions being thus settled, 
we proceed to describe some of their properties, and some other 
means of producing them. 


216. Measurement of the coefficient of recombination. 

If there are n positive ions and n' negative ions per c.c. of a gas 
at any time, the rate at which they recombine is proportional 
to nn' . Thus 

/ dn dn' ^ , 


where the constant 6 is known as the coefficient of recomhination. 
vlf equal numbers of ions are present initially, n=:n' at all 
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subsequent times, and dnjdt = — an^. Hence n falls from to 
in time t, where 

l-L^et (28). 

n2 % 

The coefficient of recomhination can be measured as shown in 
Fig. 319. A stream of air passes down a wide tube T kept at a 
high potential by means of a battery of small accumulators. It 



is ionised at A by a beam of Eontgen rays entering through an 
aluminium window. A second tube T', fitting tightly into T, 
carries a fine gauze G at one end, and can be placed so that the 
distance d between G and a fixed point on the tube T has any 
desired value between certain limits. The ions which pass through 
come into the field of force between the tube and the electrode 
and are collected on the electrode. The charges received 
per second when d = d^, respectively are measured with an 
electrometer. 

The velocity v of the stream of air differs at different points 
of the cross-section, but in an approximate calculation the stream 
may be considered as moving with its average velocity. Its 
value can be found by observing the total amount of gas passing 
through the tube per second. Let .4 be the cross-section of the 
tube, db e the charges on the ions, and the number of ions 
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neighbourhood of the-gauze when d = d^,d^ respec- 
fjQll if all the ions which pass through the gauze are 

on ei = An^ev and = An^ev. Since the time taken 
.>X ® travelhng through the distance d, - is (d, - cL)lv, 

oqLTiation (28) gives " 

— L _ ^ ^2 ~ ^ 

^2 % V ' 

S-ubstituting for and from the above, we have 

Aev Aev __ ^ d^-d^ 

^2 ^ V ^ 

QIC t _ gj — fia 

6 — d^ ^ 3^2 

experiment it is necessary to use wide tubes and moderately 
strong ionisation ; otherwise the loss of ions will be mainly due 
to diffusion and not to recombination. The values of the 
coefficients of recombination in various gases at atmospheric 
press-are are given in the following table: 


Gas 

eje 

e 

Air 

3320 

1*58 X 10-6 

Oxygen 

3380 

1*60 X 10-6 

Hydrogen 

3000 

1*42 X 10-6 

Carbon dioxide 

3500 

1*66 X 10-6 


It is remarkable that these numbers should be so nearly equal. 

217, The photoelectric effect. In 1887 Hertz showed 
ttia^t altra-violet light facilitated the passage of a spark between 
III otallic electrodes when it fell on the negative electrode. Hollowing 
orr tliis, Hallwachs was able to show that negatively charged 
metals lost their charge on exposure to ultra-violet light, but that 
positively charged bodies did not. This experiment can be made 
very easily with an electroscope and an arc lamp. 

IFig. 320 shows a convenient laboratory method of measuring 
ttte leak under various conditions. The source of light is a zinc 
0r a^laminium spark-gap /S' in a Leyden jar circuit, with which it 
ia necessary to use at least a medium-sized induction coil. The 
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whole is placed in an earthed metal box in order to guard against 
electrostatic influence. The rays emerge through a hole in. the 
lid, and after passing through a wire grating in the plate Cq fall 



' TO CpI L 

Fig. 320 


on the zinc plate Oj. is connected to an electrometer and 
C 2 to the positive pole of a battery of small accunaulators. On 
putting on the light a deflexion of ;the electrometer is obtained, 
in a direction showing that negative electricity has left the plate 
Oi. The current through the gas can be measured by the 
deflexion, or by the compensation method described in Art. 209. 

There are several ways of showing that the leak is caused by 
ultra-violet light. The most striking is to mount the parallel- 
plate condenser on the moveable arm of a spectrometer 
and to analyse the light from the spark-gap with a quartz prism. 


As the spectrometer arm is moved round in the direction of 
increasing deviation (sQ that red, blue, violet and ultra-violet 
light fall on the aperture in succession) no deflexion is observed 
until the visible spectrum is passed and the more refrangible 
rays are reached. 

Another way is to observe the effect of placing various sub- 
stances in the path of the light. Thus a glass plate laid over the 
aperture in Fig. 320 entirely suppresses the leak, while a quartz 
plate hardly reduces it at all ; and generally all substances known 
to absorb ultra-violet light cut down the photoelectric effect, 
while substances which are transparent to it do not. 




The order of sensitiveness of the common metals is somewhat 
follows: . 

-Aluminium, zinc, magnesium, lead, copper, silver, iron! 

It must however be borne in mind that these lists give but 
i information. Ultra-violet light is a comprehensive term, and 
tdxe absolute and relative behaviour of the metals is very different 
different wave-lengths. Moreover, the state of the surface 
® a.n important factor here as well as with contact potentials. 
^ :^:inc plate is very sensitive when freshly cleaned, but the 
exions fall off quickly at first, and more slowly afterwards. 

"^^3^ many purposes all that is wanted is a copious and steady 
iix j>ply of negative ions : in these cases heterogeneous light can 
>€^ xised and is of course easier to produce. It is also generally 
foxxxid that the deflexions from a zinc plate become steadier after 
fime, and it is not advantageous in ordinary laboratory work 
to tzse a freshly cleaned surface. 

I ig. 32,1 illustrates the way in which the current between the 
pla.-tes depends on the applied electric force. The two curves 
correspond to light of different intensity. Comparing them with 
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the Eontgen ray characteristics shown in Fig. 310, two remarkable 
differences are observed. The curves for the different intensities 
are similar, and also the part corresponding to the higher forces 
is by no means horizontal. The circumstances are, in fact, 
entirely difierent. In the ultra-violet light curve there can be 
no recombination, as no positive ions are present- Diffusion must 
be operative at the lower forces: some ions diffuse back and 
become discharged by the negative plate in spite of the electric 
force. The final slope of the curve, again, seems to show that the 
number of ions actually emitted increases with, the force, at any 
rate up to a certain point. At atmospheric pressure an approach 
to saturation is reached, but at much higher forces (of the order 
of 10,000 volts per cm.). 

Nearly all substances are photoelectric to some extent : solids, 
liquids and, as Lenard showed, gases. The latter case is important, 
as the volume-effect in gases is very small in comparison with the 
effect on the metallic electrodes, and might seem to be absent 
altogether. Lenard and Eamsauer have recently made careful 
experiments on the conditions under which gases can be ionised 
by ultra-violet light. It was found impossible to avoid the photo- 
electric effect on the sides of the containing vessel altogether, so 
that there were always rather more negative than positive ions 
present. The percentage of the latter was taken as a measure 
of the volume-effect. With the longer- waved ultra-violet light 
(A > 1*8 X cm.)*, such as is transmitted by quartz, positive 
ions were obtained, but only in the presence of impurities such 
as condensible vapours or the emanations from rubber tubing. 
Extraordinary precautions were taken to remove these, and it 
was concluded that there was no volume-effect whatever in pure 
gases. On the other hand, the shorter-waved ultra-violet light 
(Schumann rays of wave-length 10-^ cm.) ionised air even when 
slightly impure. 

218. Emission of electrohs under the action of ultra- 
violet light. In the above we have implicitly adopted the 
view that under ordinary conditions the photoelectric current is 
earned exclusively by negative ions sent out by one electrode. In 
this connexion it is interesting to notice that a ^^non-conducting” 
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gas does not resist the passage of electricity when it is once in it, 
hut that the diflS.culty may be to get the ions from the metal into 
the gas. 

The phenomena here, as elsewhere, are simplest when the 
pressure is very low. In 1899 Lenard showed that the photo- 
'clectric effect in vacuo consists in the emission of electrons from the 
negative electrode. His apparatus is shown in Fig. 322. Light 



from the spark-gap S passes through the quartz plate W and 
enters a highly exhausted glass vessel, falling on the aluminium 
plate P. The aluminium disc D opposite to it is earthed, and the 
whole of the tube at the back is covered with tinfoil so as to form 
a chamber practically at zero potential. E^ are two insulated 
electrodes which can be connected to an electrometer. When P 
is kept at a negative potential of 600 volts or more a stream of 
negative ions passes through the aperture in D and falls on the 
electrode A magnetic field is then applied perpendicular to 
the plane of the paper in the space DE^E^, Two curves are 
taken off showing the electrometer deflexions at E^ and E^ for 
various currents in the coils producing the magnetic field. The 
difference in the positions of the maxima gives the current required 
to deflect the ions from E^ to Pg > knowing also the potential 
of the plate P, the values of e/m and v can be found as in Kauf- 
mann’s experiment. 

The initial velocity of the ions, though small, is quite 
appreciable. Lenard determined the maximum velocity by 
insulating the plate P and observing the positive potential to 
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wMch it would ris6 in vacuo under the action of the light. If this 
is F, then \mv^ = eV; for as long as the kinetic energy exceeds 
eV some ions will arrive on D and tend to raise the potential. 

Lenard found that e/m = 3-5 x Eecently Alberti has 

obtained the value 5*28 x lO^^. There is no doubt that the 
particles are electrons. The potential F was found to be 2*1 
volts, showing that the velocity of emission is of the order of 
10® cm. per second. The velocity is independent of the intensity 
of the light. 

Many experiments have since been made to find how the 
velocity of emission varies with the wave-length of the incident 
light. The results have not been very consistent, partly because 
the state of the surface of the metal exercises such a pronounced 
effect. Hughes distilled his metals in vacuo in order to avoid the 
formation of surface-layers as far as possible, and obtained a 
number of results, of which we select those for cadmium. 


Wave-length 
in Angstrom 
units 

-f potential F 
acquired 
in volts 

Maximum 
velocity of 
emission 

1849 

2-480 

9-36 X 10’ 

2257 

1-427 

7-08 X 10^ 

2537 

-897 

5-63 X 10’ 

2967 

-148 

2-29 X 10’ 

3126 

0 

— 

3340 

0 

— 


The velocity of emission is always greatest for the shortest 
wave-lengths. Hughes found that the relation between the 
positive potential F and the frequency n of the incident light 
was given approximately by the linear equation V =^hn— Fo . 
Expressed in terms of the kinetic energy \mv'^ = cF of the fastest 
particles, this becomes 

eY^ * . .(29). 

The values of h for the various metals are nearly equal, and do 
not differ much from 5*6 x Qn this view the emission of 

electrons ceases altogether whenm is less, than eY^jh] that is. 
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t3lxere is no photoelectric effect whatever beyond a certain wave- 
length Aq characteristic of the metal, 

219. Normal and selective photoelectric eflTect. The 

general rule is for metals to be more sensitive to short-waved 
mltra-violet light than to longer-waved or visible light. The 
measure of the sensitiveness may be taken as the photoelectric 
ejSect divided by the energy of the incident light ; and with this 
■understanding there is no exception to the above rule as long 
a,s the light is incident normally on the metal. With oblique 
incidence, however, Elster and Geitel found that rubidium had 
a, maximum in the visible spectrum. Further, the position of the 
plane of polarisation had a marked effect, the current being some- 
■fcimes much greater when the electric force was in the plane of 
incidence, and therefore had a component perpendicular to the 
sxirface {E i.), than when it was parallel to the surface (£ 1|). 

Further experiments have been made by Pohl and Pringsheim, 
in which the colour of the light was varied as well as the angle of 
incidence and the plane of polarisation. Light from a mercury 
a.rc was analysed in a special spectrometer with a glass or quartz 
prism and “achromatic” lenses of quartz and fluor-spar. It then 
fell both on a thermopile and on the metal, and a double-image 
prism was used for bringing either plane of polarisation to bear 
a.t will. Fig. 323 shows their results for a sodium-potassium alloy 
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at an angle of incidence 60°, the photoelectric seimitivtsneHs li<‘ing 
expressed in arbitrary measure. The dotted parts of the curves 
were not observed, but are conjectural extensions derived from 
the similar behaviour of other metals. 

The existence of a long-waved limit to tint photoehadric ell'ect, 
referred to in the last article, is here brought out very chairly. 
While the E || curves show a continuous rise of sensitiveiu'ss with 
decrease of wave-length, the J? JL curves for the alkali metals and 
alloys present well-marked peaks, in the following ptmifions : 


Sodium 

32(M) 

AngHtrihu tuiitn 

KNa alloy 

ca. 4000 


Potaasium 

4400 

II 

ilubidium 

4800 

#» 


This is known as the selmlim photoelectric effect, atul is regarded 
as superposed on a mnml effect consisting of a continuous rise of 
sensitiveness with frequency. Pohl and Pringsfieim <'onHi<ler that 
the two effects are independent of one another. It is (utsy to see 
how these experiments give an explanation of tlie results obtained 
by previous experimenters. Thus with normal in<-i<letiee there 
is never any cpmponent of electric force perjHmdicular to tim surface 
of the metal, and the selective effect cannot appear. 

The selective effect has all the character of a resonance pheno- 
menon. It is accompanied by high optical reflexion, so that the 
maxima become more pronounced (and the physical interjiretation 
of the results more definite) if the curves are plotted in terms of 
the absorbed instead of the iruoidmJt, energy. J’ohl and I’riiigshoim 
found that the charge liberated by the absorption of i calorie 
in the middle of the resonance region was 5 x l()~® coulombs for 
potassium, and about twice as much for sodium. While the 
selective effect is not limited to the alkali metals, there are many 
metals (e.g. mercury, lead, tin, cadmium) which do not show' it, 
at any rate above 2000 A.tr. 

220. Ionisation by collision of electrons with mole- 
cules. A remarkable change takes place in the Kttntgen ray 
characteristic curve when the electric force exceeds about 20,00<) 
volts per centimetre*. The complete curve is shown diagram- 

* In air at atmosphorio pressure with electrodes a centimetre or two apart. 



Xll] COKDTJOTIOlSr OF ELECTRICITY THROTOH QAmk 531 

^^atically in Fig. 324. The ABO part of the curve is the ordinary 
saturation curve already given. At some point 0, which cannot 
oe exactly specified as it depends on the amount of moisture present, 



^ ELECTRIC FORCE ^ 

Fig. 324 

l3lie molecular clusters begin to break up and the ions to become 
electrons. At D (10,000 volts per cm.) this process is complete. 
^^IClie current of negative electricity is then carried entirely by 
■<3l©ctrons , but there is nothing to show on the curve, since the 
<3]iarge transported is the same as before. At B, however, the 
<3xxrrent begins to rise above the saturation value, increasing be- 
yond measurable limits with further increase of the electric force. 
3Finally at F a spark passes : the gas becomes luminous and the 
<3\irrent continues to flow even after the Rontgen rays have been 
CMlt off. 

These effects can be explained by Townsend’s theory, now 
generally adopted, that the new ions arise by collision of the 
-existing ions with the molecules of the gas : first the electrons, 
then, as the sparking potential is approached, the positive 
ions also acquire the property of generating others by collision. 
'W e shall consider the former hypothesis first. The simplest 
eonditions occur when the initial ionisation is produced by ultra- 
violet light falling on a zinc plate. In a given tiine let electrons 
Tbe emitted by the plate in the field E, Assuming that they begin 
■t>o move immediately with the velocity proper to the field, let a 
Jbe the average number of ions forrned by one electron in moving 

34—2 
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througli one centimetre in the direction of the electric force. 
Then if the number of electrons reaching a plane distant x from 
the zinc plate is n, dn = andx, since all the new electrons arise from 
collisions in the length dx. By integration, n = noe“ and there- 
fore the number of electrons reaching the positive electrode is 
Woe“’*, where d is the distance between the plates. 

In carrying out the experiments it is advantageous to work 
at low pressures, as a considerable increase in the current is then 
obtained with potentials of a few hundred volts. The results of 
a typical experiment are shown in the following table; 


Air, fressure, electric force 700 volts per cm. 

a = 8-16. 


Distance d 




0-5 

0*6 

0-7 

0-8 

between plates 

0-2 

0-3 

0*4 

in cm. 








Current in 

5-12 

11-4 

, 26*7 

61 

148 

401 

1500 

arbitrary units 

5-11 

11-6 

26-1 

59 

133 

301 

680 


The increase of the current is thus accurately exponential 
over a 12 to 1 ratio, after which the law ceases to hold. The unit 
of current has been chosen in order to exhibit this most clearly. 
The consideration of the larger currents is deferred for the present ; 
meanwhile we may regard the figures as affording a satisfactory 
verification of the theory. 

The value of a may thus be found for any electric force and 
pressure, and when the values of a/p are plotted against E/p for 
any gas, all the points are found to lie on a single curve. Certain 
of these curves are shown in Fig. 325, in which p is expressed in 
millimetres of mercury and E in volts per centimetre. It follows 
that a, E and p are connected by a relation of the form 

alp=f(Elp). 

This relation is what would be. expected theoretically. For, 
as has abeady been explained in another connexion in Art. 214, 
the velocities with which the ions collide with molecTiles remain 
unaltered when E and p are changed to XE and Xp respectively. 
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The number of molecules encountered by each ion in traversing 
R distance of 1 cm. is now A times as great as before. Hence a 
becomes Aa, and ajp is unchanged. 



The general form of these curves is also what one would expect 
from theoretical considerations. For small values of few 
electrons move fast enough to ionise by collision, and ajf is small. 
As E rises remaining constant) more and more collisions result 
in ionisation. For very high velocities of the electron another 
stage sets in, in which the electron is capable of penetrating 
appreciable distances through gases after, the electric force has 
ceased to act. In 1897 Lenard showed that cathode rays, emerging 
from a thin aluminium window in a discharge tube, traverse the 
air outside the tube for a short distance and generate ions along 
their paths. This was the first clearly recognised case of ionisation 
by collision. The work that has been done on these penetrating 
rays shows that the slowest of. them ionise more molecules per 
unit length of their path than the faster ones. Hence there must 
be a certain critical speed (of the order W cm. per second) at 
which an electron has its maximum ionising power. As a general 
rule it is the lightest gases that are most easily ionised in weak 
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fields ; l)ut tfie molectdar weight of the gas is not the only deter- 
mining factor. 

221 . Average velocity required for ionisation by 
collision. The measurements of the diffusion and velocity of 
electrons in air have been carried much further than is described 
in Art. 215. Some of the results are shown in the following table : 


-E/p 

20 

40 

60 

80 

100 

vjW 

VjW 

55 

0-9 

.8-5 

85 

1-5 

10-6 

115 

2-0 

12*3 

140 

2-4 

13-8 

160 

2-7 

14-5 


The velocities of agitation V in the last row are calculated from 
the formula imV^ = kad. Since v is approaching V it is clear 
that the limits of application of the theory are being reached, and 
the above numbers can only be approximately correct. In view 
of this fact it is not worth while to correct the formulae for the 
ions produced by collision, although it is not difficult to do so. 
The error is not so great as might be supposed, since the new ions, 
like the old ones, are most numerous in the centre of the field and 
scarce in the outer regions. Thus the velocity of agitation of 
the electrons for Ejp = 300, when ions are produced freely by 
collision, is probably of the order 3 x lO® cm. per second, which 
suggests that this is about the average velocity required to ionise 
a molecule by collision. A more accurate estimate can be obtained 
as follows. 

For the sake of simplicity let us assume that ionisation takes 
place at every collision when the velocity of the electron exceeds 
a certain definite value Vq, and that the velocities of agitation of 
the electrons are distributed according to Maxwell’s law*. Thus 
the fraction of the total time during which the velocity of a 
particular electron lies between F and F -H dV is 

f(7)dV = XV^e-i^^‘dV, 

* Jeans, JDyTutMiccLl The/Ory of Oases, pp. 11—28. To take all the velocities 
of agitation equal would, of course, lead to an absurd conclusion in this case. 
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where A and are certain constants. They have to he chosen 
so that 


/•GO 

J^f(V)dv=^i, imVKf(r)dr = 


hW, 


where, to avoid confusion, W is written for a9, the kinetic energy 
of a molecule at ordinary temperatures, , This gives 

A-l(^)*. ...iE 




ihW' 


Consider the collisions which occur while an electron drifts through 
1 cm. in the direction of the electric force. The total time taken 
is 1/v, where v as usual denotes the velocity under the electric 
force, and the time during which it is moving on a free path with 
a velocity intermediate between 7 and V ^ dV is f{V)dV/v. 
Since the average time between collisions is Z/7, where I is the mean 
free path, the number of collisions occurring with velocities between 
7 and 7 + c?7 is V f {V) dVjlv, The number of collisions with 

velocities exceeding is therefore ~ f Vf(V)dr. But this, 

by hypothesis, is equal to a. Hence 


lav 


yOO 

= F/(F) 

Vo 


dV 


J Vo 

Carrying out the integration and substituting for A its value in 
terms of jm, we have 

.(30). 

Since all the quantities except Vq in this equation are known, the 
value of Vq can be found by trial. Taking Ejp = 40, I = -03/^, 
a = *019 j?, V — 1*5 X IC^ and h = 86, we find [jl = 1*34 x 10~^®. 
Equation (30) then gives = 2*9 x 10®. This is the velocity 
that would be acquired by an electron in falling freely through 
a difference of potential of about 25 volts. It does not, however, 
follow that ions are never produced with smaller velocities. Thus 
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Lenard found evidence of ionisation by collision for potentials of 
about 10 volts, corresponding to a velocity of 2 x 10^ cm. per 
second. This may be taken as the practical lower limit. 

222. Ionisation by positive ions. The theory of Art. 220 
can be extended to allow for the efiect of positive ions. Take 
cc = 0 as negative electrode, a? = as 
positive electrode. Let be the dx 

number of electrons emitted by the ^ 

negative electrode per second, n the 
number arriving at the positive elec- 
trode, and jp, q the numbers produced ^ ^ 

by collision on either side of the plane ^ 

X, as shown. Then n = nQ + p + q. 

In one second nQ + p electrons pass ^ 
the plane x from left to right, and q , , 

positive ions from right to left. If ^ 
is the number of electrons produced Fig. 326 

by a positive ion in travelling a dis- 
tance of 1 cm. in the direction of the electric force, 

dp = (9^Q + p) adx + q^dx, 

since each represents the number of electrons generated per second 
in the strip dx. Hence 

§ = (Wo + v) (a - ^) + 


; K "+ y) - (a - /S) {^0 + P) = np. 


The integrating factor is Hence 

where A is an arbitrary constant. When x — 0, p = 0, so that 
A = nQ + n^f{a — jS). When x = d, p = n. Making these 
substitutions, we have 




(a - j8) e'o-w-* 
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^ = 0 this reduces to n = noe^, as before. Although 
produced by a positive ion in moving through a 

current is very great at the larger 
ances. his is shown in the following table, which is a com- 
I^Aetion of that in Art. 220. 

Air, 4 mm. pressure, electric force 700 volts per cm. 


Distance d 
Uetween plates 
in cm. 

0-2 

0-3 

0-4 

0-5 

0*6 

0-7 

0.8 

Ourrent in arbi- 
trary units 

5-12 

11*4 

26-7 

61 

148 

401 

1500 

eO‘d 

(ot - s) 

5-11 

11-6 

261 

69 

133 

301 

680 

a - /3e<“-(3)d 

5-11 

11-6 

26-5 

62 

149 

399 

1544 


Xhe theory has been verified* by this and many similar experi- 
ments. Like a/p, ^jp is a function of Ejp only, shown for certain 
g:a,ses by the curves. Fig. 327, which may be advantageously 



■ pa— 


-0 

•0 



EIp 
Fig. 327 

*•' Seven currents are, in effect, accurately accounted for by the adjustment 
nf three constants n^, a, 8, , 
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. with the curves giving ajp in terms of Elf (Fig. 325)_ 
compared ^ and heavy gases is very well marked 

The difference bet ^- 1 ,^ positive ion under these 

here, as ° ^ . atom of the gas, and the heavier ions 

forces IS probably _ experiments therefore, as far as they 
move y^ygion of the absence of anything of the nature 

go, support the ^ ionising power of a positive ion 

^ same field; but this 

is much less *an • i^ ^o much smaller. We shall .see 

is only because ^ 7 radioactive substances, which is a 

later that ^ with a velocity of the order 2 x 10<^ . 

« 

lr«veISiig at any afliateyer. ^ . 

223 Theory of the eparUng potential. The equation 
223. me y ponieouence. If d is su(?h that 

( 30 ) has one important consequem^c. -r 

the “t:lraa dlted'eSl oS:; 

plates approaol. “ “ Ig "7o.'Z!: 

happens when > ‘Pf ,he unilorm held betwea. 

theory the sparking distance a, mi ui 

two parallel-plate electrodes, is given by 


, logg a - logej 
«=- • 


.(32). 


Since some ions are constantly being produced in a gas under 
normal conditions, it is easy to see how a spark can take place m 
the absence of external radiation. The above theory has ee 
verified experimentally. Since a and ^ are known in terms of the 
electric force and the pressure, the plates can be set at a distance 
apart given by equation (32), and the least potential V required 
to produce a spark found by trial. It may then be compared 
with the value Ed which would be predicted by theory The 
results of some experiments on air are given in the following 

tahle: 




^rh.e above numbers also exempbfy a remarkable law, first 

Rue and. Muller in 1880, tbat tbe sparking 
potential is a function of tbe product pd of pressure and sparking 
distance only. Thus F is practically tbe same when p == 4 and ' 
r/ = .454 as it is when = 2 and d = -910. In order to prove this 
theoretically, put a = pf (E/p) and ^ = p^ {E/p) in equation (32). ' 
1 xieaa since E ^ V I the equation becomes 



wlxich involves V and pd only. 

The curves connecting V and pd for certain gases are given in 
BTg-. 328. 

-All the curves have much the same shape: the potential 
liooomes infinite when pd is either very small or very large, and 
a minimpm value somewhere between. The minimum 
Hf>^XixMng potentials (in volts) for the various gases are approxi- 
I3:ia:,t:ely as follows: 


Carbon dioxide 

470 

Nitrogen 

290 

Sulphur dioxide 

455 

Hydrogen . . . 

275 

Oxygen 

455 

Argon 

230 

Air 

340 

Helium 

155 


Iiol air the minimum occurs when pd == 0*5, corresponding to a 
sjpaxking distance at atmospheric pressure of 1/150 mm. The 
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sparking potentials at atmospheric pressure would therefore 
normally be much above the minimum. There is still some 
uncertainty as to the exact values, but a rough rule is to allow 



30,000 volts to the centimetre for all distances above 1mm. 
For values of pd below 0*5 there is a tendency for the discharge 
to choose a longer path round the back of the electrodes in prefer- 
ence to the straight path between them, since the potential in 
the latter case exceeds that in the former. In Carr’s experiments 
this was prevented by embedding the electrodes in ebonite. 

Another precaution is necessary in measuring sparking poten- 
tials, which is readily explained by the theory. Although, as 
has been said, a discharge takes place when the applied potential 
is equal to the sparking potential, it does not follow that it will do 
so at once, because the few ions present may not be favourably 
placed for multiplying themselves by collision. As much as a 
quarter of an hour may elapse if the applied potential is only a 
volt or so above the sparking potential. The “lag” is much 
reduced when care is taken to ionise the gas slightly during the 
experinieht, most conveniently by allowing ultra-violet light to 
fall on the negative electrode, and consistent observations may then 
be made without waste of time. This is no doubt the true 
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Observation (Art. 217), which led to the 
very of the photoelectric effect. 

chaf^wZ^® similarity theorem. An electric dis- 

cienlv bi . started, goes on by itself as long as a suffi- 

reSd ^ f electrodes. The potential 

from fii 1 f .greater, for example, in brush discharges 

forTbo b f discharges between parallel plates 

for the higher values of pd. The current itself main Jns the suppty 

continuance. Nevertheless, it is 
are^^P^f comprehensive theory, because there 

are several processes of ionisation at work, and their relative 
eihcacy is uncertain. Thus it is generally held that the cathode 
acLi^*S '^y impact of positive ions which have 

mTlt Hittorf dark space. Positive ions 

ay therefore liberate electrons from the negative electrode as 
well as from the molecules of the gas. This effect is negligible at 
the higher pressures, because the sparking potential has been 
a most universally found to be independent of the material of 

e electrodes ; but it is certain that it comes into play at verv 
low pressures. ^ 

The larger the linear dimensions of an apparatus, the lower 
e pressure required to exhibit a particular phenomenon. These 
and siinilar results are covered by a general theorem, due to Holm 
on discharges in geometricaUy similar systems. For the sake of 
defimteness we shall consider two discharge tubes D^, (Fig. 329) 
made of the same materials and fiUed with the same gas. Let 
the linear dimensions be in the'ratio 1 to k, the pressures in the 



Nig. 329 

inverse ratio to 1. “Corresponding times” will be taken to be 
the times of describing a free path; that is, times in the ratio 1 
to k. We shall suppose that at a particular time the distribution 
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and movement* of the ions in the tubes are precisely similar, 
but that the total numbers are in the ratio 1 to h. Then the electric 
force jE'i = at any point becomes == TcejjTc^r-^ in the second 
system, so that E^ = E-^jh , These correlations, together with some 
others easily deduced from them, are given here for reference : 



A 


Linear dimensions 

d 

M 

Pressure ... 

p 

pik 

Free path of an ion 

1 

kf 

Time 

't 

Jet 

Charge in corresponding regions 

e 

lee 

No. of ions per c.c. 

n 

njJc^ 

Electric force 

E 

EjJe 

Potential at corresponding points 

V 

7 


The velocity acquired by an ion during a free path I is propor- 
tional to El, and therefore invariant. It follows that the equality 
of the distribution of velocities is unchanged until the next collision, 
and the velocities on collision are the same in the two cases ; that 
is, for N ions colliding with velocities in the range {v^, Vy, v^), 

+ Vy + dvy, Vg + dv^) in the first tube hN do so in the 
second. Corresponding stages are however only reached in corre- 
sponding times. Since the distribution of velocities on collision 
is the same, the effect of the collisions is also the same : the same 
fraction is deviated through a given angle and the same fraction 
of collisions results in ionisation. It follows that if the distribution 
of ions in the two tubes is similar at times t, kt respectively, it will 
be so at times t + dt, k {t + dt), and therefore at all subsequent 
corresponding times. Diffusion, velocity under the electric force 
and ionisation by collision of both kinds are hereby taken into 
account. 

This conclusion still holds in the presence of the electrodes 
and the walls of the tube. Consider the former. The number of 
positive ions, say, colliding with unit area of the cathodes 0^, 
per second are in the ratio n:^/F = /c2:l. Hence the total 
numbers colliding per second are equal, and, the numbers of ions 

* There are no special assumptions here as to equality of free paths, velocities 
of agitation or otherwise. What is meant is that, at corresponding points, the 
fraction of the ions with velocities between {v,, Vy, and (v, + dv,, Vy + dvy^ 
% + dvg) is the same in both cases. 
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^isappearing from the gas in corresponding times are in the 
roper ratio 1 to J). Again, if any cathode rays are generated 
eir numbers are in the same ratio, since the velocities of 
mpact of the positive ions on the cathode are the same in the 
two cases. The effect of the walls of the tube is similar. In 
corresponding times corresponding numbers of ions collide with 
equal velocities, and the effect both in loss of ions and in distur- 
bance of the electric field by the charge is the same. 

' considerations suffice to show that, if the state of affairs 

m the first tube is a permanent one,, that in the second tube is 
«dso . The potential difference V required to send a current i 
t,firough a discharge tube must be of the form F = ^ (i, n, d), 
Where d represents the linear dimensions and (f> depends on 'the 
ape only. It follows from the above that F is the same as 
long as i and the product j>d remain unaltered. Hence the 
relation must be of the form 

V=f{i,pd) (33) 

i ri the two variables i, fd. When i = 0, F is the sparking potential, 
a.tid we recover de la Rue and Muller’s law. 

The theory does not include the effect of Rontgen rays produced 
in the tube, unless their ionising power varies inversely as the 
etquare of the distance. Though there is some evidence for this 
1 -b does not seem safe to rely on it in general. Nor is recombination 
miowed for. Nevertheless, it seems probable that, if equal currents 
were sent through two similar discharge tubes at pressures inversely 
proportional to their linear dimensions, the potentials would be 
t,ne same and the distributions of light exactly similar. 

225. Positive rays. We have seen (Art. 204) that at low 
j>reHSures the glow nearest to the cathode in a discharge tube 
tends to spread out, and when the discharge potential is of the 
ortiei of 10,000 volts it may extend to a distance of 2 cm. or so 
from the cathode. If the cathode is perforated the glow is seen 
f 1,1 so on the far side, taking the form of parallel streams of red or 
orange light. These rays were first observed by Goldstein in 
1 886, and called by him canal rays ; but since, as we shall see 

*** If not, tho permanent states are approached in corresponding times. 

■# 
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presently, they contain a proportion of positively charged particles 
moving with a high velocity, they are more appropriately called 
positive rays. 

The magnetic deflexion of these rays is certainly small in 
comparison with that of the cathode rays ; but in 1898 W. Wien 
succeeded in deflecting them by both electric and magnetic forces. 
His apparatus, which has been used with slight modifications by 
all subsequent. observers, is shown in Fig. 330. The rays, after 



passing through the perforated iron cathode (7, fall on a glass 
plate P which fluoresces at the point of impact, so that the 
deflexions may be easily observed. An electric field can be applied 
between the pair of plates and a magnetic field in the same 

direction between the poles of a large electro-magnet. In order 
to screen the discharge tube from the direct action of the electro- 
magnet it is necessary to surround the tube with an iron cylinder 
/S, as shown in the figure. 

For simplicity suppose that the electric and magnetic fields 
are uniform over the whole distance I from the cathode to the plate 
P, and consider the effect on a charged particle moving with 

cE 

velocity v. The electric deflexion is ^ and the magnetic 

cvH 

deflexion, supposed small, is I perpendicular direction, 

where t = IJv is the time occupied by the free flight of the particle* 
Calling these deflexions x and y respectively, we have 

ePP 



2mv^ 


iki 



(34) 
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and 


Eliminating v. 


we have 


^ ' 2Ec^- 

Hence all particles having a definite value of e/m lie on a parabola.! 

deflexion is, caeteris pwrihus, inversely proportional to 

^ o!i W 4p°se that the 

positive rays are the positive ions generated in the discharge 

move past the cathode with a high velocity. In 
tins case no particle can have a 

kinetic energy greater than eV, ^ 

wiiere F is the discharge poten- ■ 

tial; hence there is a definite I ' 

inferior limit to the electric de- 2 

flexion, and the points correspond- ^ z' 

ing to the different velocities ^ / 

should be spread over a parabolic - / 

•arc, as shown in Kg. 331. z / 

All experiments on electric and ^ ' 

magnetic deflexion agree in giving ^ 

values of e/m of the order IQii, ' ^ 

eorresponding to that of a charged ELECTRIC DEFLEXION 

atom or molecule, and velocities Kg. 33i 

of the order lO^ cm. per second; 

are not so simple as is represented above. 
J. lius there is always an undeflected central spot, and no gap 
Oct ween it and the deflected curve, nor do the curves usually 
ixtuch resemble parabolas. This may he explained by supposing 
tiiat some of the particles become discharged between the cathode 
»iad the fluorescent screen, and thus experience less than the 
rtormal deflexion. A complete explanation was found by Wien 
in 1908, namely that a stream of positive rays, as it advances, 
toiids towards a limiting state in which the ratio of charged to 
nncharged particles is constant : thus a beam originally charged 
Oecomes partially discharged, and a beam from which the charged 
jjiirticles have been removed acquires charges in some way from 
t lxo molecules with which they collide. 


35 
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It is obvious, therefore, that the normal parabolas can only 
be obtained when the pressure in the space behind the cathode 
is so low that very few collisions occur there. The pressure in the 
main tube must at the same time be high enough to allow the 
discharge to pass with ease ; but no separation of the charabers is 
possible since the rays cannot pass through even the thinnest 
membranes. Wien solved the difficulty by having a long capillary 
tube between the discharge tube and the tube in which the 
properties of the rays are examined. The latter is kept very 
highly exhausted, and gas is continually supplied to the discharge 
tube by a second fine capillary to make up the loss of gas by 
diffusion. 

Using these methods von Dechend and Hammer were able to 
obtain parabolic bands like that shown in Fig. 331. In hydrogen 
the strongest band corresponds to a hydrogen atom with a single 
positive charge {ejm = 2*9 x 10^^), and the kinetic energy of the 
least deflected particles is that which would be acquired in falling 
through the whole discharge potential. Evidence was also 
obtained of charged hydrogen molecules (H 2 +) and of singly 
and doubly charged carbon atoms (C +, 0 + +), the latter arising 
from impurities present in the tube. The work of von Dechend 
and Hammer has been extended 
by Sir J. J. Thomson, who has 
devised a method of deciding 
whether the charge is single or 
multiple, and thus determining 
the atomic weight of the cor- 
responding particle quite un- 
equivocally. This will be under- 
stood by reference to Fig. 332, 
which shows (diagrammatically) 
two curves obtained with oxy- 
gen in the discharge tube. Here 
0 is the undeflected spot, 1 a parabohc arc corresponding to mje = 16 
in terms of the hydrogen atom. The thick part of the curve is 
no doubt caused by singly charged oxygen atoms : it has, however, 
a thinner prolongation extending to exactly half its distance from 
the vertical through 0. This must be due to particles with 
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l:metic energy up to twice the normal amount; that is, to oxygen 
""^hich originally carried a double charge, but have lost one 
•ot them after passing the cathode. This view is confirmed by the 
^.ppearance, on aU plates showing the beaded parabola 1, of a 
«urve 2 corresponding to m/e = 8, which is caused by atoms 
winch have retained their double charge throughout. 

The behaviour of positive electricity in gases at low pressures 
us contrasts strikingly with that of negative electricity. Here 
«/m never approaches the value 5 x 10^^ obtained for the cathode 
i^ays. There is, on the contrary, good reason to believe that the 
carrier is always an atom or molecule of a gas or impurity present 
the tube. In this connexion we may mention Stark’s interesting 
<aiscovery of the “Doppler effect”; that is, that some of tke 
spectral lines of the luminosity excited by the positive rays, 
when viewed end on, appear to be displaced towards the violet 
•or red*, according as the spectroscope is placed so that the rays 
s-pproach it or recede horn it. This confirms the conclusion that 
■fciie carriers of the positive current are at least atoms. 

The above researches suggest that positive ions may be con- 
stantly getting charged and discharged as they travel in an electric 
field in ordinary experiments. But even if this is so it would 
not affect the developments of Art. 222, as there would always 
"be a certain average number of electrons produced per centi- 
imetre of the path, of the particle. 

226. Emission of ions by incandescent solids. The 

l*©ak of negative electricity from an incandescent metal has already 
T3een mentioned in Art. 179. It is found that the presence of gas, 
j>€irticularly hydrogen, complicates matters, the simplest results 
■being obtained in a high vacuum. The unilateral nature of the 
<iischarge in high vacua was first clearly proved by Elster and 
<jreitel in 1885. It is found that very few ions escape , when the ’ 
"temperature is below 500® C., but the number rises rapidly with 
increase of temperature, and at 1200® C. an ordinary wire will 
^ive a current capable of deflecting a moving-coil galvanometer. 

It is important to determine the value of e/m for the carriers 
of the negative current, so as to find out what they are. This 

* Or more aoourately doubled, since there is always a line in the original position. 

' 36—2 
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was first done by Sir J. J. Tbomson in 1899. He found 
2*6 X 10^^ wMcb, tbougli low, is sufficient to show 
particles are electrons. 

Welmelt found that the emission of electrons was much iiK"* 
by coating the metal with calcium oxide or some similar 44 

and introduced the cathode bearing his name. A Braun-A^ ii 



tube, which affords the most generally convenient way of 
strating the properties of moving electrons, is shown in 2 

There is an important difference between this and an orcliii 
Braun’s tube, in that the supply of electrons has no longer t-i 
maintained by the impact of swift positive ions on the cat lit 
The high potential required for the discharge at low presBiirt* 
no longer necessary, and a battery of 250 small accumttlfi 
suffices for most purposes. The Wehnelt cathode 0 is a Bt ri § 
platinum heated to redness by means of a subsidiary battesr V #, j 
carrying a small spot of calcium oxide. The stream of t 

passes through a small hole in the centre of the anode and pr« »« 1 1 
a blue glow in the slight amount of gas remaining in thic^ 1 1 
which marks its path very clearly. An electric defiexioii 1 
be obtained by means of the small condenser PxP^, a 
deflexion by a suitably placed coil, or pair of coils. Trai 4 B|t»i 
squared paper or fabric should be used as backing for the f I tits 
cent screen 8, so that the movement of the spot of light xt %-m % 
followed. In this way it is easy to make a rough determ I 

* In Coolidge’s Rontgen ray bulb the supply of electrons is likewise I i * t ^ 
by means of an incandescent cathode, and heavy currents can be passed m » 1 1 
dangerous heating. 
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2i of iiiain circuit must contain a resistance 

may flo^ 

the cn!?^^ electricity may escape from incandescent metals, but 
the carriers of the current are never of less than atomic mass. 

liffht on facts are particularly interesting in throwing 

that the of file electric arc. It is generaUy agreed 

^ e!!tte w ffio incandeLnt 

+hf ®footrode, emitting streams of electrons which fall on 
the positive electrode and keep it also very hot. No arc can be 

■wfl w A ^ cathode, although, as we have seen, arcs with 

Toetwe possible. The only difference 

between an arc and a Wehnelt cathode discharge is that in the 

atter case the cathode is heated by an external agency, and in 
the former case by the impact of positive ions from the gas or 
positive electrode. The transition from one type of discharge to 
the other is well illustrated by an experiment described by Sir 
• fliomson. If the resistance R in Pig. 333 is not too large, 
the electromotive force F gradually increased, a time comes 
when the cathode becomes hotter by the impact of the residual 
positive ions in the gas, and the current rises from a small value 
to an ampere or so. At this stage the current used to heat the 
eathode may be cut off and the main current will maintain itself, 
the cathode remaining hot. The discharge is then indistinguish- 
ai.hle from an arc. 

227. Theory of the diffraction of RiJntgen rays by 
crystals. We have now to consider in greater detail the diffrac- 
tion phenomena mentioned in Art. 207. They are analogous to 
the effects produced when light falls on a diffraction grating: 
t>ut whereas in the latter case the dimensions of the grating are 
known beforehand, here both the structure of the crystal and the 
ixature of the incident “hght” have to be foimd from the observa- 
tions. It is essential to bear in mind the two problems involved. 

To illustrate this more clearly. take the case of a simple cubical 
itnay of identical atoms; that is, one which is such that axes 
<.ia.n be chosen so that there is an atom at each of the points 
i, S'®) ^®)) where a is a constant: length and p, g", t are positive 
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or negative integers. Let a plane wave of Rontgen rays of wave- 
length A pass through the crystal in the direction (Z, m, n) referred 
to these axes. The rays are scattered in all directions by the 
atoms, and subsequently interfere. Consider the effect produced 
in the direction {l\ n'). Let 0, A, B, G be four consecutive 

atoms, 0 being taken as origin. Since the projection of OA on 
the normal to the wave-front is 
la, the wave reaches ^ at a time 
lajc after it reaches 0, c being 
the velocity of light. By similar c 
reasoning it follows that a scat- 
tered ray from A in the direction 
(Z', m', n') is in advance of one 
from 0 by the amount Vajc ; hence 
the total phase-difference between 
the two rays after scattering is 
(Z' — Z) ajc. The directions of ap- ^ A 

preciable intensity of the scattered Bg. 334 

beam are those for which the 

phase-differences between rays scattered by 0, A, B, (7 differ by 
integral multiples of the periodic time A/c of the waves. Hence 
we have (Z' — Z) ajc = h^Xjc, or 

, A1 


fyi' — on 

a 


n' ~ n^Ti^ 


where are integers. Solving for V, n', squaring and 

adding, we have ’ 


^ (V + V + V) + 2 {\l + \m -\- h^n) = 0, (38), 

since l'^ + ^ 1, This last equation is 

important, as it shows that A can only have one of a certain set 
of values. If A has not one of these values no spot is formed^ 
and if it has the direction {V, m',n') is then given uniquely by 
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will no-,^^ Hence even a heterogeneous heam of Rontqen rays 

a diagram of discrete points. ~ 

^ _ the rays fall normally on a crystal plate, 1 = m = 0 and 
- ts so that 


n 


V ■ 


a ’ 


Hence 


V_ 

h 


f ^2^ 

m = — , 
a 

m' _ 1 

Ifls^ 


1 + 


AoA 


showing that there are simple numerical relations to be found 
)o the direction-cosines corresponding to the various spots, 

tl . . following theorem applies to any crystal whatever. From 
■ u. 1 cgu ar arrangement of atoms in a crystal, it is clear that many 
planes can be found contain- 
iiig large numbers of atoms. 

A cleavage plane is one such. 

If ()A (Fig. 335) is one of 
these planes, another will be 
found parallel to it at a per- 
pc^iuliciilar distance d (say). 

The atoms in the second plane 
lire not in general precisely 
behind those in the first; they 
may be sheared over through 
a distance a as shown in the 
figure. Let Eontgen rays fall 
ol)H((uely on the plane OA, 
and consider only the waves diffracted at an angle equal to the 
angles of incidence i*. The condition of equality of phase from 0 
and A. is then satisfied identically. Proceeding as before, we find, 
for the condition of reinforcement of waves from 0 and B, 

d sin d-i-'acosd dainff- a cos 6 A 

— ^ 1 = n-. 



Fig. 335 


or 26? sin 0 = nA (39), 

li being an integer. Since a has disappeared, we see that the 
shearing over of the atoms in the second plane is immaterial. 

* As the angle of incidence is generally nearer 90° than 0° it is more convenieni 
to um instead the glancing angle ^ = Jtt - i. 


552 OOKDUCTIOlSr OB’ electbicity thrqxjgh gases [oh. 

228. Analysis of crystal structure by Rontgen rays. 

The Laue diagrams were first used to determine the structure 
of crystals by W. L. Bragg. He found the deductions of the 
last article entirely verified for potassium chloride, and concluded 
that the diffracting centres were in simple cubical array. The 
behaviour of analogous crystals, such as sodium chloride and 
potassium bromide, showed that this is accidental, probably 
because the atomic weights of potassium and chlorine are so 
nearly equal. We shall not, however, follow out his reasoning, 
as a more powerful method of examining crystal structure has 
since been devised, and is de- 
scribed below. The structure 
adopted for all these crystals is 
shown in Fig. 336, in which 
the black spots represent (say) 
sodium atoms and the white 
spots chlorine atoms. The com- 
plete set of spots form what is 
called a simple cubical array: 
the black spots only, or the 
white spots only, a “ face- 
centred lattice” of cubes with 
a point at the centre of each 
face. It will be quickest to assume this provisionally and verify 
the consequences afterwards. 

The most effective method of examining the structure of 
crystals is one devised by W. H. Bragg, depending on equation 
(39). The spectral composition of the incident rays is examined 
at the same time. The beam of Rontgen rays from the bulb B 
(Fig. 337) is narrowed and made nearly parallel by two slits 

S 2 in thick lead sheets. The crystal K is mounted on the 
central table of a spectrometer, and the diffracted beam passes 
through a third slit into an ionisation chamber occupying 
the position of the telescope in an ordinary spectrometer. 
A sensitive electroscope is required to measure the weak ionisation 
current. 

Observations of the strength of the diffracted pencil are made 
for different angles 9, setting a face of the crystal so as to make the 
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same angle with both pencils. In this way the various wave 
lengths are examined in succession (though they overlap to some 
extent), and any spectral line in the original beam will stand out 
as a peak in the curve. In their earliest experiments W. H. and 



!• 33f 
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W. L. Bragg used a bulb with a platinum target. The top curve 
in Fig. 338 was taken from a cleavage plane of rock-salt. In 
general, the intensity falls off as 9 increases ; but there are certain 
angles at which the intensity of the diffracted pencil is abnormally 
great. They undoubtedly correspond to three rays of definite 
wave-length emitted by the platinum target, the peaks 
forming the first order spectrum and the peaks .dg, Bg, Cg the 
second. For after applying certain small angular corrections the 
peaks were found to occur at angles IF 33' and 23° 39', 

and a third peak B^ was found at 36° 39'. The sines of these 
angles are 0*200, 0*401 and 0*597, which are very nearly in the 
ratio 1:2:3. 

Important as this discovery is, we shall at present consider 
it only as an aid to determining crystal structure, regarding the 
peaks as convenient landmarks. For the sake of brevity, a plane 
of atoms parallel to the plane lx + my + == 0, with any con- 

venient axes, will be called an {Jmn) plane. The curves for the 
three principal planes (100), (010), (001) of rock-salt were found 
to be identical. This is to be expected since the distance between 
successive planes of atoms is in each case equal to the side a of 
the elementary cube. Now consider the curve for the (111) 
planes. This is given in the lower half of Fig. 338. One such 
plane is the plane ABC in Fig. 336. The parallel plane PQR, 
at a distance aj^/^ from it, contains only black atoms, and we 
have to move through a distance before coming across 

an equivalent plane. Hence the relation of corresponding peaks 
in the curves for the planes (100) and (111) should, if this 
model is correct, be given by a sin = 2a sin or 

sin 61QQ = 1*15 sin 9^^. The result of experiments on the B peak 
is sin 0100 = 1*16 sin Additional support is given by observa- 

tions of the (110) planes, which show that sin 0^00 = 0*718 sin 0iio^ 
while theory gives the ratio 1/^/2 == 0*707. 

It is obvious, therefore, that we have a method of finding the 
structure of simple crystals, and of checking the accuracy of any 
proposed model of a more comphcated crystal. In simple cases 
the evidence is very clear : thus a simple cubical array (potassium 
chloride) possesses the ratio 1/V3 == 0*57 for sin 0ioo/sin 0iii instead 
of the ratio 2/^3 mentioned above. 
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When the structure of a crystal is known, the absolute dimen-' 
sions of the lattice formed by corresponding atoms can be found. 
Consider the case of rock-salt. The mass of a sodium atom 
is 3*77 X 10 gm., and that of a chlorine atom 5*82 x gm. 
If a is the side of the elementary cube in Fig. 336, the number 
of atoms of either kind in 1 c.c. of crystal is 1/2^^^^ Hence the 
mass of 1 c.c. of the crystal is 4*8/102%^ Equating this to the 
known density 2*15 we have a = 2*81 x 10“® cm. For potassium 
chloride, adopting the same structure (black spots == potassium 
atoms, white spots == chlorine atoms) we find a 3*14 x 10“® cm. 
The peculiar circumstance of the black and white spots being 
practically identical as regards diffracting power has been referred 
to already. The atoms of the two constituents of sodium chloride 
are not so nearly equal : but even there there is a remarkable 
weakening of the odd order spectra in the (111) curves, which 
the reader who wishes to trace the effect of the transition from 
inequality to equality will find significant. 


229. High-frequency spectra of the elements. The 

wave-lengths corresponding to the various platinum peaks may 
now be determined, since the constants of the crystal structure 
are known. W. H. Bragg found that the B and C peaks were really 
double, so that there are at least five homogeneous radiations from 
a platinum target in a Rontgen ray bulb. Accurate experiments 
showed that the mean B peak in Fig. 338 corresponds to an angle 
9 — 11° 18'. Hence X — 2a sm 6 = 1*10 x 10“® cm. 


In view of the complete analogy 
rays and light, these rays must be 
regarded as forming part of the 
spectrum of platinum. Other high- 
frequency* spectra are examined by 
changing the material of the target. 
Fig. 339 shows part of the spectrum 
of palladium. It is remarkable for 
the smallness of the continuous spec- 
trum, nearly all the energy being 
concentrated into two peaks, one of 
which is much stronger than the 


existing between Rbntgen 



Eig. 339 
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other. The wave-lengths are about 5*10 x 10“^ and 5*76 x 10“® cm. 
Several other elements were also examined. 

Bragg’s work was carried further by Moseley, who examined 
the high-frequency spectra of most of the elements between 
aluminium and gold, within a certain range of wave-length. The 
method used resembled the preceding, except that photographic 
registration was employed throughout. The spectral lines fall 
naturally into two sets, called the K and L sets respectively*. 
Of these the K set has the shorter wave-length, and is given out 
freely by the lighter elements. It consists of two lines 
of which is the stronger. The wave-lengths are shown in the 
following table : 


Element 

10“X 

Rydberg’s 
number R 



Aluminium 

, 7-892 

8-343 

15 

Sihcon 

6-712 

7-124 

16 

Chlorine 

— 

4-738 

19 

Potassium 

3-454 

3-750 

21 

Calcium 

3-086 

3-360 

22 

Titanium 

2-518 

2-751 

24 

Vanadium 

2-291 

2*513 

25 

Chromium 

2-088 

2-295 

26 

Manganese 

1-813 

2-206 

27 

Iron 

1-761 

1-941 

28 

Cobalt 

1-625 

1-794 

29 

Nickel 

1-501 

1-658 

30 

Copper 

1-398 

1-545 

31 

Zinc 

1-303 

1-441 

32 

Yttrium 

— 

0-836 

41 

Zirconium 

— 

0-792 

42 

Niobium 

— 

0-748 

43 

Molybdenum 

— 

0-719 

44 

Ruthenium 

— 

0-636 

46 

Palladium 

— 

0-583 

48 • 

Silver 


0-559 

49 


The numbers in the last column require some explanation. 
From considerations of a different kind Rydberg had previously 

* The existence of homogeneous rays in general, and of the K and L sets in 
particular, was first shown by Barkla before the discovery of the diffraction pheno- 
mena, by considering the law of absorption of the rays in metals. The method is, 
however, not suited for distinguishing between rays of nearly equal wave-lengths! 




Xn] CONDUCTION OS' 


ELEOTBICITX THROUGH OASES 567 

been led to arrange the elements in order and assign a definite 
ordinal number R to each. The order is not exactly that of the 
atomic weights, but it is that of the chemical properties in the 
periodic law. Moseley found that these ordinals were applicable 
to the high-frequency spectra, and further that the wave-length 
A of any particular line (say K^) was connected with the ordinal 
by a relation of the form 

a 

(R-h)^’ 

where a and h are the same for all the elements. This is clearly 
shown by plotting R against the square root of the oscillation fre- 
quency V = c/A, as is done in Fig. 340. For the series we have 

a = 1-057 X 10~®, 6 = 3-5, and for the series a = 1-213 x 10“^ 

6 = 3. ’ 

The remarkable relation between the 6’s, pointed out by 
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Rydberg, can be paralleled in ordinary series spectra. These 
regularities have not yet been completely worked out. The L 
spectra are more complicated, and only the line of greatest wave- 
length is shown in the figure. 

The preceding results show the use of high-frequency spectra 
in settling the position of elements in the periodic table. The 
spectroscopic evidence is much simpler than that given by ordinary 
spectra. Two or more substances can be examined together, as 
the spectra are simply superposed. This is strikingly illustrated 
by brass, which shows the spectra of zinc and copper, or by 
potassium chloride, which simply shows the lines of potassium 
and chlorine. The spectra therefore originate well within the 
atom, and are in no way affected by the arrangement of atoms i 

in a molecule, or other aggregations. 

The L radiations of the elements of high atomic weight 
continue the series shown in Fig. 340, but the jS^ radiations are 
difficult to excite on account of the large voltage required. 

230. Production and properties of homogeneous Hbnt- 
gen radiation. The rays from an ordinary Rontgen ray bulb, as 
Fig. 338 shows, are of two kinds : .a heterogeneous radiation and 
the homogeneous waves of known frequency. At this stage it is : 

desirable that we should form some idea as to their origin. Both « 

are disturbances in the ether set up by the impact of the cathode 
ray particles on the target. Some of these swiftly moving electrons 
will come so near to the centre of one of the atoms of the metal 
as to receive a violent acceleration and emit an ether wave. 

From each electron we have thus one or more irregular pulses, 
or disturbances of short period, lasting until the electron is finally 
f^he obstacle. At the same time, the atom of the 
target receives some shock or other, which may set its own interior 
electrons into vibration with definite frequencies characteristic 
of the metal only. This would account for the homogeneous ^ 

radiation. 

The effect of the heterogeneity of an ordinary beam of Rontgen 
rays is to give a comphcated law of absorption in metals : the 
softest rays probably never emerge from the bulb at all. Homo- 
geneous rays, however, are absorbed according to an exponential , 
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law ; that is, if the ionising power of the original beam is repre- 
sented by i't sinks to / == after the rays have traversed 

a metal sheet of thickness cZ. The ahsoT^tiou coefficients A, are 
much greater for heavy than for light metals : they become more 
comparable when divided by the density p. Pig. 341 gives the 
values of Ajp for aluminium, copper and platinum over a certain 



range of wave-lengths. The numbers are only very approximate, 
and the shape of the dotted parts of the curves somewhat 
uncertain*. 

As a general rule long waves are more easily absorbed than 
short ones. The intensity of the very soft K radiation from 
calcium, for example, is reduced to one-half after traversing a 
thickness of 1/160 mm. of aluminium, while 1 mm. is required for 
the K radiation of silver. The increase of absorption with wave- 
length, however, is by no means universal, being set back whenever 
the wave-length becomes equal to that of a characteristic radiation 
of the absorbing body. This is illustrated by the copper curve 
in Fig. 341. Since the wave-length of the line of copper is 
1*56 X 10“® cm., we see that the metal is exceptionally opaque 

* The curves are plotted from the observations of Barkla and Sadler, in which 
the only test of homogeneity is the exponential law of absorption. The K radia- 
tion is here identified with itfii strongest line 
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to rays slightly shorter than those of its own high-frequency 
radiations. 

The anomalous behaviour of platinum is similarly caused by 
its L radiation ; but it is not so well-defined, since the radiation 
is more complex. Aluminium would behave in the same way if 
its natural wave-length was not so much longer. It is, of course, 
the inequality in the absorption in different substances that 
makes Eontgen ray photography possible : we now see that the 
amount of contrast attainable depends very much on the wave- 
length. 

*The question of the energy relations of cathode and Eontgen 
rays is, both theoretically and practically, very important. The 
quahty of the rays, as we have seen, depends on the degree of \ 

exhaustion of the bulb as well as the material of the target. The 
higher the pressure the softer, in general, the radiation. The 
most striking fact, however, is that a certain definite velocity of 
the cathode rays is required to produce Eontgen rays of a given 
frequency. Using the exponential test of homogeneity, Beatty 
found that the cathode particles must have a velocity of 
6*25 X 10^ cm. per second, or a kinetic energy of 1*76 x 10"^ ergs, 
to excite the K radiation of copper. The minimum energy is 
greater for smaller wave-lengths. It is, for example, difficult to 
excite the K radiations of elements higher than tin or silver, on i 

account of the high discharge pot,ential required. i 

We have now to consider the effects produced when Eontgen 
rays faU qn matter. Sagnac was the first to show that an electro- 
scope, screened from the direct action of a beam of Eontgen rays, 
might be rapidly discharged by placing a plate of a solid substance i 

in the path of the beam near it. The plate sends out what may be ! 

called secondary Eontgen rays. Fig. 342 shows a simple apparatus 
for measuring the ionisation produced by them. The primary 
rays from the bulb pass upwards through a hole in the containing i 

lead box, and fall on the plate R, (r is a portable gauze cylinder ^ 

containing a central rod connected to an electrometer, and 
sufficient potential V is applied to the cylinder to produce saturation 
between it and the rod. Wires leading to the electrometer should 
be screened as far as possible by passing them down the centre ^ 

of metallic tubes connected, to earth. Ui^der these circumstances 
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the only ions reaching the electrometer are those generated 
inside the cylinder. Positive ions generated outside are repelled 







Kg. 342 


by the gauze : negative ions, if attracted within the gauze, are 
then repelled by the central rod and fail to reach the electrometer. 
With an ordinary Rontgen ray bulb the greatest effect is generally 
obtained from zinc or copper radiators— less from either light 
elements like aluminium or heavy elements like silver. 

The conditions under which secondary rays are produced have 
been carefully examined by Barkla. He found that the rays from 
substances of low atomic weight, such as air, water or carbon, 
have the same penetrating power as the primary rays, and con- 
cluded that they are merely the primary rays scattered. This 
could be verified by using, say, a bulb with a palladium target 
and seeing whether the palladium lines occurred in the secondary 
spectrum. Prom what we know now it is exceedingly likely that 
the characteristic radiation of the obstacle would also be present, 
though probably weak, and certainly very much absorbed by 
the air. Por, with somewhat heavier elements such as zinc or 
copper, Barkla showed that most of the secondary rays were 
homogeneous and characteristic of the radiator ; and de Broglie 
has found the corresponding spectral lines by analysis with a 
crystal of rock-salt. 

We thus have the important result that an element may be 
made to yield its characteristic high-frequency spectrum either by 
the impact of swift electrons or under the action of Rontgen rays. 
This is paralleled by t^e various methods of exciting ordinary 
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spectra. Barkla showed that a characteristic radiation could 
only be excited by rays of higher penetrating power, i.e. shorter 
wave-length. For example, the K radiation of zinc falling on a 
copper plate is capable of exciting that of copper, but not vice 
versa. 

231. Emission of electrons under the action of Rontgen 
rays. Several experiments show that Kdntgen rays, like ultra- 
violet hght, cause negative electricity to be emitted from metals 
on which they fall. Thus Benoist and Hurmuzescu, in their 
original communication, state that a negatively charged body is 
discharged more rapidly by Eontgen rays than a positively charged 
body. In their experiments the rays fell on the body. Curie 
and Sagnac afterwards showed that a metal plate in vacuo becomes 
positively charged under the action of Eontgen rays, and Dorn 
showed that rays are emitted which are deflected by a magnet. 
Although the value of ejm has never been measured, there is no 
reason to doubt that the rays consist of electrons. Their velocity 
of projection, as deduced from Dorn’s experiments, is then of the 
order 5 x 10^ cm, per second. Such rays are really cathode rays, 
and we should expect them to penetrate some distance in atmo- 
spheric air and to produce considerable ionisation. Perrin, in 
fact, found a very considerable increase in the ionisation of a 
beam of Eontgen rays, over and above that arising from direct 
action on the air, when the rays fell on the electrodes as in Fig. 309. 
Townsend measured the saturation current for different distances 
between the plates. If a represents the ionisation due to the 
electrons ejected from one or both electrodes, and h that due to 
the primary and secondary Eontgen radiations per unit length, 
the saturation current for a distance x should be i = a + hx^ 
provided that x exceeds the limit of penetration of the electrons. 
The curve connecting i and x was actually found to be a straight 
hne for values of x exceeding 5 mm., which gives roughly the 
distance traversed by the electrons before they lose the power 
of causing ionisation. 

The velocity of ejection of the electrons does not vary much, 
if at all, with the intensity of the rays. Innes, working with 
heterogeneous rays, showed that , the velocity was greater for 




XII] COKDUOTION OF ELECTRICITY THROUGH GASES 563 

hard rays than for soft ones, and Whiddingtbn, by a somewhat 
mdirect method, concluded that the velocity did not differ much, 
if at all, from that of the cathode rays in the original Eontgen 
ray bulb. These are very significant facts, to which we shall 
return later (Art. 258). Eecent experiments by Eobinson and 
Eawhnson show that there are usually two or more sets of electrons 
with different velocities. Thus when the Z radiation of nickel 
fell on iron three strong bands occurred on the photographic 
plate as well as some weak ones, the maximum velocities in the 
three sets being 4-7, 5-9 and 6-4 x 10» cm. per second respectively. 
It is interesting to notice that at least four bands would be expected 
on the simple hypothesis that Eontgen rays of definite wave- 
length communicate a definite amount of energy to the electrons ; 
for the Zi and radiations of nickel almost certainly excite the 
corresponding iron radiations, which liberate electrons before 
leaving the metal. The experiments, which are not yet com. 

pleted, promise to give valuable information on this and other 
points. 

The above facts have an important bearing on the ordinary 
ionisation of gases by Eontgen rays. There is every reason to 
believe that the electrons ejected from the molecules of a gas have 
velocities of the same order as that given above ; hence the mair) 
part of the ionisation is due, not to the rays themselves, but to 
the ejected electrons moving with a velocity sufficient to ionise 
by collision. Striking evidence of the accuracy of this view (due 
to W. H. Bragg) will be presented in the next article. 

232. Condensation of water- vapour round gaseous 
ions. Observations which would now be interpreted in this 
sense were made by Coulier in 1875. Commenting on the known 
fact that clouds appear when air saturated with water-vapour 
is suddenly expanded, Couher stated that the explanation then 
current of precipitation of water-vapour by the lowering of tem- 
perature was not altogether tenable, because the formation of 
clouds ceased after the expansion had been performed several 
times with the same air. This he showed to be due to the settling 
of the dust in the mr, which forms nuclei on which water- vapour 
can condense. But clouds could be formed in the absence of dust 

36—2 
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provided that the air was ozonised, or exposed for a short time to 
a red-hot platinum wire. Later Richarz, using a steam jet^ 
showed that Rontgen rays are equally effective. 

The conditions under which clouds are formed have been 
examined very carefully by C. T. R. WilsoUj, whose most recent 
form of apparatus is shown in Kg- 343. The expansion is pi’O- 
duced in the space S between two glass plates. The upper one 
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Fig. 343 


forms the ceiling of the cylindrical glass vessel A ; the lower one 
P is fixed on the top of a thin- walled brass cylinder so as to form 
a moveable plunger. It dips into a little water resting on the 
floor F of the outer vessel, which is covered on the top with a layer 
of indiarubber. In working the apparatus, the pressure of the 
air below the plunger is first adjusted by means of the taps 1\, 
of which one. goes to the air and the other to an air-pump, until 
the volume of S has an assigned value v -^ . and are then closed 
and the large vessel C exhausted. On pulling off the valve B 
the pressure below P is suddenly reduced : the plunger falls and 
becomes tightly jammed against the indiarubber floor. The 
volume V 2 of S in the new position is known, and thus we can 
produce at will a sudden expansion of the air with a given expan- 
sion-ratio v^jv^. The hollow wooden cylinder shown in section 
at WW serves to reduce the volume of the ‘'dead space'’ below P. 
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The results of Wilson’s experiments are as follows. No cloud 
expansion in dust-free air as long as VgM is less than 
1'25. Between 1*25 and 1-38 there is a thin cloud, and when 
v^/vi exceeds 1-38 dense clouds are always formed. The latter 
seems a clear case of condensation without extraneous nuclei. 
Negative ions from Rontgen rays produce dense clouds when 
V%hi exceeds 1*28; with positive ions very few drops appear 
until is equal to 1-31, and dense clouds are not obtained 
until v^jvi has the value 1-35. It is obvious, therefore, that the 
method allows of very considerable control, which is useful in 
what follows. 

The above apparatus is that used by Wilson in his recent 
experiments for making visible the paths of ionising particles in 
gases. Its particular advantage is that the motion of the air in 
the expansion chamber is in the same direction at all points, and 
disturbing eddy currents are avoided. Wilson had a falling ball 
device which first created the expansion, then sent a flash through 
the Rontgen ray bulb, and finally illuminated the cloud thus 
formed for the short time necessary to take a photograph. In 
this case the gas is supersaturated before the rays pass, and the 
ions have very little time in which to move before they are immo- 
bilised by the condensation. A vertical electric field applied to 
S serves to remove the charged drops after they are done with | 
a difference of potential of 4 volts has no observable effect on th4 
photographs. It was found that a layer of gelatine on either 
plate made sufficient electrical contact, while remaining trans- 
parent. The expansion ratio was generally about 1*34. 

Wilson’s experiments give strong support to some of the 
conclusions already arrived at by other methods, and there is 
much interesting information to be gained from them. Fig. 344 
shows the ionisation due to a narrow beam of Rontgen rays. As 
far as can be seen, the ions all lie on curled tracks representing 
the paths of high-speed electrons emitted from the molecules of 
the gas (Art. 231), and there is no general ionisation other than 
this. This agrees with Bragg’s view that the greater part of the 
ionisation is due to these liigh-speed electrons. With ordinary 
(heterogeneous) Rontgen rays the length of path is of the order 
of 1 cm., and the total number of ions generated by one electron 
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is of the order of 1000. The increase of ionisation as the electron 
slows down, referred to in Art. 220, is shown by the greater distinct- 
ness of the cloud near the end of most of the tracks. At the same 
time .the tracks become more curled, showing that the power 
of the electron to penetrate through the gas without deflexion 
diminishes as the velocity grows less. 

Fig. 345 shows the passage of Eontgen rays through a thin 
sheet of copper: Sufflcient supersaturation to produce a cloud was 
not obtained in the immediate neighbourhood of the sheet, as 
its temperature does not fall as rapidly as that of the air. The 
figure shows clearly the absorption of the rays by the sheet, the 
emission of large numbers of electrons from it, and the general 
ionisation produced by the secondary rays. Most of these latter 
tracks are short, and due probably to the characteristic radiation 
of copper ; one or two, which are longer, must arise from harder 
radiation scattered by the metal. 
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CHAPTER XIII 


KADIOACTIVITY 

233. Discovery of radioactivity. In 1896 H. Becquerel 
observed that crystals of the double sulphate of uranium and 
potassium, K(U 0 )S 04 . HgO, gave a well-marked impression on 
a photographic plate after a day’s exposure, when the plate was 
entirely screened from the light by wrapping it in two thicknesses 
of black paper. This was at first attributed to the fluorescence 
of the crystals ; but it was afterwards found that the action took 
place equally well when the crystals were kept for a long time in 
darkness, and moreover that this was a general property of all 
uranium salts, fluorescent or not. The most strongly fluorescent 
non-uranium salts give no effect whatever. Becquerel found 
that the determining factor was the amount of uranium present, 
and that pure uranium was more active, weight for weight, than 
any of its compounds. The effect still takes place when a thin 
sheet of glass is interposed between the metal and the photo- 
graphic plate to cut off possible vapours rising from the uranium. 
Thick objects, such as coins, cast shadows on the plate, but the 
radiations pass easily through thin sheets of light substances, 
such as aluminium or mica. 

Becquerel also found that uranium and its compounds would 
discharge an electroscope when brought near it. This electrical 
effect can be examined by any of the methods used in the 
conduction of electricity through gases. Fig. 346 shows the 
simplest form of apparatus. The active matter is spread in a thin 
layer on the lower plate G 2 of a parallel-plate condenser, giving 
rise to a steady current through the gas, which rises with the 
applied electromotive force and tends towards a saturation value. 
This saturation current, as determined by the rate at which the 
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spot of light moves over the electrometer scale, is taken as a 
measure of the activity of the substance. It is important to 



notice that the current is not undirectional, as in the photo- 
electric efEect, but similar to that produced by weak Eontgen 
rays. 

In accurate work it is desirable to abandon the simple method 
of observing the rate of deflexion, and to measure the charge 
acquired by the insulated system in a given time. Since the 
rays cannot be conveniently put on and off, a special electrometer 
hey has to be used, such as that shown in Fig. 347. Here Pj and 



Pg are two insulated brass pieces contained in the earthed cylin- 
drical case (7, so that by moving the handle Pg can be connected 
either to earth or to the electrometer at will, and without disturbing 
the charges on the insulated system. Sensitive electroscopes 
have also been used extensively for measuring weak ionisations. 

The electric actioi^ like the photographic, can be produced 
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across tMn sheets of matter, but is much reduced by thick ones. 
The absorption of the radiations by the active substance itself 
may also become serious. Using very thin layers, however, 
McCoy found that the activity of uranium salts is accurately 
proportional to the amount of uranium present, as shown in the 
following table : 


Salt 

, 

Activity of 
unit mass 

Percentage of 
uranium present 

Ratio 

Uranium oxide UaOg 

16*69 

84*9 

■197 

Uranium oxalate 

11*59 

57*6 

•201 

Ammonium uranate 

14*95 

74*4 

•201 


This atomic property is of the utmost importance. The activity 
of a thin layer depends only on the number of uranium atoms 
present, and is entirely independent of their state of chemical 
combination. Moreover, physical influences, such as ordinary 
changes of temperature, daylight and darkness, are without effect. 
Mme Curie measured the activity of uranium electrically over 
an interval of three years, and found it. constant within the limits 
of experimental error, and certainly within 1 per cent. 

In 1898 G. C. Schmidt found that thorium and its compounds 
had properties similar to those of uranium; and at the same 
time Mme Curie was engaged in examining a large number of 
substances in order to find whether any of them behaved in the 
same way. The sensitiveness of her apparatus was such that 
an activity of one-hundredth of that of uranium could have been 
detected ; but no effect was found with substances not containing 
uranium or thorium.^ Certain uranium w/inerals, however, were 
found to be abnormally active, in apparent disagreement with 
the atomic law. Thus while the activity of a layer of uranium 
was represented by 2*3 (unit lO-^ ampere), that of a similar 
layer of chalcolite, a crystallised phosphate of copper and uranium^ 
was 5*2. An artificial chalcoUte, prepared from the pure com- 
ponents, had an activity of about 1, corresponding to the amount 
of uranium present ; from which Mme Curie concluded that the 
most active minerals, such as pitchblende, qarnotite and chalcolite 
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e their activity to an nnknown but very potent element present 
m very small quantities, probably so small as to escape detection 
y or inary mea,ns. By subjecting the mineral to a regular 
c ernica analysis it should be possible to separate out the unknown 
u 8 ance together with some element to which it is chemically 
thus obtain preparations of much greater activity 
tnan that of uranium. These conclusions were entirely justified, 

K- to extract from pitchblende 

y active preparation of bismuth, which they regarded as 
containing a new element called jpohnium. Later, in coUaboration 
mth Bemont, they obtained a second element called radium, 
chemically allied to barium. This time it was found possible to 
separate the radium from the barium, on account of a slight 
difference in solubility of the chlorides, and obtain the pure salts 
of the new element. Polonium has not been separated in a 
weigLable quantity. 

Radium has an atomic weight of about 226 and a characteristic 
spectrum of lines not belonging to any other element. Its activity 
is very great, and its physical properties exceedingly striking 
(see following article). About 5 kilograms of pitchblende are 
required to yield 1 milligram of radium, and the price of radium 
is correspondingly high. The most that has ever been coUected 
together at one time is a little over 1 gram, which was used by 
Honigschmid in his determination of the atomic weight. The 
term radium ’ is often used to denote the amount of radium 
present in a radium salt*; for it is not convenient to use the 
pure metal which is difficult to prepare and undergoes chemical 
change when exposed to the atmosphere. There is no doubt that 
the radioactivity of a radium salt is due entirely to the radium 
contained in it. , . 


234. The three types of radiation. It was recognised 
very early, in connexion with uranium, that the radiation could 
not all be of one quality. Thus while the strength of the photo- 
graphic image is hardly altered when a sheet of aluminium ^ mm. 
thick is placed over an xmcovered uranium compound, the electrical 

* One gram of radium chloride contains 0*761 grams of radium, one gram of , 
radium bromide 0*686 grants. 
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action is much reduced. We shall now describe experiments 
which show that in all probabihty three distinct kinds of rays 
are emitted by radioactive substances. 

The simplest type of activity is that of polonium. It gives 
rise to a brilliant fluorescence on a screen of zinc sulphide, which 
is resolved by a magnifying glass into countless scintillations, 
or bright flashes of short duration : but the luminosity falls off 
abruptly at a distance of 4 cm. from the active surface, and nothing 
whatever is visible beyond that distance. This, as Mme Curie 
first pointed out, suggests a type of radiation consisting of particles 
projected with a high velocity, and only capable of penetrating 
a distance of 4 cm. in air. But until more definite evidence of 
this has been obtained we shall use the non-committal term of 
a rays. The a rays penetrate only to very short distances in 
solid substances. Thus when a sheet of aluminium -02 mm. 
thick is placed over the active layer the fluorescence ceases, as 
abruptly as before, 1 cm. away from the layer. A sheet of thick- 
ness *03 mm. suffices to cut off the rays altogether. With a zinc 
sulphide screen on glass it is very curious to see a brilliant fluores- 
cence when the zinc sulphide side is presented to the polonium 
plate, and none at all when the glass side is presented. 

The behaviour of radium is more complicated*. There is 
always a residual fluorescence which is visible at 10 cm. or so 
from the source, and which is produced through considerable 
thicknesses of aluminium. These more penetrating rays are best 
observed on a screen of barium platinocyanide mounted on 
cardboard, which cuts off the a rays. The residual radiation is 
profoundly affected by a magnetic field of the order of 2000 units. 
To show this place the radium between the poles , of a small electro- 
magnet, and fix the screen horizontally about 1cm. above the 
radium. On exciting the electromagnet part of the fluorescence 
is spread out into a bright band at right angles to the magnetic 
field, as shown in Big. 348, and its direction changes with that of 
the magnetic field. These magnetically deviable rays are called 
^ rays. An examination of the figure shows that they behave like 

* Most of the experiments can be carried out with i mg. of radium bromide, 
contained in a capsule with a thin mica cover, to let through the a rays. The 
greater the quantity of radium, the easier it is to deinonstrate its effects.' 
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negatively charged particles emitted by the radium, with velocities 
extending over a large range. We shall see later that they are 
electrons. 


Ffe/d ofP 


Field oh H 


Bright band of tight 


Rig. 348 


Most of the ^ rays will pass through \ mm. of aluminium. 
As the thickness of the absorbing sheet increases they are cut off 
more and more, beginning with the most deviable rays, until 
finally only a faint undeflected spot remains. The rays coming 
through 5 mm. of aluminium or 1| mm. of lead are no longer 
appreciably affected by a magnetic field. It is probable, therefore, 
that there is a third type of radiation, very penetrating and not 
deflected by a magnetic field. These rays are called y rays. 
They produce visible fluorescence through 4 mm. of lead ; with 
care their electrical effect can be detected through 8 or 10 centi- 
metres. 

The a rays produce intense ionisation close up to the active 
body. This is illustrated by Eutherford’s experiments, showing 
the effect of placing thin sheets of aluminium over a layer of 
uranium oxide (Fig. 349). Here the ionisation falls rapidly until 
a thickness of -02 mm. is reached, after which further sheets 
produce a comparatively small effect. The complexity of the 
radiation was first shown in this way, before the discovery of the 
magnetic deflexion of the rays. The difference between the 

and y rays can similarly be shown with sheets of lead, about 
2 millimetres being required to cu^i off the former. 

It is difficult to give exact data as to the fraction of the total 
ionisation to be ascribed to each kind of ray, since that depends 
very much on the size of the ionisation chamber and the thickness 
of the layer of active matter. With a thin layer of radium, and 
plates 5 cm. or so ajjart, the ionisation due to the a rays may be 
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100 times that due to the ^ rays, and that of the y rays 100 times 
as small again. A thick layer tends to absorb its own a rays and 



Fig. 349 

give greater prominence to the j8 and y rays. The y rays produce 
comparatively little ionisation per unit volume ; but they will travel 
almost any distance, and to measure them it is advantageous to use 
a large ionisation chamber. The photographic effect of a uranium 
compound seems to be largely due to the rays emitted by it. 

It must be admitted that the evidence of complexity furnished 
by absorption measurements is not as clear as it might be. In 
particular the y rays might well be very fast jS rays, which would 
be. but little affected by a magnet and would also have high 
penetrating power. Nevertheless, the correctness of the classi- 
fication has been proved by other experiments, which will be 
described later, and which have settled definitely the nature of 
the three kinds of rays. 

In the following pages we shall give a short account of the 
radioactivity of radium. For the properties of uranium and 
thorium, and of actinium, a radioactive element separated from 
pitchblende by Debieme, reference may bejnade to Mme Curie, 
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Tmite de RadioacUvite, or Rutherford, Radioactive Substances 
and their Radiations. 

235. Radioactive transformations. The accepted theor 7 
of radioactivity is that it consists in a disintegration of the atoms 
of the radioactive substance itself. These atoms are not abso- 
lutely stable, but there are always some of them in the act of 
breaking up, with the emission of a or ;8 rays. (The y rays, being 
as we shall see waves in the ether, have not here the same impor- 
tance.) The result is an internal redistribution of some kind 
within the atom, in which it changes all its physical and chemical 
properties. The new substance thus formed may itself be 
unstable, and break up with the formation of a third substance, 
and so on. » 

The most precise form of this theory is that given by Ruther- 
ford and Soddy in 1902. They assume that if there are P atoms 
of a radioactive substance present at any time, the number 
breaking up per second is AP, where A is a constant called the 
decay constant of the substance. Thus for a single substance 
decaying by itself we have dP = - XPdt, which gives on inte- 
gration 

P = Poe-« .....(1), 

Po being the number of atoms present at time « = 0. This law 
is found to be satisfied accurately by polonium, for which 
A = 5-9 X 10-8. Instead of the decay constant A we may use 
the half -value ^period, or time T required for the activity to fall 
to half its original value. Then from (1) we have 

,^_log,2 0-693 

A 

For polonium T = 136 days. 

On the above theory the amount of a radioactive substance, 
when left to itself, is constantly diminishing, and if it appears 
to be constant it is only because the loss is inappreciable in 
the interval of time over which the observations extend. This is 
the case with uranium, thorium and radium. The example of 
polonium, whose activity largely disappears in the course of a 
year, is to be regarded as typical, and the behaviour of the very 
long-lived elements as ^exceptional. 
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We stall now consider the matkematical theory of more than 
one transformation. The simplest case is that of a radioactive 
substance A generated at a constant rate, say AqPo, by a sub- 
stance of very slow decay. Let P be the number of atoms of A 
present at time t, its decay constant. In time dt, \Podt atoms 
are produced by the primary substance, and X^Pdt disappear by 
decay. Hence 

dP/dt = X^Po-XiP (2). 

Integrating, we have 

p = Oe-^^f+h^, 

where (7 is a constant. If no atoms of A are present at time 
i = 0, (7 = -AoPo/Ai, and 

P = (3). 

After a sufficient length of time the term becomes negligible, 
and we have 

P — ^0-^0 
” Ai ‘ 

It follows that a steady state is ultimately reached, in which the 
loss of the substance A by decay is exactly counterbalanced by 
the gain from the source. This is known as radioactive equilibrium. 
The quicker the decay of the substance A, the less the amount of it 
present in the equihbrium state, and the less also the time required 
to attain it, as equation (3) shows. The theory can be extended to 
cover the case of any number of successive products. , If P, 

P, . . . are the numbers of atoms of the various products present 
at time t, and Aj, Ag, Ag,. . . their decay constants, we have 

dPjdt = AqPq — A^P, 
dQJdt = A^P — AgQ, 
dRjdt^X<^Q —AgP, 


In the equilibrium state the differential coefficients on the left 
vanish, and we have 

= \ Q ~ AgP = . . . = AqPq (4). 

The numbers of atoms of the different substances are therefore 
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proportional to their half-value periods— a result which has an 
important hearing on the amounts of various radioactive elements 
to he expected in minerals. 

The following theory will he useful to us later in discussing 
the active deposit of radium.” Let there he three substances 
A, B, C of decay constants A producing B and B 

producing C; and initially let all the matter he of one kind A. 
It IS required to find the numbers of atoms of A, B, C present 
at all subsequent times. The equations are 

dP/dt = — AjP, 
dQjdt ~ Xj^P — X2Q) 
dR/dt = X^Q - A3P. 

These equations can he integrated in succession, the first giving 
P, the second then giving Q, and the third R. Adjusting the con- 
stants of integration so that P = (^ = J? = 0 at time t = 0, 

we find 


P = Poe”'^!’^ 

\ p 

^1^2’P 0 

(A] — A2) (Aj — Ag) (Ag ~ Ag) 


\ 

^..( 5 ). 


X {(A2 Ag) e (Aj Ag) 


The numbers of atoms of - 4 , P, 0 breaking up per second are 
AgQ, AgP respectively; hence if each substance in decaying 
emitted rays of the same quality the activity would be represented 
by AjP + A2^ + A3P. This, however, is not the case, and one 
of the products may not emit any rays of the type considered. 
The activity at any time is represented by k^P + ^2$ + 
where h^, are constants depending on the size and shape 
of the apparatus and the kind of rays that are being observed. 
For large values of t the activity is proportional to where 
A is the least of the quantities A^, Ag, Ag ; hence the law of decay 
of the activity is ultimately that of the slowest of the separate 
constituents. 


236. Radium and its emanation. Although radium itself 
is a substance of very slow decay, it can be seen from its behaviour. 

p. E. * ' 37 
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that it has short-lived products. For example, pure radium on 
preparation emits only a rays, together with weak ^ rays. At 
the end of a month the a ray activity has quadrupled, the ^ ray 
activity increased fifty-fold, and in addition there is a strong 
y ray activity. Henceforth the activity remains very nearly 
constant, though it continues to increase slightly for years. The 
problem of finding how many products there are, and their relation 
to one another, will occupy us in this and the next articles. 

The following experiment shows that radium is constantly 
giving ofi a radioactive gas, called the radium emanation. A vessel 
R (Fig. 350), closed by a tap Ti, 
contains a solution of a radium salt. 

Another vessel, communicating with 
it through a U-tube S, contains a 
zinc sulphide screen Z, which 
fluoresces whenever a rays fall on 
it. The tap is first closed and 
the remainder of the apparatus ex- 
hausted with a pump, and the 
radium solution is then boiled. On 
opening the tap a bright fluor- 
escence immediately appears on the 
screen Z. Since this takes place 
equally well when the vessel R is 
surrounded by thick lead screens, 

it caimot be due to any direct action of the rays emitted by the 
radium. Nor is it due to the passage of ionised gases from the 
radium chamber to that containing the fluorescent screen: for 
it is not stopped by filling the space G with cotton-wool, which 
would remove all the ions from the stream. But the luminosity 
is stopped by immersing the tube S in liquid air, either before or 
after opening the tap T^. These facts point to the emission of 
a radioactive gas, which is hquefied at the temperature of liquid 
air. A great increase in the luminosity occurs when the right- 
hand tube itself is immersed in liquid air, as the liquid emanation 
then collects at the bottom of the tube. 

The gas given off from radium solutions does not consist of 
the pure emanation, but chiefly of hydrogen and oxygen, arising 
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from the action of radium on water. Helium and carb^ i- .-j 

•are also present. After removal of these impurities a sm^;^ f 

•of pure emanation is left, which may be condensed bj- ^ amomi 
it above mercury into a fine capiUary tube. In this Pimping 
has been collected to determine its physical and chemical 
Tbe volume obtained is never more than a fraction of ^^^cuMc 
millimetre at atmospheric pressure ; but most of its +• 

oan be examined without isolating a weighable quarr-^^^^Qf 
since its presence is everywhere indicated by its inte^Uge radio- 
active effect. Like radium, the emanation has a cha,^^acteristic 
spectrum of lines belonging to no other element. It helonffs to 
the argon group of inert gases, and is the heaviest known. 

Its atomic weight has been found by density measurejnente to 
he about 223, on the assumption that the molecule is Oionatomic 
Pure radium emanation, contained in a sealed tube, emits at 
first only a rays, the ^ and y ray activity appearing in -fche course 
of a few hours. There is thus evidence of the existence of further 
•transformation products, which, as we shall see, are solid and 
fieposited on the walls of the tube. In order to find -fc]a.e decay 
of the emanation itself it is necessary to extract a knowrn. fraction 
of the gas at intervals, and measure its activity either immediately 
or at a definite time after removal. For convenience of handling, 
■fche emanation is kept mixed with air in a small resox"voir over 
mercury. In this way it has been found to diminish, in time 
according to an exponential law, with a half-value period of 
3-85 days ; a number which is probably correct to about 1 part 
in 1000. The corresponding decay constant is 2-085 x 10-®. 

The volume of emanation in equilibrium with one gram of 
- radium is about 0-60 cubic millimetres at 0° C. and. 760 mm. 
pressure. From this it is possible to find the half- value period 
of radium itself. For the above volume contains 1-63 x lO^® 
atoms of emanation, and it is in equilibrium with 2-71 x lO®’- 
atoms of radium. Using the equation = A^Pi, artd. putting 
= 2-086 X 10“®, we have = 1-25 x 10“^^. The half-value 
period of radium is therefore about 1760 years. 

It is very important to decide whether the emauation is 
produced directly by radium, or whether there is ano'tjher trans- 
formation product ii^ between. The method of solving such. 

• 37 — 2 
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problcnis is as follows. It is known tkat the equilibrium amount 
of emanation can be collected from radium regularly at intervals 
of one month, which, as equation (3) shows, is to be expected if 
radium changes directly into the emanation ; the rate of growth 
would be much slower if a product of long life intervened. The 
same method of reasoning has been applied in other cases to 
prove that one substance could not be the direct parent of another. 

In 1903 Eamsay and Soddy made the important discovery 
that helium is continually being produced by radium emanation. 
When purified emanation is pumped into a small vacuum tube 
and allowed to decay in situ, its spectrum grows gradually fainter, 
while the helium spectrum appears and becomes gradually more 
and more distinct. This fact has an important bearing on the 
nature of the a rays (see Art. 239). 


237. Radium A, radium B, radium C. It was discovered 
by P. and Mme Curie in 1899 that substances left for some time 
in the presence of uncovered radium salts acquire a temporary 
activity, which largely disappears in the course of a few hours. 
The same is true of the walls of a vessel that has contained radium 
emanation. This was at first called “induced radioactivity” ; 
but since the activity is, under similar circumstances, the same 
for all non-porous substances, it can hardly be due to any secondary 
action on the substance itself. Further, the activity is confined 
to a very thin layer on the surface, which can be removed by 
friction. The most natural explanation is that there is a radio- 
active substance deposited on the surface of the body. The 
active deposit, as it is called, is only produced in places accessible 
to the emanation : thus its formation can be prevented by blowing- 
away the emanation with a current of air as it rises, or by enclosing 
the radium in an air-tight case, even if the walls are thin enough 
to let through all the three kinds of rays. On the other hand, 
active deposits can be formed at great distances from the source 
by blowing a stream of emanation down a long tube. The view 
adopted by Kutherford, to whom the explanation of these effects 
is chiefl.y due, is that radium emanation, in decaying, gives rise 
to products which are solid at ordinary temperatures, and are 
therefore deposited on the walls of the 
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It IS found that while the activity of exposed wires is very 
much reduced m the course of 12 hours, it does not actually vanish, 
ut there is always a residue which persists for many years. It is 
thus convenient to distinguish between the actwe deposit of quich 
demy and the active deposit of slow demy. The activity of the 
latter, wbeh never constitutes more than one-thousandth part 
of the whole, IS considered separately in the next article, and 
what follows refers to the active deposit of quick decay. 

If a wire is exposed for a few seconds in the presence of radium 
emanation and then removed, its activity falls off as shown in 
hig. 351, curve I representing the a ray activity and curve II that 



Kg. 361 

due to the j8 and y rays together. It is clear from this that the 
active deposit of quick decay is itself complex. A full account 
of the experiments necessary to disentangle the various products, 
and to assign to each its proper radiation, would occupy too 
much space ; but we may form some idea of these as follows. 

The deposit, just after a short exposure, consists almost entirely 
of the first transformation product of the emanation, which we 
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may call radium A. Now initially the a ray activity falls according 
to an exponential law, with a half-value period of three minutes. 
It is therefore probable that radium A emits a rays and has a 
period of about three minutes ; and curve II shows that it has at 
most a very weak p ray activity. For large values of t all the 
activity curves tend to the exponential form, with a half- value 
period of 26-7 minutes ; which gives the period of the product of 
slowest decay (not necessarily the last product of the series). 
It is obviously useless to attempt to separate any of the inter- 
mediate products by chemical means, for even if once prepared 
they will not remain pure, but are constantly changing into other 
substances. Hence if any pure product is obtained it must be 
the last product of the series. By dipping a copper or nickel 
plate into a solution of the active deposit von Lerch obtained a 
deposit which decayed accurately according to an exponential 
law, with a half-value period of 19*5 minutes. 

These facts are most simply explained by supposing that there 
are three successive products in the active deposit of quick decay 
— radium A with half- value period 3 minutes, radium B with 
period 26*7 minutes, and radium C with period 19*6 minutes. 
The corresponding decay constants are *00385, *000433 and *000593 
respectively. The evidence from the activity curves can be used 
to test this assumption and to find what rays are given off by the 
different products in decaying. For example, the curve I of 
Fig. 351 can be represented fairly accurately by the equation 

loop -f 12*3P 

y = p ^ 

where P, R are taken from equation (5), Art. 235, and X^, X^ 
have the values given above. Since good agreement can be 
obtained by putting in the formula \P Tc^Q h^R, 

it is probable that radium B emits no a rays. Indirect evidence 
of this kind must be accepted with caution ; its cogency depends 
very much on the number of constants available for adjustment, 
and if the latter are numerous the information gained may be 
quite valueless. In the present case there are additional checks 
on the theory, since the values of when once chosen, have 

to serve for all times of exposure to thef^manation, from a few 
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seconds to several hours. Information as to the rays emitted 
by the different products is afforded by experiments with various 
thicknesses of lead or aluminium over the active layer. In this 
way it has been shown, beyond reasonable doubt, that radium A 
emits a rays only, radium B emits rays and weak y rays, and 
radium C emits a, ^ and y rays. The transformations occurring 
between radium and radium C are shown in the following scheme : 
“ f « ^ weak^ ' 

1, ^ t + ft f f f 

Kadium ^-emanation — radium A — ► radium B — ► radium C. 

We can now give a more precise account than before of the 
origin of the different rays from radium, say one month after 
preparation. By this time radium is in equihbrium with the 
emanation and with the products A, B, C. The a rays are given 
off by radium, radium emanation, radium A and radium C. The 
^ rays arise mainly from radium B and radium C, and the y rays 
from radium 0. Since most products give off either a rays or 
^ rays, but not both, it has been conjectured that radium 0 
consists of two successive products, one of which is of very short 
life. There is also evidence to show that the atoms of radium C 
can break up in two distinct ways : but the consideration of this 
would lead us too far. 

Radium C, in decaying, gives rise to the active deposit of 
slow decay, which we now consider. 


238. Radium D, radium E and polonium. The behaviour 
of the active deposit of slow decay somewhat resembles that of 
radium immediately after preparation. At first there is only a 
weak ^ ray activity, which rises gradually for about two months, 
and afterwards remains nearly constant. An a ray activity is 
also developed, but more slowly, requiring two years to reach its 
maxinaum value. It is probable, therefore, that the first product 
of radium C is a substance of slow decay, which we may call 
radium D, and which itself gives rise to further products. 

The separation of these products is comparatively simple. 
If a polished plate of bismuth or copper is immersed in a solution 
of the active deposit of slow decay, a deposit is obtained which 
emits only a rays, and decays exponentially with a period of about 
140 days. ^This exact coincidence with the properties of polonium 
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can hardly be accidental; hence we conclude that polonium is 
a transformation product of radium D, and it is the Zasi product. 

If a nickel plate is used instead of bismuth or copper, the deposit at 
first emits no a rays, but only jS rays and weak y rays, and both 
activities decay exponentially with a period of 6 days. These 
facts are exactly accounted for by the following scheme of trans- 
formation : 

a ^ y weak ^ jS weak y^ 

iff f f f t 

Eadium C — radium D — ^ radium E — ^ polonium — ^ ? * 

As before, we can test for intermediate products by means of the 
curves giving the rise of a and j3 ray activity of radium D with 
time. No evidence of any such product has been obtained, and i 

there is certainly none of long life. 

Equilibrium between radium D, radium E and polonium is 
practically attained in two years, after which the product shows 
a, P and y ray activity, all of which fall off exponentially with the 
period of radium D. Mme Curie, by direct observations over a 
period of five years, estimated the period of radium D at 17 years. 

The chemical properties of radium D closely resemble those of 
lead, from which it cannot be separated by any known means. 

It was discovered at an early period that the lead extracted from 
pitchblende had a very considerable activity, which was ascribed J 

to the presence of a radioactive constituent known as radio-lead. 

This is now known to be identical with radium D. 

The main transformation series of radium, as far as it is 
necessary to consider it. here, is shown in the following table : 



Radiation 

Period 

Radium 

a + weak P 

1750 years 

Radium emanation ... 

a 

3*85 days 

Radium A 

a 

3 minutes 

Radium B 

jS + weak y 

26*7 minutes 

Radium C 

a + jQ + y 

19-5 minutes 

Radium D ... 

weak ^ 

17 years 

Radium E ... 

/3 + weak y 

5 days 

Polonium 

a 

J36 days 

? 

: r 
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It can be calculated that over 100 years must elapse before 
radium is in equilibrium with all its products, tbe delay arising 
from the long period of radium D. Neither radium D nor its 
products emit any very penetrating rays, the y ray activity when 
measured through 3 mm. of lead being due entirely to radium B 
and radium C, and most of it to the latter. Hence the y ray 
activity is proportional to the amount of radium present, provided 
that at least one month has elapsed after preparation. This is 
the basis of an accurate method of comparing quantities of radium, 
which has the further advantage that, since only very penetrating 
rays are used, the absorption by the walls of the containing vessel 
and the radium preparation itself is small and need not generally 
be allowed for. 

In handling radium great care must be taken to avoid what is 
known as fadioactivs coTitaTyiifiatioTi. An y very considerable or 
prolonged escape of emanation in a laboratory will result in the 
formation of the active deposit of slow decay on the walls of the 
building, and give rise to a continual disturbing leak. No chemical 
operations on radium should be performed in a building in which 
electrometer work is done, nor should radium emanation be used 
in other than sealed tubes. 


239. The a particles. The a rays " 
were at first thought to be unaffected by 
magnetic fields; and certainly they are 
but little deflected in fields strong enough 
to produce a very great deflexion of the 
^ particles. Eutherford was the first to 
show that the a rays behave like positively 
charged particles projected with a great 
velocity. The exact measurement of ejm 
and V is made more diflicult by the fact 
that radium sends out several sets of rays 
with different initial velocity, and if the 
active layer is at all thick there is an 
additional loss of velocity by transmission 
through the layer. Hn one of Rutherford’s 
experiments the soureg of the a rays was a 
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deposit of radium C i 
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on a tHn wire, laid in a groove at A in the figure. Above it was- 
a metal plate B pierced with a slit parallel to the wire, and 
higher still a photographic plate P. A strong and uniform 
magnetic field was apphed parallel to the wire, and the whole 
space inside the case was highly exhausted. If cc is the distance 
from A to B,h the distance from B to P, and p the radius of the 
circle into which the rays are bent, the deflexion 8 (supposed small) 
is given by 2pS = b(a+h). But from Art. 206, p = mcvjHe. Hence 


e 2c8 

mv Hb {a + h) 


( 6 ). 


The double deflexion caused by reversing the magnetic field was 
measured on the plate. It was found that the width of the deflected 
band was the same as that of the undeflected band : hence with 
a homogeneous product like radium C all the rays are sent off with 
the same velocity. The decrease in the velocity of the rays after 
traversing a thin sheet of aluminium was clearly shown by an 
increase in the magnetic deflexion. The order of magnitude of 
the latter is seen from the fact that p is 


about 40 cm. in a field of 10,000 gausses. 

Strong electric fields are required if the 
electric deflexion is to be measured accu- 
rately. Eutherford used two plates C^, C 2 
(Fig. 353), I mm. apart, placed immediately 
over the active matter. In most of the 
experiments the ray ABGD which experi- 
enced the greatest deflexion left the active 
matter at A, grazed the left-hand plate at 
P, and passed over the edge C of the right- 
hand plate, falling on the photographic plate 
P at D. On reversing the field a similar 
extreme ray A'B'C'B' is obtained. The 
path of either ray is parabolic between the 
plates, and straight outside. If d is the 
distance between the plates g the 

distance from G to the photographic plate, 
and 26 the double deflexion PP', supposed * 
small, it is not difficult to show that 
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. e _ - W 

mv^ 2g^Ed 


(7). 


Equations (6) and (7) give ejm and v separately. For radium 
C, Eutherford found e/m = + 1-52 x 10^ and for polonium 
e/m = + 1-59 x 10i«. These values are a little too high. Subse- 
quent experiments have shown that the values of e/m for the a 
particles from the emanation, radium A and radium C agree to 
within 1 part in 400, and are equal to 1-446 x lO^* ; which shows 
that the a particle is in all probability the same no matter from 
what source it is derived. The velocity of projection of the 
particles from an uncovered preparation of radium C is 1-92 x 10^ 
cm. per second. 

The charge on an a particle, if at all comparable with that of 
the electron, is too small to be measured directly ; but it can be 
found indirectly as follows. It is very probable that the scintilla- 
tions, of which mention has been made in Art. 234, are produced 
by the separate impacts of the a particles on the fluorescent 
screen. If therefore these scintillations are counted on a sm al l 
screen placed in various positions with respect to the active layer, 
it is possible to estimate the total number of a particles emitted 
by the layer per second ; after which it is only necessary to measure 
the total charge carried away by the a particles in a given time. 
The scintillations were first systematically counted by Eegener. 
Eutherford and Geiger used another method of counting, which 
consisted in magnifying the ionising effect of the a particles by 
collisions (cf. Arts. 220-223) until the entry of a single a particle 
into the ionisation chamber produced a measurable deflexion of 
an electrometer. They found that the number of particles, as 
counted electrically, was nearly the same as that found from 
observations on a carefully-made zinc sulphide screen. 

The measurement of the total charge on the a particles from < 
a given thin layer presents some difficulty. Sir J. J. Thomson 
found that a metallic plate covered with polonium, and placed 
in a high vacuum, emits a negative and not a positive charge. 
The negative leak is reversed when the whole apparatus is placed 
between the poles’ of a powerful electromagnet, so that it is 
probably due to the ^mission of slow-moving electrons as well 
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as a particles from the |K)loiiiiii» pliite. It in liiHi' 
believed that sk>w electroiw are eiiiitliHl ulieiit*vrr m niyn 
on matter. But even in the higliest iittiiiiiiibie mu 

strong magnetic tieids, the current in iiii iippiiratiia m I 
shown in Fig. *1Bi is slightly diflVreiit iicrortliiig m the iic 
plate is positive or m*gative. Biitherfnrd iissinrieit flint 
difference arises fnan the ionisation of fht* rcsidtinl gim bcrw 
the plates, ami that the cliiirge curried by the « jiiirlicics 
second is equal to the iiieun of the tmii riirrciits, 

In this way Hiitherforcl and Cleiger olitniiictl tfiliics r 
ranging from 8%1 \ to III x fll ***. iiiciiii l*l gj 

Hhortly afterwards llegenm* coinplefeti im riiiiiitiiig c.\jicriiiii 
by rmnisuring the t«>tal charge, iind fiiiitsil flint r l( 

K.s.fJ. (Comparing these numberi with Milliknida vnliie Mi ^ It 
it becomes extrmnely probable tliiit the m fiiirticle «nirrie« ii rliii 
numerically double that of the electron,, rniiveraely. if ifiii 
assumed, the experiments of Ilutln^rfiiri! mul Cleiger «iiii of licgii 
give new mhm 4dl5 x aitcl 4»iil x ftir lliii cliiirgii 
the electron. The value 4*75 x km been adofilcfl in | 
book, giving 9-5CI x for the chfirge on tin* « imrlicle. 

The mass of the a pnrticle citit miw tie fiiiiitil, I*titt 
e«*9*50x 10”^® ami e/ai. *» MBI x III**, ii*e Imve « -*41*51 x 1C 
grams. Binca the ttxdm of a hyditigeit iitoiti i* MW x lit »grai 
it is simplest to tsiuma that dm u fMifiiek m ri« aimm af Mil 
positively charged and travelling with ii iiigli veltaBy. 

The conclusions of the preaent article rewive iiiciepeticli 
support as follows. One gram of riidiiiiii iii eqiiilibritifii w 
the emanation and with ratitum A, Ii, (! eiiiita M:i x 10*^ 
particles per second ; and iinca there are /our m ray |irmitif*te l 
number emitted by radium iteelf ii .l-lll x 1CI»« if, «« ii prol«l 
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gram of radium in equilibrium. The observed amount is about 
0*170 c.c. 

240. Ionisation produced by « particles. The a particles, 
as we have seen, produce intense ionisation close up to the active 
substance. The sudden cessation of the ionising effect at a certain 
distance from the source, first observed by Mme Curie for polonium, 
shows that the a particles move straight on through the gas, losing 
energy as they go, until finally their, velocity is insufficient to 
enable them to ionise the molecules by collision. The deviation 
from the straight line is in all probability slight, except near the 
end of the path hence if a nearly parallel beam of a rays is obtained 
and the ionisation per unit length measured at various points, 
this will tell us approximately how the ionising power of a single 
a particle varies along its path. ' ^ 

The preceding considerations are due to W. H. Bragg, who 
first measured the ionisation at various points of a beam of a rays. 
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A thin layer of polonium deposited on a disc of copper (Art. 238) 
gives a convenient source of a rays, and this is attached to a rod 
R passing through a hole in a fixed brass plate. In order to render 
the beam parallel a cap G is placed over the disc, consisting of 
a thick piece of brass perforated with holes about 1 mm. in diameter, 
so that practically ohly rays travelling in a vertical direction can 
escape from the polonjjim. The ionisation is measured in the 
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space between a wire grating G and a brass plate P, and the 
distance x from the polonium to the centre of the ionisation chamber 
can be varied by sliding the rod R up and down. At atmospheric 
pressure the effect of electrons emitted from the plate P is negli- 
gible in comparison with the current in the gas itself, as is easily 
seen by reversing the field. Hence with a narrow gap the satura- 
tion current is nearly proportional to the ionisation per millimetre 
of the path of an a particle at distance x from the source. The 
results of this experiment are shown in Fig. 355. With an uncovered 



Bg. 355 

polonium layer (curve I) the ionisation per unit length first rises, 
attains a maximum at about 2*5 cm. from the source, and then 
sinks rapidly to zero. It is probable that if diffusion could be 
prevented the ionisation would entirely cease at a distance of 
about 3*8 cm. from the polonium. This distance is called the 
range of the a particles, and marks the stage at which they are 
no longer capable of ionising the gas. Towards explaining the 
maximum in the ionisation curve Bragg points out that the faster 
the particles the less the time occupied in mo^fing over the diameter 
of a molecule of the gas, and therefore^also the time available 
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the detachment of electrons. On the other hand, if the 
^city is too small the a particle does not get near enough to 
centre of the atom or molecule to produce an appreciable 

Curve II is obtained with a sheet of aluminium ‘006 mm. thick 
P-l^ced over the polonium. The effect is merely to move curve I 
aclc as a whole 1 cm. nearer to the active layer ; which confirms 
e view that the a particles, though retarded, are very little 
^^flected by passing through hght substances. It will be noticed 
Q'fi the ionisation at certain distances is incTeased by the inter- 
position of the aluminium sheet. 



with radium give a more complicated curve 
(Fig. 356) which strongly suggests an analysis into four simple 
curves, as shown. It is known that radium in equiUbrium with 
its products of quick decay contains four substances which emit 
a rays radium, radium emanation, radium A and radium C. 
Tlie numbers of th^ different atoms breaking up per second are 
236), and therefore presumably also the numbers 
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of a particles emitted by the^tonr products. The curve in Pig. 356 
can be exactly explained on this hypothesis, as Bragg showed. 
Towards settling the particular ray to be assigned to each of the 
separate products we proceed as follows. A freshly prepared 
layer gives a single curve corresponding to portion 1 of the figure : 
a deposit of radium C, prepared by von Lerch’s method, gives 
curve 4 alone. As regards the remaining two, it is known that 
the a rays from radium emanation are more easily absorbed than 
Ranges in cm. in air at 
15° C. and 760 mm. fressure. 


Radium 

3-30 

Emanation ... 

4-16 

Radium A ... 

4*75 

Radium C ... 

6*94 

Polonium 

3-77 


those from radium A : hence curve 1 is to be ascribed to radium, 
curve 2 to the emanation, curve 3 to radium A and curve 4 to 
radium C. An old preparation of radium would show a disturbance 
between 1 and 2 due to the a rays from polonium; but about 
100 years would be required for its full development. 

The ranges of the various a particles, as measured by Geiger, 
are shown above. 
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The actual paths of the a particl^ from radioactive substances 
been made visible by C. T. E. Wilson, using the cloud method 
^scxibed in Art. 232. Fig. 357 shows a photograph obtained 
a small quantity of radium on the end of a wire. For the 
part the tracks are straight and quite continuous, no resolu- 
into separate drops being possible on account of the large 
^■^xnber of ions produced per centimetre of the path. Near the 
there is nearly always some curvature, and the rays are often, 
^i^fiected through finite angles, as in Fig. 358, which gives an 
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Fig. 358 
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Fig. 359 
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enlarged view of the ends of two tracks. The ‘^spur’’ on the 
left-hand track should be noticed. It is probably due to an atom 
recoiling with such a velocity as to ionise for a short distance by 
collision. The ionising power of the a particle falls off very 
abruptly near the end of its range, and the comparatively gradual 
drop in Fig. 355 is to be ascribed to scattering and to slight 
inequalities in the ranges of individual particles. 

Wilson’s experiments, hke Bragg’s, confirm in a striking way 
the theory of successive transformations. At first all the a rays 
radiate from the radium at the end of the wire; but as the 
emanation diffuses into the expansion chamber more and more 
tracks originate in the gas itself, and others, due to the active 
deposit, start from various points on the walls of the chamber. 
The track of a complete a particle from radium emanation is 
shown in Fig. 359. Here we notice the characteristic hook at 
the end, the spot at the beginning due to the recoil of the atom of 
the emanation, and the gradual increase of the density of ionisation 
as the ray slows down. One of these tracks measured by Wilson 
had a length of 4*3 cm., reduced to 15"^ C. and 760 mm. pressure ; 
which agrees well with the accepted value 4*16 cm. of the range 
of the a particle. 

The average number of ions produced by an a particle from 
radium C is about 3000 per millimetre of its path, or about 200,000 
in all. It is obvious from the initial distribution of these ions that 
there must be a great deal of recombination, and most of all 
when the electric force is parallel to the direction of the a particles, 
since then an ion is constantly meeting other ions produced by 
the same particle. Experiments by Moulin show that the electric 
force required for saturation does, in fact, vary with the direction 
of the rays, as much as 1000 volts per cm. being necessary when 
the rays are parallel to the electric force. 

241. The ^ particles. The magnetic deflexion of the ^ 
rays was discovered by Giesel in 1899. Early experiments showed 
that the rays were complex, and that the slowest rays were most 
easily absorbed by matter. It was also found possible to detect 
the negative charge carried by the particles, provided that 
the receiving plate was completely surrounded by insulators 
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irx order to prevent dissipation of tke charge by the neighbonr- 

ixig gas. 

The charge on the ^ particles has never been directly measured 
many experiments have been made to determine the velocity 
the ratio of the charge to the mass. Perhaps the most accurate 
those of Bucherer, which have since been repeated hy 
Neumann. The principle of Bucherer’s experiment is shown 
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Fig. 360 


5.YL I’ig- 360. A cylindrical box 0 contains two parallel plates 
■Oi , Cs, about 20 cm. in diameter and J mm. apart. A strong and. 
■u-ixiform electric field is applied by connecting the plates to the 
■fcexrainals of "a battery of small accumulators. The whole box is 
•enclosed in a solenoid long enough to givd a uniform magnetic 
field, parallel to the plates, as shown in the figure, and the pressure 
inside the box is kept as low as possible. A very small cavity 
in -blie lower plate contains radium fluoride, and the inner curved 
wall of the box is covered with a photographic film pressed against 
i-b Toy springs. In the absence of electric and magnetic forces 
• * 38—2 
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jS rays spread straight out from the radium, and those which are 
projected horizontally escape, giving rise to a straight band on 
the photographic film. To find what rays escape when the electric 
and magnetic fields are both applied, consider those projected 
horizontally in a direction making an angle 6 with the magnetic field 
(Fig. 360). The electric field exerts a force downwards, and the 
magnetic field a force eHv sin 6jc upwards, where v is the velocity. 
If these forces are not equal the particle is drawn to one or other 
of the plates; hence only those particles escape for which 
E ^ Hv sin 6/c. The effect of the combined fields is therefore 
to sort out the particles of different velocity, so that each 
corresponds to a particular value of 9. After leaving the condenser 
the rays are acted on by the magnetic field only, and are bent 
into a circle of radius p, where p = mcvjHe. Bucherer actually 
only considered the rays experiencing the maximum deflexion, 
for which 9 = Jtt. Hence we have 

Since p is known from observations of the deflexion, both ejm 
and V are known. 

In these experiments no trace has ever been obtained with 
fields such that E > H. Hence the velocity of the ^ particles is 
always less than that of light. Another remarkable fact, first 
observed by Kaufmann, is that the value of ejm is not constant y 
hut decreases with increase of v. The smaller the velocity the more 
ejm approximates to the value 5*30 x lO^^ which it has for cathode 
rays and other comparatively slow electrons. Thus, though there 
is no reason for believing that the p particles are not electrons, 
yet it must be recognised that a new difficulty arises in that e/m 
appears to be a function of the velocity. The experimental facts 
might be explained in several ways; for example, that the mass 
of an electron depends on its velocity, that its charge does, or that 
the law of action of a magnetic field on a moving charge (Art. 95) 
has to be modified for very high velocities of the particle. It 
has been found most convenient to assume that the mass alone 
varies: the theoretical aspects of this are dis^cussed fully in the 
next chapter. 
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The experiments of Bucherer and Neumann agree very 
accurately -with the formula 

^ ^0 V • . . . (8) 

r,A = the normal value 

o-dO X 10 . This formula has a theoretical foundation (Art. 257), 

but may at present be regarded as empirical. It follows that 
the mass W/ of an electron at velocity v is given by 

^ = (9), 

where mp = 8-96 x lO-^s is the mass of an electron with a velocity 
small compared with that of light. The values of m/mQ and of 
pH = mcv/e for various values of a are shown in the foUowing table. 
Hence by interpolation it is possible to find the velocity of a d 
particle by magnetic deflexions alone. 



Fig. 361 shows one of Wilson’s photographs of the tracks of 
particles Jn gases. TJhe complete trails are too long to be seen 
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on a single photograph. Sudden deflexions through finite angles 
are very rare, most tracks showing a continuous curvature due 



Rg. 361 


to a succession of small deflexions, each in itself inappreciable. 
At the very end the tracks closely resemble those of electrons 
emitted imder the action of Eontgen rays (Art. 232). 

242. Homogeneous groups of )3 particles. The particles 
from a thick layer of a radioactive substance have all velocities 
over a considerable range ; but with a thin layer a number of the 
particles, at least, form homogeneous groups of definite velocity. 
This was first shown by von Baeyer, Hahn and Frl. Meitner, by 
means of the magnetic deflexion in a vacuum. Their apparatus 
closely resembled that used for the magnetic deflexion of the 
a particles (Fig. 352), except that much smaller magnetic fields were 
used. A thin film of radium deprived of its transformation 
products gave two weak bands on the photographic plate; a 
deposit of radium C gave four strong bands, and so on. The 
velocity of the rays can be found by interpolation from the table 
in the last article, or by direct calculation from the equations 

Tj mcv e „ „„ / 

pH = -~, - = 6-30 X 10”(1-^)* 
e m \ J ■ 

The results of these experiments are shown in Fig. ^362, which. 
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gives tte velocities of the most promi&nt grot^p^ o’^r^ys'^lErom 
radium arui its products. Some of the &ys from radium C 
velocities closely approaching that of ligh^ ’Ti^xayifeom-raji * 


RADIUM 
RADIUM B 
RADIUM C 
RADIUM D 
RADIUM E 
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D are both weak and feebly penetrating, and were, in fact, actually 
discovered by the photographic method. So far radium E, 
which gives a continuous spectrum of p rays with velocities between 
2 1 and 2"8 x 10^® cm. per second, has not been found to emit 
any homogeneous groups. 

More detailed observations by Danysz and others have shown 
that the^^ ray spectra are often very complicated. Eutherford 
and Eobinson were able to measure the velocity of 64 sets of rays 
in the radiation from radium B + C, and other faint bands were 
also visible on the photographic plate. 

243. The y rays. The y rays were discovered by ViUard 
in 1900. They are chiefly remarkable for their great penetrating 
power. After the y rays from radium have passed through 3 mm. 
of lead, every additional thickness of 1-6 cm. of lead, or 6 cm. of 
aluminium, cuts them down to about one-half of their original 
intensity. The electrical effect of a strong radium preparation 
can be measured through 20 cm. of lead, and might possibly be 
detected through 1 metre of aluminium. The absorption of the 
air is such that a thickness of about 100 metres at atmospheric 
pressure is required to cut down the rays by one-half. 

Erom the fact that y rays are not deflected in magnetic fields, 
and that they are always found together with fairly swift j8 rays, 
it has been concftided that they are similar to Eontgen rays, 
only harder. Since the discovery of the diffraction of Eontgen 
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rays by crystals it has become possible to test this assumption 
and find out definitely whether the y rays are waves ii^ the ether 
or not. Diffraction effects with y rays were first observed by 
Shaw in 1913, and subsequently Rutherford and Andrade measured 
the wave-lengths of the y rays from radium B and C together, 
using as a source some radium emanation in a small glass tube. 
It was known that both radium B and radium C emit hard y rays, 
and the former also emits some rays of' about the same penetrating 
power as ordinary Rdntgen rays. This suggested a search for 
wave-lengths of the order of 10”® cm., and also for shorter wave- 
lengths, probably of the order 10”® cm. Those actually found 
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WAVE LENGTH IN I0“® CM. 

Fig. 363 

are shown in Fig. 363. It is clear that the y ray spectra, like the 
p ray spectra, are extremely complicated. For this reason experi- 
ments on the absorption of the y rays from various substances 
by matter give only the roughest indication of the type of rays 
present. It seems, however, certain that the longer wave-lengths 
(exceeding 7 x 10”® cm.) belong to radium B, as radium 0 is 
not known to emit any rays of this quality. They may very well 
constitute the L radiation of radium B (cf. Art. 229). Similarly 
it has been conjectured that some of the hard y rays belong to 
the K radiation of radium B or radium C; but the evidence is 
very fragmentary. 

The process of ionisation by y rays is similar to that by Rontgen 
rays (Arts. 231, 232) ; that is, electrons are ejected from the 
atoms of the gas under the action of the rays, and these sub- 
sequently move through the gas and produce many more ions by 
colhsion. What is so remarkable is the very high velocity with 
which the electrons are ejected. They are capable of penetrating 
through many centimetres of air at atmospheric pressure ; and 
C. T. R. Wilson’s photographs show that their tracks are indis- 
tinguishable from those of p particles*. Similarly high-speed 

* The track reproduced in Fig. 361 is actually that of an electron liberated by 
7 rays. 



xm] 


RADIOACTIVITY 


601 


electrons are emitted when y rays fall on metals, and the velocity 
of emission can be measured by magnetic deflexion in a vacuum. 
In this way Rutherford, Robinson and Rawlinson found that the 
r rays from radium B + 0 in passing through lead give rise to a 
number of different sets of electrons, with velocities of the order 
of 2 X lOr^cm. per second; i.e. comparable with that of the 
primary j8 rays from radium B and C. 

The fact that both ^ and y rays occur in homogeneous groups 
suggests problems connected with the structure of the atoms of 
radioactive substances, just as the Rontgen ray and ordinary 
spectra do with respect to the structure of ordinary atoms. Little 
progress has hitherto been made with these. The question of 
the origin of the and y rays is further comphcated by the fact 
that the two are to a certain extent interchangeable : a jS particle 
can give rise to y rays when it experiences a sudden stoppage or 
rapid acceleration, and as we havfe seen y rays falling on matter 
liberate electrons of much the same velocity. 

244. Radioactive elements in general. A knowledge of 
the exact nature of the a, ^ and y rays makes it possible to specify 
more precisely what is going op when one radioactive substance 
changes into another. The atomic weight of the ejected a particle 
or helium atom being 4 , every a ray transformation resrdts in the 
reduction of the atomic weight of the radioactive element by 
4 units. The loss of a ^ particle, on the other hand, can only 
aflect the atomic weight by very httle. On this view the atomic 
weights of the elements of the radium family are as follows : 



Radiation 

Atomic 

weight 

Radium 

a + slow P 

226 

Emanation ... 

a 

222 

Radium A ... 

a 

218 

Radium B ... 

^ + weak y 

214 

Radium 0 ... 

a + /3 + y 

214 

Radium D ... 

slow ^ 

210 

Radium E ... 

(3 + weak y 

210 

Polonium 

a 

210 

? 

— 

206 


■ 
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The only direct evidence bearing on this is Gray and Eamsay’s 
determination of the atomic weight of the emanation, which gave 
the value 223. Each of these substances has a very definite 
chemical behaviour: thus both radium B and radium T> are 
chemically alhed to lead, radium C and radium E to bismuth^ 
and the emanation to the group of inert gases. 

The reader cannot have failed to notice the remarkable fact 
that radium is only found in minerals which contain, considerable 
quantities of uranium. This receives a natural explanation if 
we suppose that radium is a transformation product of uranium. 
On this view, sufficiently old uranium minerals should contain 
a definite proportion of radium corresponding to the equilibrium 
amounts of the two substances. Boltwood showed that the 
masses of uranium and radium in many minerals are in a constant 
ratio, which is about 3*3 x 10“^. Since the atomic weights of 
uranium and radium are so nearly equal, this is approximately 
the ratio of the half- value period of radium to that of uranium* 
Hence the half-value period of uranium is about 5 x 10^ years* 
Such a long period is what would be expected from the weak 
activity of uraniuip. There is reason to believe that all the 
stages of the transformation from uranium to radium are now 
known, and that there are three products emitting a particles. 
Since the atomic weight of uranium, according to Honigschmid, 
is 238*2, and that of radium 226, the agreement is fairly satis- 
factory. 

The question of the end product of the radium series, after 
the decay of polonium, is settled somewhat similarly. It is known 
that lead occurs in all uranium minerals, and the Pb-Ur ratio 
is often fairly constant. Since the atomic weight of the end 
product is 206, and that of lead 207, it has been conjectured that 
the two are identical. The force of this conclusion has, however, 
been weakened by other considerations. 

Considerable light has been thrown on the chemistry of the 
radioactive elements by Fajans’ discovery that all the elements 
can be fitted into the periodic table by means of certain hypotheses. 
These are : 

(1) A simple radioactive element emits either a particles, or 
j8 particles, but not both ; ^ 
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(2) The emission of an a particle involves a shift of two places 
in the periodic table ; 

(3) The emission of a ^ particle involves a shift of one place 
in the opposite direction to that produced by the a particle. 

If we except the weak /3 radiation of radium, all the transforma- 
tions can be accounted for by the above rules, provided that in 
certain cases (radium C) two consecutive products are assumed, 
one of which has such a short life that its separate existence 
cannot be proved experimentally. 


CHAPTER XIV 


THE THEORY OP ELECTRONS 

245. Introduction. Electron theory of metallic con- 
duction. The last two chapters should have made it sufficiently 
clear what is meant by an electron, or fundamental unit of negative 
electricity. It has been shown that while negative electricity may 
be associated with a mass much smaller than that of a hydrogen 
atom, positive electricity is never, found on anything of less than 
atomic mass. The present chapter is devoted chiefly to matters 
of theoretical interest. In the first place it is desirable to inquire 
more closely into the process of conduction of electricity in metals, 
which, as it is not accompanied by any chemical change or transfer 
of matter, is probably to be ascribed to the motion of electrons 
only. On the other hand, phenomena such as the emission of 
E5ntgen and y rays, and the remarkable change of the mass of 
the ^ particle with speed, show that the relation of the electron 
to the surrounding ether requires to be more carefully examined, 
in ordel* that some insight may be gained into the underlying 
principles. It does not seem to be an exaggeration to say that 
at one time the idea of an electric medium like the ether appeared 
to be antagonistic to the other idea of the atomic constitution 
of electricity. Discrete electric particles, by association with the 
Newtonian ideas, suggested action at a distance ; and it was only 
in 1895, when the work of H. A. Lorentz became known, that 
the two ideas were clearly seen to be reconcilable. These theories 
will occupy most of the present chapter, from Art. 247 onwards. 

The theory of metallic conduction is mainly due to Drude. 
He supposed that the free electrons in a metal are constantly 
in a state of thermal agitation, like the molecliles in the kinetic 
theory of gases. There is no reason for supposing that the electrons 
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are few in number, but as tbeir diameter is probably very small 
among themselves are rare, and we need only consider 
CO rsions between the electrons and the atoms of the metal. 

^ter are supposed to be capable of some slight vibratory motion 
a out fixed positions, but not of migration as a whole. iPor the 
sa e of simplicity the electrons may all be supposed to have the 
same ree path I between colhsions with atoms of the metal, and 
e same velocity of agitation F. Under these conditions the 
eory of Art. 174 and of Art. 210 may be applied unaltered 
^”^ 1 T aiean velocity of drift of the electrons in an electric 
field E is given by n = eElj2mV. 

Consider the case of a straight wire carrying a current. If ^ 
IS the number of electrons per c.c., the volume-density p of the 
moving charges is ne. Hence the current-density in the wire in 
electromagnetic units is j = pv/c = nevfc = ne^Elj2mc V. Here E 
IS measured in electrostatic units, so that if cr is the conductivity 
of the metal in electromagnetic units, j = acE. Comparing the 
two last formulae, we have 

_ neH 

(!)• 

The kinetic energy of a gaseous molecule at ordinary tempera- 
tures is 5-9 X 10-1* (Art. 213). Assuming that the kinetic energy 
of agitation of an electron in a metal has the same value we 
have mV^ = M8 x IQ-i*. Taking m = 8-96 x lO-^®, we ’find 
F = 1-15 X 10^. The mean velocity of agitation is therefore of 
the order of one-thousandth of that of light. The number of 
electrons per c.c. for a given metal, say copper, may be estimated 
as follows. The energy required to raise the temperature of 1 c.c. 
of copper through 1° is 0-8 calories, or 3-4 x 10’ ergs. Part of 
this goes to increase the energy of vibration of the atoms of the 
metal, part to increase the energy of agitation of the electrons. 
Assuming that the mean energy is the same for each of the N 
atoms in one cubic centimetre as it is for each of the n electrons, 
the increase of kinetic energy of a single particle of either kind 

in one degree rise of temperature is ergs. But this is 

equal to Boltzmajjn’s constant a = 2 x IQ-i®. Hence 
n-)-A^= 1-7 X 1023; 

. • 
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and since N = 8*6 x 10^2, we have n =^84 x The.nunaber 

of free electrons in a metal is therefore comparable with the 
number of atoms. 

Equation (1) now gives ns an estimate of I, the mean free path 
of the electrons in the metal. Putting cr = 6 x 10"^ for copper, 
and making the other substitutions, we find ? = 5*9 x cm. 
This rather large result would seem to show that only a few of 
what would ordinarily be called collisions with atoms result in 
appreciable deflexion of the electron. But it is doubtful whether 
the path of an electron is ever really ‘4ree.” 

The mean velocity of drift is connected with the current- 
density by the equation j = nev/c, so that for a current of 100 
amperes per square centimetre v is only 7*5 x cm. per second. 
The considerable transfer of charge obtained in ordinary experi- 
ments is therefore due to the very large number of electrons 
concerned rather than to any great speed of each. 

246. The Hall effect. Contact and thermal potentials. 

It was discovered by Hall in 1877 that the lines of current-flow 
in a metal are altered in a magnetic field. Suppose that a current 
enters a thin metal plate at A and leaves it at B, and that 0, D 
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are points at equal potentials on the sides, so that no deflexion 
occurs when they are joined to a sensitive galvanometer. If a 
magnetic field is apphed pointing vertically upwards from the 
paper, a current will usually flow through the galvanometer in the 
direction shown in the figure. This is the case with bismuth, 
copper, nickel, platinum and silver ; with antimony, cobalt, iron 
and zinc the current is in the opposite direction. The effect in 
bismuth is extraordinarily great, antimony and iron coming next 
in order of magnitude. With other metals it is necessary to use 
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very thin sheets and a sensitive galvanometer, otherwise the 
efiect will escape observation altogether. 

It IS easy to show that the electron theory, in its ordinary 
torm, gives the same direction for the Hall effect in aU metals 
namely that shown in the figure. In the magnetic field the carriers 
of the current, whatever their sign, are deflected laterally from 
C towards H; and if they are electrons the current within the 
sheet IS from D to C, as shown. The theory does^ not therefore 
account for the observed variability in the sign of the Hall effect, 
although most non-magnetic metals seem to give the sign required 
by it. It is clear from this that the electron theory of metalhc 
conduction, in the above form, is not free from serious defects. 
Considerable modifications wordd be required to treat the case of 
a magnetic metal, but it is not' certain what advantages would 
be gained thereby. 

It is interesting to notice the explanation given by electron 
theory of the mechanical action of magnets on currents. 
A magnetic field is regarded as acting primarily on the free 
electrons in the metal according to the rule of Art. 95, and these 
in turn react on the conductor by coUiding with the atoms of 
the metal. In this sense the actions are secondary. 

The electron theory also gives a qualitative explanation of 
certain other phenomena, although it is clear from what has been 
said that exact numerical agreement is not to be looked for. 
Consider first of all what happens when two different metals 
are in contact with one another. Let % be the number of electrons 
per c.c. in the first metal, in the second, and suppose that 
ni> n^. At first electrons will diffuse from metal 1 to metal 2 ; 
but their accumulation in the second metal gives rise to an electric 
force from 1 to 2 which tends to prevent further electrons from 
crossing the boundary. A steady state will ultimately occur in 
which the boundary region is a seat of electric force, which however 
does not penetrate far into either metal. There will therefore 
be a difference of electrostatic potential between the two metals, 

and if «! >' the first metal is at a higher potential than the 
second. 

Take axes sucii that the metal 1 is to the left of the plane 
x.= 0 and the metal 2 to the right, and let n be the number of 
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electrons per c.c. at abscissa x. In tbe steady state the total 
flux of electrons vanishes, so that Kdnjdx^ nuE, being the 
mobility of the electrons in the metal considered, E the electric 
force and K the coefficient of diffusion. Since = NejU, we 
have in either metal 

dn - Ne ^ j 

n~ n 

When X — oo, n = and when x — cc , n ~ 712 , Hence if 
V is the difference of potential between the main masses of the 
two metals. 

For copper and zinc at ordinary temperatures we have 
% = 8-4 X 102^ = 5-4 x and Ne/Tl = 1-2 x 10^. Hence 

F = 3-6 X 10-5 electrostatic units = 1/100 volt nearly. This may 
be called the true contact potential. It is not the same as the 
ordinary contact potential between plates close to one another 
in air, which is of the order of one volt. The latter is not accounted 
for by the simple theory. The evidence drawn from the emission 
of electrons by hot bodies points to a surface-layer at the boundary 
of air and metal, hindering the emission of electrons considerably 
at ordinary temperatures. It is probable that the difference of 
potential between the metal and a point in the gas just outside 
varies ^ good deal with the state of the surface, as is known to 
h^pen with the contact potential in air. 

Since the conductivity of a metal varies with the temperature, 
the product nl does also, and therefore probably both n and 1. 
Such a variation is also required by the Kelvin effect, which 
shows that differences of potential exist in a single unequally 
heated conductor. Equation (2) may be written 


E — ^ ^d6 
nNe dd dx ’ 

so that no electric forces can arise in an ideal conductor unless 
n vanes with 6. Similarly the electron theory regards the electro- 
motive forces of the thermopile (Seebeck effect) as* due to the 
difference of true contact potential at the temperatures of the 
hot and cold jimctions, and the potential differences arising are 
actually of the right order of magnitude. 
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theorv equations. The foundations of - 

the firqf treated hy Lorentz wT. 

introduced in^t'lto? the coaceptior 

univev? f "^^P^esenting the actual state of affairs S 

ITeZ i« Pnshed to extremes. If we " 

*.e trir; r“^ 

will merely reckon wi+li & & ordinary observer 

over «gioL otirLd t,r“ K r luantities 

small. Soma 00 ™^,! T ^ t ™““ tofimtely 

fha f j common eleotncal phenomena have no •nla/ao — 

the fundamental Lorentz scheme: for examnl ? . 

dielectric is resolved in+r^ ;+= a-x niple, a polarised 

there are no magnetic poles, but only magnetic Lee 
the motion of electric charges. It mav he man+ / ? 
general tendency of recent speculation is to give Xthe^a 
that appears to exist between electric and magneL 

With these assumptions the total current-deSv ia Z ' 
hy three equations of the type ^ 


.1/1 a^- 


')■ 


and the first three of Lorentz’s equations become 
1 /d£!„ 


-(~^+hrpV,y^ 


9y 

dz 


BH, 

9z 

Bx 


9^*1 


. (3). 


The second set ^f equations of Art. 190 are left unaltered 

namely ’ 


P. E. 


39 
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1 

1 

1 

1 


c 

dt 

dy 

dz 

1 

dHy 

CO 

1 

Jhy 

c 

dt " 

dz 

dx r 

1 

dH, 

_d_Ey_ 

Q.) 

c 

dt ■ 

dx 

Syl 


[OH* 



Further, assuming that Gauss’ theorem is generally true, we 


have 


and similarly 


dx dy dz 
dH^ . dH^ . dH, 


dx 


+ ■ 


dy dz 


477/) 


= 0 


(5) . 

( 6 ) . 


We must add to these equations some expression, for the 
mechanical force experienced by electricity per unit charge. 
In fundamental matters of this kind what is important is not so 
much to analyse the well-nigh inextricable concepts of force and 
mass as to formulate some workable scheme which shall not 
obviously conflict with the facts of observation. We shall denote 
by F the mechanical force per unit charge on the electricity near 
the point {x, y, z)^ arising from all causes. In accordance with 
Art. 95 we may say that the magnetic field H at the point {x, y, z) 
exerts on the electricity in the vicinity a force 


V^Hy-VyH^) 


per unit charge. Applying this to the ultimate moving charges 
considered by Lorentz, and adding in the effect of the electric 
force, we have 


= Ex + ' {VyH, - V,Hy) 
c 

Ey == -f - {VzH^ — 
o 


> 


.(7). 


This is Lorentz’s complete set of eleven equations. The question 
of what mass, if any, is to be ascribed to the moving electricity 
is discussed in Art. 250. 
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electromagnetic potentials. The W^^ 

problem of Lorentz’s theory is to determine the 
^agnetao field when the charges and their motion are 
beforehand; that is, when p, are given > 

bixxctions which resemble the electrostatic potential « j IT 
Jector potential of magnetic force respectively Equat? 
satisfied identically if we put B = curl A, or ^ 

B- _ 

9z dx ’ ■"* dx ' 


H = _ ^•^1/ 

® dy dz ’ 


H.. 


3^. 


Siabstituting in equations (4) we have 


* -(8). 


9y dz ' 0z 0a: 


dx 


“wiiexe 




dy ’ 




IdA, 
c dt 


It foUows tut « Wtioa F o£ », j,, ,, , can be found enolx that 


o == — 

M/aj 


®^bstituting, we have 


07 
0a; ' 


07 

dy’ 


O, 


37 

3z 




E,. 


E,--= - 



- (9). 


Here 7 IS called the scalar eZeoimmc^^ito^Jofewfo-aZ, and ^ ^ ^ 

fcJiitostituting m (3), we find three equations of the type 

I 


— 4-i!. _ 

V,0a;® dy^ 32* 


A , dA^ . BA, _ 107 


dx \ dx 




Sy dz dt 


+ 


) 


4:TTpVijc 

C 

39 - 
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and equation (5) may be -written in the form 

i^V 

0y2 dz^ dty 


(^ga.2+^-.« + 


-f 


1 9 /dA^ , 0A , 9^ , 1 97 


; 

c dt VSa; dy dz 


+ 


1 

c dt) 


4z'rrp 


We pba.n assume, subject to subsequent verification, 


003 dy 0z c dt 


(3 0). 


Then -writing A for Laplace’s operator, the preceding *'****** 

become 


AA^ 


1 0M, 


4^pv^ 


dt^ 


C2 0^2 C 


1 0^^2 _ _ 47rp^; 

'c^~W~ c 




(HI 


AA, 


and 


A7- 


IdW 

C2 dt^ 


= — 47rp 




These equations are all of the same form, which is a* 
tion of Poisson’s equation. If Y and p are independ-exxl; of f ^ 
solution would be given by the ordinary formula V = 

In the general case in which p —f {x, y, z, t) we shall slxow t li»l 
the solution of (12) is 



r 


where dr == drj d^, = {x + (y - rif + (^ — 


and the integration is extended through the whole of spaoe. 
is, V can be calculated by the ordinary rules of eleoibroBttt t 
provided that the volume- density at any point Q is -bakei*!. t'.ct l»t% 
not that actually existing at time i, but that existviiag atj t ifiip 
t — rjc, where r is the distance from,Q to {x, y, z). Suclx po tc** 1 1 t«tl» 
are called retarded potentials. .Roiighly speaking, tlxe po1s€;*tif ml# 
may themselves Jbe said to be propagated ^ith the -velocity t#f 
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To verify (13), we notice tliat the function 

“* <“• P»-‘. -«ea 

- 3 (Art. 6). 


It follows that 




, considered as a function of 


(^.J.MWoes 80 also. It CMmot, howsver, be ooodaded tkat 
^ of tie bebavioot of tke integral infinitely 

near the point (r.y e). Let T. b, tbe yalu, of the integral ( 13 ) 
entondefi oyer a small region fil. enclosing the point (», ,%) ‘ 2 
this region is small and the “retarded" volume-demity may 
be taken as ttat actnally eiditing at the points comidered The 
behayioim of F. ,s now known from the discussion in Art. 82 

Hence ’ ° ”* *’'* ~ 

““ AW 1 a’F. 


c® dt^ 


• = — inp. 


If Ft is the value of the integral (13) extended over the rest of 

1 9^ 

space, AFj = - , and the complete integral is F = Fj + Fj. 

Hence equation (12) is satisfied. ‘ 

A “retarded” function of the form /(^,^, L t - ^) may be 

conveniently abbreviated into [/]. Hence, since the" equations 
(11) are of the same form as (12), we have the solutions • 

c J r 

(It) 
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To verify that the solution given by (14) and (15) actually 
satisfies the condition (10) we proceed as follows. Instead of 
calculating at the point (x,y,z) calculate it at the point 
{x + h, y, z), where A is a small quantity, and consider the contn- 
bution of the electricity in the neighbourhood of (i + ^,V’0- 

0 

Here pv^ is replaced by pv^ + h:^ (pv^), and since r is unaltered 

- r\ ~ 

[pv^.] is replaced by [p%] + ^ ^ * Hence 

A^ + }i^ = j^[pv^] + Ji^^{pv^)^d'r, 

Similarly ^ = /[^ 


But since we have at all points 

^ (p^y) + ^ (p^>‘) + 1 = 0 

it is clear that (10) is satisfied. 

Ayj A^ and V being known, E and H 
are found from equations (8) and (9), 

SO that the field is completely deter- 
mined. 


rP(at}yz) 


249, Electromagnetic field of 
an electron moving with a small 
uniform velocity. As an example 
of the preceding formulae we shall 
find the electromagnetic field round 
an electron moving with a uniform 




Fig. 3|6 


I 
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firlttlLI that of Ught. Consider in the 

to .'ii^tribution of electricity moving parallel 

to Itself along the ^-axis with the velocity i,. Let 0 (Fig 365) 
be a pomt of the moving system referred^o fixed 2 

point at which the potentials are to be calculated; then p is 
given by an e(][iiation of tlie form 


P=fii, VyC — Vt) 


Hence 


fp] =/ (i> V> C — vt + ~j 


aproximately ; and similarly we have, correct to the first order 
of small quantities, 


_ Ip'^y] ___ ^ \.P%] pV 

U, ~ = — 


From (17) we have 


/If 


where F„ = Jpdr/r is the electrostatic potential at P, calculated 
y he ordinary rules. But if p vanishes at infinity the second 

term is zero, and we have 

^=F« 1 

A = = = •...(19). 


/o^ electric and magnetic forces from equations 

(8) and (9) it must be remembered that dV^/dt is itself of the first 
order in p, and therefore dA,/dt is of the second order. Hence 
the electric force E at any point can be calculated by the ordinary 
rules of electrostatics, and the magnetic field is given by 




It follows that ’if 0 is a small electron moving with a small 
velocity along the ^-axis, and P a point whose co-ordinates 
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witli respect to 0 are x, y, the components of magnetic for<3^ 

P are (— evyjcr^, evxjcr^, 0). Hence its direction is perp^ndioxxl^^^ 
to the plane containing OP and the direction of motion, and. 't’h.c^ 
magnitude of the resultant is 


ev sin 6 
cr^ ’ 

where 6 is the angle between OP and the direction of motion. - 

To find the force at points inside the electron it is necessity 
to make some assumption as to the distribution of charge. 
shall assume that the charge is spread through the Yolnme 
uniform volume-density p, so that if a is the radius of the 616013 X 0 X 1 » 
e = ^TTpa^. The electrostatic field has already been found (Ajb. 31 ) ^ 
and thus we have at an internal point 


^ V 

TT 


E 

rj __ evx 




ez\ 


w 


.(21). 


the origin being taken at the centre of the electron. 

In the case of slow motion the mechanical force F per ixiiit 
charge is, to the first order, the same as the electric force E * lt> 
follows that the resultant force exerted by the electromagn.e'fcic 
field on the electron is zero. More generally, any electxifi.cil 
system can move through the ether with slow uniform velocit^y 
in at straight line without requiring any external force to maintJa^ili 
the motion, though internal forces are necessary to keep ‘bhet 
(fifierent parts in the same relative position. This correspoiiclis 
to Newton’s first law of motion. 

250. Accelerated motion of a slow electron. Eleoiiiro-* 
mag^netic mass. The preceding theory can be extended to tli© 
case in which the velocity is not uniform, provided that it, togetliox 
with the acceleration and other derivates, is always small. I f 
the system moves parallel to itself so .that the distance travexsecl 
in time t is ^ (t), equation (16) is replaced by 

^ p=f{^,7],C-<f>{t)]r 


0 
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•/" 1^! ■’Jj 'C — ^ {t) H — <^' (t) - 


== p + !p ^ ^ 




+ ■ 


C dC 2c2 dC' 6c» dl' 

provided that (t), (t)^ . . . are so small that squares and 

products can be neglected. If we stop at the term involvine 
we find ^ 


or 

Similarly 


= F„ + 

F=Fo + 


r it) 

2c^ 

r it) 

2c2 


dr , 

P 

C-z 


dr. 


' ^ 2 / — 0 , Az 


: (t) r 

J r j ^ 


dr. 


What we are chiefly interested in is the total force exerted 
by the electromagnetic field on the electron in the direction of 
t e axis of z. To the present degree of approximation we have 


Tp jp dV 1 dA.^ 


or 




dV, 

dz 


nt ) 

2c2 


7{i 


+ 


a - z) 


pSn 


.( 22 ). 


The integral dr is troublesome, but its evaluation may 

be avoided fey an artifice. Since is to be multiplied by the 
element of charge near {x,y,z) and integrated once more over 
the system, there will be no error in the final result for a 
spbericcil electron if z)^Jt^ is replaced by l/3f. Further, the 
term— 9 Fo/ 02; may be omitted since it contributes nothing to 
the total force. Hence instead of (22) we may take 
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Taking axes such that the centre of the electron at time t is at the 
origin, we may write for, an internal point 

3c2 2aV : ; 

(cf. Art. 31). Integrating, we have for the total force exerted 

4e2 4e2 


by the field on the electron — (t), or — 


/, where / is 

the acceleration. The accelerated motion of an electron therefore 
calls forth a force tending to stop the acceleration. This is known 
as the reaction of the field. 

Now suppose that the electron has a mass M in the ordinary 
sense. If an external force P is applied, the equation of motion, 
to the present degree of approximation, is 

4e^ 


Mf=P 

Writing this in the form 


5ac^ 


I 


we see that the motion is the same as if the ether was absent 
and the mass of the electron increased by ie'^lbac^. This added 
mass is known as the electromagnetic mass. 

The idea that elee^ic charges might possess inertia in virtue 
of their motion was first put forward by Sir J. J. Thomson in 1881. 
The simplest hypothesis that we can make is that ilf = 0, which 
is expressed by the statement that all the mass of the electron 
is electromagnetic. Adopting this, the mass of the electron at 
slow speeds becomes 

4e2 


mn = 




.(23). 


From this it is possible to make an estimate of the radius of the 
electron, considered as a sphere filled with electricity at uniform 
volume-density. Putting = 8-96 x e = 4*75 x and 
c = 3 X IQio in equation (23), we find a = 2-2 x 10~i3 cm. Other 
distributions of charge would give different results, but always 
of the same order. We conclude that in any case the linear 
dimensions of the electron are extremely ^mall (of the order of 
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one hundred-thousandth of the diameter of an atom) ; which 
fits in w.^1 with other facts, for example their power of moving 
bodily through soHd conductors, where an atom or molecule 
would te uuable to get past. 

_ 251. A model source of light and its radiation. The 

simplest model of a source of light in the electromagnetic theory is a 
vibrating point-charge or electron. In order to make it electricallv 
neutral we may, if we wish, add an equal positive charge at a 
fixed point. Now as such an electron is constantly sending out 
waves m the ether its vibrations must be damped out to some 
extent. This is not accounted for by the theory of the last article, 
and we must go further by including in the equations terms 
involving {t). We thus fiud, instead of (22) 




[r J ‘ 3^ 

The first two terms are allowed for by the theory of “electro- 
magnetic mass” just sketched ; the last term gives the additional 

electron is vibrating along the z axis 

under a restraining force of magnitude at distance t, its 
equation of motion, to this degree of approximation, is 

where m is the mass of the electron. The motion is therefore 
given by a differential equation of the third order, which can be 
shown to represent a damped simple-harmonic vibration. If the 
last term is neglected the motion is simple-harmonic with period 
2w/w, where = ajm. In general write ^ ; then we have 

,2e2 


or 


— — mn^ — 

2e2 




^2 ^2 ^ , 


3mc® ' 

If the damping term is small ^ive may put p = n in it, and obtain 

2e2 


+ in^ 


or 




in^e^ 
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The motion is therefore given by an equation of the form 

n^e-t # 3 . 

t, — Ae cos {nt + e), 

representing a damped vibration with decrement S = 27Tne^limc^, 
For the frequency of sodium light = 3 x 10^®) we have 
S == 6 X 10“^5 and S is still very small for the frequency of the 
hardest known y rays. It is obvious, therefore, that the effect of 
the additional term is negligible in almost all practical cases of 
motion of an electron, nor is it probable that terms involving 
<f>^^ t or subsequent derivates have any appreciable effect. 

The electric field of a vibrating electron at distant points is 
most conveniently calculated as follows. Let ^ == 0 (i^) be the 
distance of the electron from the origin at time t, e its charge. 
If a compensating charge — e is fixed at the origin, the two form 
a Hertzian oscillator whose moment at time ^ is/(^) = e^. Then 
from Art. 192 the field at a distant point (a?, y, z) is given by 





e{x^ y 

^2^3 


Bx = 


H.-O 


As in the case of the Hertzian oscillator, the other terms occurring 
are of a lower order of magnitude, and the field due to the fixed 
charge - e is also negligible in comparison with that due to the 
vibrating charge. It follows that the determining factor in the 
force at a distance at time t is the acceleration of the electron at 
time t — rjc. 

The preceding theory can be extended to the case of an electron 
moving so as to remain permanently in the vicinity of the origin, 
its coordinates at time t being We thus find for the 

field at large distances 

— iy^ + z^) A + xyfj, + xzv 
Ey=xyX- {z^ + x^) fi + yzv 

= zxX + yz/ji, ~ (x^ + y^)v '• 

Sy,= r {zfj, — yv), Hy = r{xt> — zA), {yX — Xjj.)] 
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.(25). 
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^ r® 111 1896 Zeeman observed that 

^.teef W ® r® «%li% when the flame was 

placed between the poles of a powerful electromagnet. He 

suspected that it was due to the action of the fleld on moving 

+br!? ^ Lorente’s suggestion examined 

■the edges of the broadened line for traces of circular or plane 
polarisation, according to whether the observation was made 
a ong or at right angles to the lines of magnetic force. These 
were actually observed. Later, in 1897, Zeeman found that three 
spectral hues could be produced from a single line, having certain 
remarkable and defimte polarisations. The normal Zeeman effect 
as it IS called, is as follows : 

^ Let A be the original spectral 
line, as shown diagrammatically 
in the figure. The light emitted 
along the lines of magnetic force 
can be resolved into two spectral 
lines B, C as shown. Of these 
JB is circularly polarised in a 
right-handed direction with re- 
spect to the magnetic field, and 0 
shows left-handed circular polari- 
sation. When viewed at right 
angles to the magnetic field three 
equidistant spectral lines D, E, F 
occur, of which D and F are in 
■fche same position in the spectrum 
Bj&B and (7, while E is in the position of the original spectral 
line A. All three lines are plane-polarised, E along the magnetic 
field and D, F at right angles to it. These effects are called the 
longitudinal and transverse effects respectively. If the separation 
is insufiS-cient we get a broadened line with peculiar polarisations 
at} the edges, as in Zeeman’s original observations. 

For accurate^measurement of the Zeeman effect we require 
shrong magnetic fields and. great resolving power, since the 
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B C 


longitudinal 
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separation in a field of 30,000 units is only of the order of one- 
tenth of the distance between the D lines of sodium. A suitable 
electromagnet is that shown in Pig. 161 ; the pole-pieces must 
be perforated for the observation of the longitudinal effect* 
A Eowland concave grating is generally used to resolve the 
lines. 

If it is desired merely to demonstrate the effect without 
measurement, a small Lummer-G-ehrcke interference plate* may" 


rig. 367 

be conveniently used in conjunction with an ordinary spectro- 
scope. Fig. 367 shows a side view of the Lummer-G-ehrcke 
plate. Pig. 368 a vertical view of the whole apparatus. Light 
from a spectrum tube, preferably filled with helium and lying 


9 

..... 


^TERFERENCE 

^\PLATE 


WOLLASTON 
_ PRISM 




Mg. 368 


between the poles of an ordinary electromagnet, passes through 
a collimator and prism and falls on the interference plate. The 
light emerging at nearly grazing angle passes into the telescope, 
and on looking into the eyepiece the usual spectrum is seen, but 
each line is crossed by a series of horizontal fringes produced 
by the Lummer-Gehrcke plate. Let us consider one spectral 

' — ♦ See Wood’s Physical Optics, 2nd ed., p. 282. 
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line only, for example ?h.e yellow line of helium. If a "Woll 
double-iruage prism is inserted as shown in the figure, 
of feinges*are doubled horizontally, since the prism gives ”a relative 
displacement to the spectra for rays polarised in planes perr.^^- 
dioular and parallel to the plane of the paper. On applying the 
magnetic field one set of fringes remains unaltered, wHle each 
fringe of the other set is doubled. A separate experiment vtith 
the double-image prism is required to determine the directions 
of polarisation, and thus it can be verified that the unalter^ 
rays are polarised along the fines of magnetic force. 

With helium all the lines are split up in the way here described * 
but the simple triplet is not the only type of resolution, 
many cases more than three fines occur : thus the fine of sodium 
13 split into six by the magnetic field. For an account of these 
abnormal Zeeman effects reference may be made to Zeeman, 
Researches in Magneto-optics. In spite of their irregularity, how- 
ever, the vast majority of separations come under the folio wine- 
rules : ® 

(1) Airlines belonging to the same spectral series show the 
same type of resolution, and moreover if n is the frequency of 
the original spectral fine and « -f that of one of the displaced 

fines, hn is the same for all fines of the same series (Preston’s 
law). 

(2) The value of Sw in a given field is either the same as the 
change of frequency in the helium triplets or pjq times as 
large, where p and q are smcM integers (Eunge’s law). 

253. Theory of the normal Zeeman effect. We shall first 
•of aE consider the motion of the vibrating electron described in 
Art. 251 in a uniform magnetic field of strength H parallel to the 
axis of z. We have already seen that its motion is not affected 
in any practical case by the presence of the ether, provided that 
the electromagnetic mass of the electron is included in its total 
mass m. Let the electron be at the point (^, -q, at time t, 
and let the restorative force necessary to make it vibrate be 
( Then in the absence of the magnetic field 

the rnotion in aJJ. coordinates is simple-harmonic -with period 
%Tjn, where = ajm. 
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The equations of motion in the magnetic field are 


. He dri 


d^ri 


c dt ' 

md^ 

c dt ’ 


Hence the motion in the direction of the 2 : axis is unaffected by 
the field, so that one possible mode of vibration is along the lines 
of magnetic force with the normal period For the x and y 

components try the solution 

i = A cos j)t, rj A sin pt, 

and write also for shortness A = He/mc. Then putting these 
values in the equations we find 

(p^ — -4 = — hpB, 

(p^ — n^) B = — hpA. 

Hence either A — B and p^ — = — hp (26) 

or A = — B and p^ — n^ = hp .(27). 

The first case gives as a possible mode of vibration a circular 
motion in the plane 2 ; = 0, described in a right-handed screw 
direction with respect to the axis of 2 ;. The second case gives 
a left-handed circular vibration. 

We have thus found three types of simple-harmonic vibration 
in a magnetic field, one period being that of the original spectral 
line and the other two respectively greater and less. This is 
precisely what is found in the normal Zeeman effect, and we shall 
>see presently that the polarisations are correctly accounted for. 

Writing p = n-\-hn in equation (26) and assuming that Sti 
is small, we have 

He 

..............(28). 

2mc 

If A is the wave-length corresponding to the original vibration, 
A 4- 8A that corresponding to the right-handed circular polarisa- 
tion, n = 27rc/A and hn — — ^ttc SXJXK Hence from (28) 

^ ^ ^ fp ( 00 \ 

A2”47rc2m*-** . 
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•Hence by measurement of the Zeeman effect it is possible to 
find the Ajalue of e/m of the vibrating particles giving rise to a 
particular, spectral hne. Zeeman himself in 1896 showed that 
the particle must have a negative charge, and that e/m was of 
the order of — lO’-’. Lohmaim, in a series of concordant experi- 
ments with helium, obtained the value SA/A® = — 4-70 x 10“* giving 
ejm = — 5-32 x 10^’’. The remarkable agreement between this 
value and the value - 5-30 x adopted for the slow-moving 
electron leaves no doubt that the vibrating particles are electrons. 
Other accurate experiments (on zinc and cadmium fines) have 
given values almost exactly double the- above. It has been 
conjectured that the vibrating particles are still electrons, but that 
the separation is double the normal, in accordance with Eunge’s 
rule. But though Bunge’s rule suggests a theoretical problem no 
answer to it has yet been given; and generally little progress 
has been made towards explaining the abnormal Zeeman effects. 

When the motion of the electron is known, the field at a distant 
point is given by equations (24) and (25). With the present axes 
the longitudinal Zeeman effect corresponds to an observer at tha 
point (0, 0, z), the transverse effect to the point («, 0, 0). 

(1) Effect of the vibration of ike electron along the axis of z with 
period 2-njn. , - 

Here A=u = 0, 

At the point (0, 0, z) E^ — Ey = — 0. Hence there is no central 

line in the longitudinal position. At the point {x, 0, 0) E^^Ey^ 0, 
Ez = ~ or the central line in the transverse position is polarised 
in the direction of the impressed field. % 

(^) Ejfect of the right-handed circular vibration in the x, y 
plane. ■ ; , ' i i , 

Taking i = A cos pt, y = A sin pt? we* have . . 

A : p : V = cos p (t - sin P 
At the point (0, 0, z) equations (24) give , > 

Ea.: Eyi E^ = X: fji’.O = cos P ~ • 0. 


P. E. 
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'■ This represents a right-handed circular polarisation in a plane 
• parallel to z = 0. Similarly at (x, C),'0) we find = 0, so 

that the direction of polarisation is the axis of y. 

The left-handed circular vibration gives similar results,, and 
thus the polarisations in the normal Zeeman efiect are completely 
explained. 

254. Theory of electrical and optical phenomena in 
moving media. In aU our previous work, such as the formulation 
and discussion of the ec[uations of the free ether or of Lorentz s 
equations, we have referred everything to -a system of coordinate 
axes which for the sake of brevity m.ay be described as fixed. 
Now just as in mechanics there is no reason to suppose that any 
particular set of axes is better or more fundamental than another, 
so here it is idle to discuss whether the set of axes chosen is “fixed 
in space” or not. But a peculiar difficulty arises in connexion 
with the theory of electricity, as hitherto.developed. In mechanics, 
if one set of axes A is selected for referring'everything to in the 
first place, th.e fundamental laws are not altered by taking a set 
of axes B instead, provided that the relative motion of B and A 
a unifoml motion in a straight line. In other words, the equa- 
tions of mechanics are not changed by the transformation 

x' = X, y' = y,' z' = z — vt, t' = t (30), 

where v is some ''constant. In considering the efiect of this 
transformation on Lorentz’s equations it must be borne in mind 
that the electric and magnetic forces are not the same in the 
, fixed and moving systems. The charges which the moving 
observer would consider at rest have a velocity v with respect to 
the “ fixed” observer, and the new electric force E' is the mechanical 

force per unit charge ; that is, E + - times the vector product 

of V and H. Hence we shonld write 






e; = e, ;.( 31 ). 


Furtter, in estimating the magnetic field (as revealed, for example, 
' by the mutual action of electric currents) tKe moving observer 
would not allow for the fact that the changes have additional 

; ’ . , f* ■ ' 

' , . ' ' " '' J.,. ^ 




( ' ’ ' - ‘ ' V, © 
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:otion of translation with, velocity v. This motion has however 
magne^sic effect, and the components of the ‘^true’’ magnetic 
rce H differ from those of registered by the moving observer 
the quantities in equation (^0). Hence 




+ (32). 

^ C\ 


le only remaining change is to write v^' for - v. Making 
. the transformations, it is easy to see that the form of Lorentz’s 
nations is altered. t 

As far as this goes, therefore, there would seem to be one, 
d only one*, set of axes to which electrical phenomena can be 
.erred without upsetting the ordinary laws of electricity. The 
ficulty thus arising is very grave. It would appear that 
metrical laws must be different, for example, in the morning 
d in the evening, in spring and in autumn, since the motion 
the frame of reference changes with all these conditions. As 
such difference has been observed it is imperative that the 
^tter should be discussed further and that the rights of all 
3s to be considered equally fundamental should be as far as 
ssible vindicated. The theory centering round this is known 
the theory of relativity. 

Let us first of all view everything from the standpoint of a 
xed ’ observer. Suppose that we have a medium moving with 
ocity V along the axis of z, and that there are observers in it 
;aged in measuring the velocity of light. Two points A, B 
g. 369) are chosen, and signals are sent from A to B and 
ik again. The signal which arrives at £ at time i came from 
>o^ition A' occupied by A at some previous time t — r, where 
i = vr and A'B = cr* If AB = r and Z. A'AB = a, the 
agle AA'B gives 

^ 2^2 _ ^ 2^2 ^ ^2 _ 2vrr cos a (33)* 


Here we are only otusidering axes as distinct when they are in relative motion, 
distinction between the possible sets of axes at rest with respect to each 
r is triviaL* . # 
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velocity v 





Kg. 369 


If V is so 


P T n ^n that v^jc^ is negligible, we have approximately 


^2 2vrr cos a cos a 

^ ~ c® 

r w cos a 


TV, . 

The return, signal from jB similarly requires a time 

^2)- 

The total time r 4- r' = 2r/c, which is the same as if both A and B 
were at rest. Hence the moving observers would conclude that 
the velocity of light in all directions is c, and they would have no 
reason to suspect that they are in motion at all. W e shall suppose 
that the clocks in the moving system are set by optical or electrical 
signals (e.g. wireless telegraphy) from a central point A. If the 
clock at A is started off and a signal sent at the same time, it is 
received at B at a time 

jr V , . 

The observer at B, allowing for the velocity of light, apparently 
; determined as c in all directions, wifl set his clock so that it marks 
a time rjc on receipt of the signal. Hence when A’s clock marks 

' T 

a time t, B^s clock marks a time rjc. Adding I — ^ to each,, 

. .. ■ A ... - ^ 
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see that when A’s clock marks i - B’s clock marks 

• c® 

The time t = ^ ~ ^ is called the local time at the point (x, y, z). 

Since the only way of correlating times at different places is by 
signalUng, the local time has a perfect right to be considered as 
the true time by a moving observer. 

Now consider what Lorentz’s equations become when referred 
to moving axes and local time!. Writing 

x' = x, y' = y, z' = z-vt, t' ^ t . .(di), 

we have to find what the moving observer will regard as the 
velocity and volume- density of electricity. We have 


, dx' 

w~ 


dx 




>2 


Similarly 


/ti2 


Vz-V 


1- 


The electrical density />' for the moving observer will be defined 
so ^that is still the a?-com^nent of current-density with 
reference to his moving axes. This gives 

p P ^ pVyj^ P Vg = p {Vg 'y)! 




. . .(35). 


Equations (31), (32), (34:), (35) give all the data for transforming 
Lorentz’s equations. If v^/c^ is neglected throughout, we may write 

* ^ ^ V 3 0 3 3 


vH ' 

e,= e; + ^-^ , e. 


w w 

“^2/ r. i 


TT TT ' ft 


E, = HJ 

PVx = P'VJ, pVy = p'Vy, pV^ = pVj + p'V 


E,' 

HJ 


f 
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Cl? « 

•Carrying out the substitutions and suppressing the accents, 
find that Lorentz’s equations (3), (4), (5), (6) become ^ 


■ /3-E® 

dt 

+ 4^pVa. 

J 

1 dy 

Jlz 

dz 





\ 

j 

\ dS^ 

dH, 




;v dt 


dx 




■ rm 

iv dt 

+ i^rrpv^j 

II 

dy c \ 

,,dE, 

dy 

dz 







■ , 1 


c dt 

dy 

dz 






_d^_ 




V 


c dt 

dz 

dx 



f 





v(dH^ 

_^dHy 



c dt 

dx ' 

dy 

c \ dx 

+ dy 

^ dzjj 

+ ^ - 4n-p = ^f- 
dx^ dy^ dz, ^ -cl 

e dt 

c 

+ 


dE. 

dHy dH^ _v 

[1^ 

dB, 




dy dz c 

Vc dt 


dy)' 






dH^ 

dy 




To the first order, however, these equations are the same as 
before. Hence Lorentz’s equations preserve their form unaltered 
in the moving system, provided that, the time is taken to be the 
local time at every point. Since Lorentz’s equations can be 
made the basis of aU electrical tlxeory the argument is general, 
and thus we see that there is no insuperable diflficulty about 
reconciling electric phenomena in a moving system with the 
axiom of relativity, as long as we only consider velocities which 
are small compared with the velocity of light. ^ 

The above theory is due essentially to Lorentz and Einstein. 
Lorentz was the first to introduce the idea of local time : Einstein 
is responsible, for the view that Lorentz’s local time is, to all 
intents and purposes, the true time at any point, since from what 
has been said above the observer cannot detect his own motion 
by measurements of the velocity of light. ' * 

255. , Theory of Fizeau^s e3q>eriment. rThe merit of the 
above theory, however, does not he merely in the fact that it 


c 




m 

^ *■ A .Jkjtl 


f 
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• will hold approximately for water, for which fi is? nearly constat 

over the visible spectrum. Putting ft = the coeffici&t ^ . 

becomes 0*438. Michelson and Morley, who repeated Fizeau’s 
experiment, -found the value 0*434 dr 0*02, which agrees well 
with the above. 

Experiments like Fizeau’s, in which the velocity of light in >> 
a moving medium is measured by a fixed observer, should, of 
course, not be confused with those in which the observer and all 
his apparatus move with the same velocity. It is to these latter 
that the null experiments apply. 

256. The Lorentz-Einstein transformation. Difficulties 
arise in the theory of moving media when the velocity is com- 
parable with that of light. If AB (Fig. 369) is parallel to the 
direction of motion, and if no approximations are made, the 
time T + T for a direct and return signal is found from equation 

(33) to be ^ 

2rc _2r 2rv^ 

c ^ 


while if AB is at right angles to the direction of motion it is 

■ * -j_ 

(^2 ^ -y^)^ C 

The difierence is rv^lc^, correct to terms of the second order in v/c- 
Hence it would seem that an observer at A must obtain different 
^values for the velocity of light in different directions, which 
would contradict the axiom of relativity. Michelson and Morley’ s 
celebrated experiment* is really one to detect a difference in the 
velocities of propagation in different directions with respect to 
the direction of the earth’s motion, if it exists. No such difference 
was found,, although the method was sensitive enough to reveal 
effects of the order where v is the velocity of the earth in 
its orbit and c the velocity of fight. 

It follows that as long as the equations , 

V x' == X, = y, z' = z — vt 

are retained no transformation can be found which will leave the 

* See Wood’s Physical OjpticSy 2nd ed., p. 672; or Miolielson, Light Waves and 
their Uses, p. 158. ^ 

: ' ^ ^ ’ . m 
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iij^damental ecjuations unaltered. Einstein, following Loreii.tz, 
proposed^ the transformation 


where 

If we take in addition 


•z' = j8 ( 2 ; — -yi)) 


(-?) 1- 

.•.■••(36), j 


t 



(37). - 






o) ..(38), 


= pv^, p'Vy = pVy, p'%' = ^p {v^ — v) 

.'-^.(^-5) J 

Lorentz’s equations are left unaltered to all orders of approximation. 
For velocities so small that is negligible, )8 = 1 and the 
transformation reduces to the one in Art. 254. The more general 
transformation, with certain imphcations, includes the negative 
result of all experiments made to detect the optical effect of 
the earth’s motion by experiments carried out entirely on its 
surface, without restriction as to the magnitude of its velocity. 
Since the velocity of the whole solar system ‘Mn space” is probably 
at least as great as that of the earth in its orbit, the cogency of 
the null experiments is greater than might appear. 

If equations (36) and (38) are solved for x, . . . in terms 
of x\ y\ we find 

X =■ a?', y = y-, {z' + vt') 


= + Ey=^p{Ey’-^-^), e, = e: 

= ^ , Hy = i8 (h/ + = i?/ L (40), 

P% = P%', pVy - p'Vy, pv, - Pp' {vj + v) 
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which are of precisely the aauje foriit iia the idMivi*, iiitji 
written for t\ The rebition of the two sets of i«es to e^rti t^liei 
is therefore perfectly roolprociii, so tfiiit either set riiti lie reniir^l#^! 
as fixed and the other movealih% or neither fixeii iif will 

To illustrate the forinulae of roniiitler mn 

electrical system moving with velocity c iti flic tlirrrittiii of fin 
axis This body appears fit tmi to the iiinviiig titwerver 

If P m a point whose c^oordinafes in the two sysfetiw iit n girei! 
time t are ^i) H%* h*) respect iiiiil ^ n |Miiiil 

whose eoordiniitea are {*r/, f/, %'h i»*ve friiiii 

^ Hi " !h ^ Hi » h* ^ h* '' 0 ih *il* 

It follows that lengths mmsiir«al in the cijritrlion itf mutkm iiw 
differently judged by the tw<» oliicrvera, the wliinate nf tli 
moving obsarver being ^ tim«i that of ihe filial oliier%^er* Ctirff’ 
sponding alemente of voluiiie are rektol by tlie eijtwlifiii dr* ## ^fr, 

Moreover, (38) giv«i in tMi oiw i»' - ^ ^ ^ , »«i thni 

p'^' p&r. This shows that it is the same charge which Is heing 
considered in ho^ oases. 

The inttaqpretation of the above theory* haa given rimi to miiofa 
disoossion. Ijorentz considered it beat to take one ^rtlciilaj 
set of axes as the fundsmentad one, and to aaenme that any 
material system moving with velocity » contrada in the dirwlion 
of motion in the mrio jS-* or {I - e»/c*)* to unity. ’Omii an 
electeon which is spherical when at tmi bw>m«* an ctlipst>id 
when in moflott, and for the swiftest j8 particles appmxiiiiat«« to 
a flat plate. The flattening of ordinary kxliw could not Iw 
detected by an observer carried along with tiicm, since bis rnlcw 
and callipers would be distorted acconiing m the mim law, and 
would continue to it at all speeds. The dlffcmiice in the catimates 
, of length, already referred to, is a consctpicnec of the wntraclicHi 
c of the measuring instrumente. 

Lorentz’s representation has the merit of clearly fixing «me*a 
ideas, which a ganoral theory of relativity dmsi n<»t; b«t for 0 j« 
reasons ^vm above it cannot be said that the contraction nctnally 
takes i^aoe, Keoogniting this, linstein prcfornal to begin with 
the dictum that all motion is relative, and merely ^(o a«vk a 
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"" ■transformation wLich leaves Lorentz’s equations unaltereai 
Bnch transformation is then an expression of the priiioir>l*^ f 
O^elatiyity, provided that the transformed space and tir^ ^ 
considered to have objective reality. ^ 

It is sometimes said that the theory of relativity doojs. 

ether. But since it does not do away with elect ^ 
J^xetic disturbances propagated with a velocity c =3x 
per second, it is difficult to see what is meant by the sta-toroe]^' 

257, Electromagnetic mass of an electron a-fc 

sjieed. Suppose that an electroli is moving with any Volocit^ 
less than that of light, and that its acceleration and other dori-v^at^ 
of the velocity are small. Take axes so that at time t i-t fxas a 
"Velocity v along the axis of z. To an observer moving v^ith 
velocity it will appear like an accelerated electron instantai^onsly 
a.t rest, and therefore will behave like a particle of constan-fc niai 
- Hence the eijuatipne of motion are 


m, 


^x' 
dt 


p? = eEJ = {e^ - 


m, 


^^2 — €>Ey — -f 


dt'^ 
d^z' 

mo = eE; = eE^ 


"■) 




wliere E, H are the fields other than those produced by the laaotion 
of the electron itself. Now » 

- dx X 

dt' 




and. 


HEence 


dt '' 


= i3 




d'^x' 

In 


d fdx'\ dt 
dt \ dt' ) dt' 


vz\ „ 


+ X 


VZ 




Since x = y == 0, z = « at the time considiered., we have 
# dH' 


c 


r 
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Similarly 




^ 

The equations of motion, referred to the 
therefore 


‘fixed” axes, 


mo ^ ^ = e 

‘>no^y=e 
mQjS^z = eEj, 


+ 


c J 


The terms on iShe right are the external forces on the moving 
electron, and the coej0S.cients on the left are difierent according 
as the acceleration is along or at right angles to its instantaneous 
direction of motion. For transverse accelerations the electron 
behaves as if it had a transverse electromagnetic mass 


m^== mo^== 


mn 


(-sr 


.(41). 


For accelerations in the direction of motion it behaves as if it 
had a longitudinal electromagnetic mass 

^0 


mj = = 




.(42). 


If the acceleration makes an angle 0 with the direction of motion, 
the mass is cos 6 -h m^ sin 0* ' 

Abraham was the first to point out that a swiftly moving 
electron, such as a j8 particle, has two distinct electromagnetic 
masses. In most cases the accelerations produced experimentally 
have been at right angles to the direction of motion, so that only 
the transverse mass comes into play, This is the case with 
Bucherer’s experiments ,(Art. 241). How a particle with other 
than electromagnetic mass, subjected to non-electromagnetio 
forces, would behave when moving with a velocity comparable 
with that of light, is of course uncertain. But since Lorentz’s 
formula (41) agrees accurately with Bucherer’^ experiments, we 
conclude that the particular form of the principle of relativity 
: here used is a correct one, and that the mg^ of the electron is 
entirely el^tromagnetic, : 
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* •258. The ^iheory of quanta. There are a number of ^ 
phenomeiia connected with short electric waves in the ether 

^ •(ultra-violet light, Eontgen rays, y rays) which seem suflEiciently ^ 
persistent to justify their being brought provisionally under a 
general rule. 

The maximum velocity „ of emission of electrons under the 
action of ultra-violet light is determined not by the intensity but 
by the frequency of the light. Thus when a source of ultra- 
violet light is moved away from a metal plate fewer electrons are 
■ emitted, but what are have the same velocity as before. This 
peculiarity, as Bragg pointed out, suggests rather a flight of 
particles than a wave which becomes weaker as it spreads out 
from the source. The greater the frequency of the Kght, the 
greater the velocity of the fastest electrons. Hughes’ experiments 
(Art. 218) might be explained by supposing that when light of 
frequency n falls on matter energy is transferred to an electron, 
if at all,, in finite portions of hn ergs at a time, of which at least 
67 o is lost by the electron in escaping from the metal. The 
constant h is nearly the same for all metals, and approximately 

• 5-6 X 10-27. 

The above would seem a very slender basis for speculation, 
were it not that the same considerations apply to the emission 
of electrons by Eontgen rays and y.rays. Applying them to 
th6 case of the K radiation of nickel falling on iron (Art. 231) 
we find that the velocity of emission of electrons should be of 
the order of 5 x 10® cm. per second, which is actually what is 
observed. The relation of wave and electron is also to a certain 
extent reciprocal. An electron must have a certain minimum 
velocity if it is to excite the characteristic Eontgen rays of a given 

, element, and the velocity does not differ much from that of the 
electrons set free when the rays fall on a metal plate. Similarly 
(Art. 243) y rays are always found together with fairly swift ^ 
rays, and themselves produce ^ rays of similar velocity when they 
fall on matter. < 

■ These facts have led to what is known as the quantum hypothesis, 
which for our present purposes may be enunciated as follows: 
A simple-harmoffiQ ether wave of frequency n communicates 
energy to ^patter in fi|Lite portions, or quanta, of hn ergs at a time, 
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where ^ is a universal constant which is about 6 x 10'"^’^. Sifich 
a wave cannot be excited by the impact of a body of kinetic energy 
less than hn. 

There is no doubt that this hypothesis represents the experi- 
mental facts over a considerable range. Its physical interpretation 
is more obscure ; and in particular nothing is said about waves 
of other than simple-harmonic form. The diffraction phenomena 
lend no support to any corpuscular theory of light or Rontgen 
rays. It would seem most probable, therefore, that the cause 
of the finite transfer of energy is to be found in the relation of 
ether to matter rather than in any discontinuous structure of 
the ether itself. 

The quantum hypothesis, first suggested by Planck, can also 
be approached from other directions, for example from the law 
of variation of the specific heats of bodies at low temperatures. 
The consideration of these, cases would lead us too far. From 
what has been said it is clear that no appreciable disturbance 
would be caused by introducing the hypothesis into mechanics, 
since the quantity is exceedingly small for all ordinary values 
of n. But the exact bearing of the theory on the fundamental 
laws of mechanics and electricity is at present uncertain, and 
further developments on this point must be awaited. 


appendix 

UNITS AND NOTATION 

^ The electrostahc system is based on the unit charge of electricity 
w 1 C repels a similar charge placed 1 cm. away with a force of 
1 dyne. 

The electromagnetic system is based on the unit magnetic pole 
which repels a similar pole placed 1 cm. away with a force of 
1 dyne. ' ‘ 

■ The ratio of the electromagnetic to the electrostatic unit of 
charge is denoted by c. Its value is very nearly 3 x 10^® c.Gi-.s 
units. 

The derived eUctromagnetic system is obtained by taking 
multiples or submultiples of the ttue electromagnetic units as 
new units, as shown in the following scheme: 

1 ampere = e.m.tj. of current 
1 coulomb = ^ ,, charge 


1 coulomb 
1 volt 
1 ohm 
1 farad 
1 henry 


- IQS 

- 109 
== 10 -^ 
= 109 


potential 

resistance 

capacity 

inductance. 


The next table shows the notation used in this book for the 
commoner electrical quantities. The use of a single letter indicates 
the system of units in which any given quantity is usually 
expressed. Thus unless otherwise stated^ charge is expressed in 
electrostatic units, current in electromagnetic units, and so on. 
The usage for -potential and- capacity varies. The table shows 
how the measure of a given quantity changes when the system 
of units- is changed i thus 1 e.s.u. of capacity = 1/9 x farads, 
h E.s.u. ofjpotential = 300 voltSj and so on. 






Name of 
derived 


Measure in ^ 
derived E.M.ir. 


Measure iri 


Measure in 


Quantity 


Coulomb 


Charge 

Volume- and sur- 
face-density 
Electric force 
Potential (E.s.ir.) 
Capacity (B.s.ir.) ... 
Electric polarisation 
Electric induction 
Dielectric constant 


Volt 

Farad 


Magnetic pole 
Magnetic force 
Magnetic potential 
Intensity of mag- 
netisation 
Magnetic induction 
Current 

Current- density . . .. 
Electromotive force 
(potential) 
Capacity (e.m:.u.)... 
Resistance... ^.. 
Specific resistance 
Conductivity 
Flux of magnetic 
induction 

Self-inductance ... 
Mutual inductance 


Ampere 


Farad 

Ohm 


Henry 

Henry 
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-, homogeneous groups of, 698 


Bichromate cell, 118 
Biot and Savart, law of, 155 
Board of Trade unit, 136 
Bolometer, 150 
Boltzmann’s constant, 513 
Boundary conditions at siirface of two 
• dielectrics, 96,* 9^ 

conditions at surface of two 

conductors, 152 ^ 

• • ■ 

P. E. ^ 


boundary conditions at surface of two 
magnetic media, 243 
brushes, 274, 308 

Capacities, comparison of,’ 143 
capacity, 67 

of sphere, 67 

of long cylinder, 68 

» of condenser, 71 

of parallel circular cylinders, 79 

, coefficients of, 76 

, measurement of, 178, 424 

, comparison with self-ind\ictance, 

263 

capillary tubes, rise of magnetic liquids 
in, 239 

Carey Foster bridge, 150 
cathode, 113 

ray tube, Braun’s, 494, 548 

rays, 487 

— —■ , negative charge of, 488 

, measurement of ejm for, 489 

cell, voltaic, 101, 387 
charge, 41 

, magnetic effect of moving. 111, 

614 

moving in magnetic field, force 

on, 196 

, elementary, 376, 509, 510 

Clark cell, 120 

closing a circuit, growth of current on, 
259 

coercive force, 225 
coil with an iron core, 346 
commutator, 307 
concentration cells, 400 
condenser, 71, 89 

, parallel plate, 72 

, cylindrical, 74 

with partial layer of dielectric, 95 

, discharge of, through circuit 

containing self-inductance, 504 '/ 
conductivity, 126 

of electrolytes, 385 « 

of air, natural, 498 


41 
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I*. epnduetors, electrical, 43 

I conjugate functions, 77 

"> contact potential,' 86 

^ measurement of, 145 

contamination, radioactive, 585 
[ continuity, equation of, 10 

I coulomb, 109 

I Coulomb’s law, 65 

couple on circuit in uniform magnetic 
field, 169 

coupled oscillation circuits, 425, 468, 
474 
curl, 3 

current, electric, 99 

electromagnetic unit of, 108 

, law of action of element of, 191 

1 balances, 184 

currents, magnetic effect of, 103, 106, 

I 154 et seq. 

f , action of magnets on, 151 

f , forces between, 180, 195 

, heat produced by, 134 

i current-density, 151 

I Damping of galvanometers, 176, 271 

of condenser circuit, 405, 427, 

476 

Daniell cell, 101 
dark space, Earaday, 484 
— — , Hittorf, 484 

f de la Eive’s floating battery, 167 
de la Rue and Muller, law of, 539 
? decay constant, 575 

i declination, 28 

! decrement, 406 

J of Hertzian oscillator, 437 

demagnetisation of iron and . steel, 16, 
226 

deposit, active, 580 
, diamagnetism, 236 
f dielectric constant, 88 

, measurement of, 146,- 

for high frequencies, 460 
dielectrics, 87 

, , theory of, 92 

I diffusion, coefficient of, 398, 504 
I dip, 28 

f disc rotating in magnetic field, 250, 

291, 293 

j dispersion, electrical, 451 

dissociation, electrolytic, 370 
diurnal variations, 30 
J divergence, 2 

doublet, electric, 92 
drum armature, 311 
dynamo, see generator 

Eamshaw’s theorem, 63 
earth, 51 

; ^ effective value of alternating current* 

274 


electric force, 47 c? . 

, law of, 55 

- due to infinite cbargecl 

plane, 59 

to charged sphere, 60 

just outside a conductor, 

64, 97 . ^ 

electric induction, 98 
electricity, positive and . negative, 41 

, fluid theory of, 46 

electrochemical equivalent, 115, 116, 
186 

of ions, 375 

electrodynamometer, 183 
electrolysis, laws of, 114, 368 

, secondary actions in, 113, 378 

electrolyte, 113 

electrolytes, depression of freezing point 

electromagnetic field, equations of, 188, 
441,449 

induction, see induction of cur- 
rents 

electro-magnets, 232 
electrometer, absolute, 82 

-, quadrant, 82, 143 

key, 569 

^tectromotive force, 110 

^ of induction, 251, 303 

forC^r«6mparisou of, 139~ . 

electron, 45, 494 and passim 

, e/m for, 491, 527, 547, 625 

, mass and diameter of, 513, 

618 

, increase of mass of,, ■with 

velocity, 596, 635 

• , electromagnetic field of slow, 

614 

— , accelerated motion of slow, 616 

, field of vibrating, 619 

electrons in metals, theory of, 604 
electron theory, fundamental equation 
of, 609 

electroscopes, 42, 80 
electrostatics, principles of, 63 

f two-dimensional problems in, 

77 

equipotential surfaces, 32, 49 
e&er^ 441 

current-density, 442 

Farad, 111 

Fizeau’s experiment, theory of, 630 
flames, electrical conductivity of, 499 
flux, 8 / 

of magnetic force, 37 / 

fluxmeter, 272 / 

force on magnetised body in non*^ 
uniform field, ^2o4 
Foucault currents, 292 
fuses, 135 ft. 
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Oalvanometer, 104 ^ 

— — , tangent, 104 

j standardisation of, 141 

— — , moving coil, 170 
— ■ — , ballistic, 172, 176, 268 

- ~ , string, 174 

— , vibration, 279 

constant, 108, 171 
ir rays, 573, 599 
- : — , wavelengths of, 600 
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influence, coefficients of 76 
insulators, 43 ^ 

interlacing a circuit, 156 
mterrupters, 288, 289 
ionisation by collision, 530 ^ 

534 ’ velocity required 

. “TT of positive ions, 536 

“tlef 565 “^"®’ “"de 


( 


emission of electrons under the ion 
action of, 600 ■ ' electrolytes, 373 

gases, discharges in rarefied, 482 | ’» Y®^ocity of,' 393 

^ ionic theory of conduction in, 

measurement of currents in, 
gauss, 24 

Gauss’ transformation, 3 

— theorem, 31, 59 

reciprocal theorem, 49 

generator, saturation curve of, 314 
, external characteristic of 318 
- , shunt wound, 316, 321 

— , series wound, 316, 322 

— , compound, 317 

or^ei balance, 184 


■, Ne anJ e/u for, 376 
theory of, 396 

ions in gases, 499 

> hinetic theory of, 503 

- , charges on, 505, 510 

• velocity of, 514 

; ■“ — » constitution of, 515, 521 

, condensation of water 
vapour round, 563 

Joubert’s wheel, 340 
joule, 135 
Joule’s law, 135 


, vv4.JJ.wj.i4.V3U, ucai) Ol 

glow-lamp, test of, 364 
i-^roen’s reciprocal theorem, 5 

guftrd-ring, 74 
MfLlf-value period, 575 

Wall efleot, 606 

liax'monic analysis of curves, 343 

Ixenry, 256 

l-£ortz’s experiments, 433 

electrometer, 85 

Wensler alloys, 231 

“frequency alternators, 338, 472 
currents, see also electric oscilla- 


tions 


-, measurement of, 4ll .- 

distribution of, over cross- Magnet 15 18 
a wire. 416. 427 477 lo, 18 


• effect, 210, 608 
“ — ■ coefficient, 212 
kilowatt-hour, 136 

Lamination, 313 
Laplace’s operator, 5 
— equation, 61 
Leclanch^ cell, 117 
level surfaces, 49 
Leyden jar, 89 

light, electromagnetic theory of, 444 
Imes of force, 33, 65 
local time, 629 
Lorentz’s equations, 609 


UJ, uvci UJ 

section of a wire, 416, 437 477 
spectra, 555 ' 


ii^rsteresis, 225 
— loss, 228, 231 

X’cliostatio use of electrometer 133 
impulsion cell, 412 ’ 

iiicimdescent solids, emission of ions bv 

iucluotance, ^ee self -inductance 
xnciuotion of currents, discovery of, 248 

— ^ la/ws^ of, 250, 252 

291 masses of metal, 

iiidluotion coil, 285 

inclinometer, €67 

influence, electric, 50 ^ 

maohlies', 52 


in uniform field, 20 

, moment of, 21 

’ ' — — , measurement of, 25, 264 

, magnetic field of small, 26, 37 
magnetic force, 19, 235 

— — , laws of, 23, 27 

along axis of circular 
current, 161 

along axis of solenoid, 165 

TT . ' plane current at large 

distances, 179 ® 

potential of, 189, 

- — _ of .jointed circuit, 192 

magnetic induction, 241 
, tubes of, 242 
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imgaetic liidaotion, measurement of, 
,267,269 
— — north, 22 

standard, 268 

magnetisation, intensity of, 38 

, measurement of, 220 

magnetism, effect of temperature on, 
16, 238 

, induced; 17, 220 et seq. 

, terrestrial, 28 

, Poisson’s analysis of, 38 

magneto -electric mactdne, 307 
magnetometer, 22 
mass, electromagnetic, 618, 636 
McLeod gauge, 483 
mechanical equivalent of heat, electpcal 
determination of, 134 
mercury rectifier, 363 j/s'e.,' 

meters, electricity, 366 . 
microfarad. 111 
miUivoltmeter, 173 

mobility of ions in electrolytes, 393, 396 

in gases, 504, 515 

motor, direct-current, 323 

, back E.M.F. of, 325 

— , shunt wound, 326' 

— ^ — , series wound, 330 
— — , brake test of, 331 
motors, alternating current, 351 

polyphase induction, 354 

moving media, electrical and optical 
■ phenomena in, 626, 632 
mutual inductance, 180 

, Neumann’s formula for, 

193 

of two parallel circles, 194, 

197 

— -T- , measurement of, 261, 281, 

424 

Nachwirkung, 227 
negative glow, 484 
Nemst lamp, 365 

Ohm, 123 

, absolute determination of, 293 

, international, 295 

Ohm’s law, 121, 152 
oscillations, electric, production of, 407, 
410 

^ demonstration of, 408, 465 

^ detectors of, 412, 472 

, determination of fre- 
quency of, 422 

, continuous, 429, 471 

^ jXL rods, 462 

^ in solenoids, 463 

oscillator, Hertz’s, 433 

, theory of, 446 

oscillograph, 342 
osmotic pressure, 371 


Paramagnetism, 236 

Peltier effect, 209 * * • 

coefficient, 209 , 

photoelectric effect, 523 * 

^ normal and selective, 529 

^ nature of, 527 

piezo-electricity, 87 
Poisson’s equation, 61 
polarisation, electric, 93 

of electrolytic cell, 101, 377 

pole, magnetic, 16 

^ strength of, 19 

, unit, 19, 24 

pole of a cell, 102 
polonium, radioactivity of, 571, 583 
polyphase currents, 352 
positive column, 484 

rays, 543 

, e/m for, 546 

^ Doppler effect for, 547 

Post Office box, 137 
potential, magnetic, 20 

of current, 156, 159, 163, 

191 

, electric, 48 

of a conductor, 49 

, scalar electromagnetic, 611 

, electromagnetic vector, 611 

, retarded, 612 

potential energy of current in magnetic 
field, 168, 246 

of a pair of circuits, 180 

of a single circuit, 182 

potentiometer, 140 
Poulsen arc, 471 
power, electrical, 134 

in alternating current circuit, 275 

, measurement of, 278 

prismatic compass, 29 
pump, Topler, 482 
pyro-dectricity, 87 

Quanta, theory of, 637 
quenched spark, 429, 469 

Radioactive transformations, 575, 601 

equilibrium, 576 

elements, chemistry of, 602 

radioactivity, discovery of, 568 

, methods of measurement in, 569 

, atomic nature of, 570 

, three types of radiation in, 571 ; 

see also a particles, /3 particles, 
7 rays 

, evolution of helium in, 580, 588 

radiometer, 217 
radio-micrometer, 217 
radium, discovery of, 571 

, period of, #79 

, measurer^ent of quantities of, 

585 ^ . • 
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radium emanation, 578, 

n A, 582 

B, 582 

. C,'%82 ' 

D, 583 

E, 584 

receiver selective efifedt of, m Sarasin 
and de la Rive’s experiment 438 
[•ecombination, 499, 521 ' 

relativity of electromagnetic phenomena, 
627, 632 * 

repulsions, electromagnetic, 289 
residual magnetism, 15, 225 

discharge, 91 

resistance, 123 

of electrolytes, 124, 382 

of cells, 124, 390 

— of wires for, high-frequencv 
currents, 417, 477 ^ 

box, 130 

of, with temperature, 

126, 138 

, specific, 126 


— — , measurement of, 137, 142, 145 

, determination of, in absolute 

measure, 293 
■esistances in series, 124 

in parallel, 125 

standard, 131, 296 

, comparison of nearly equal, 138 

esonance, electrical, 420 
— — curves, 421, 473 
eversible cells, theory of, 391 
heostat, 129 
ight-handed axes, 1 


self-inductance, 182 

, calculation of, 254 "7 

of long solenoid, 183 

— of rectangular circuit, 257 

of circular loop, 268 

^ measurement of, 262, 280, 

424 

comparison of capacity 

and, 263 

, variable, 411 

for high-frequency cur- 
rents, 418 
shunt, 140 

similarity theorem for electrical dis- 
charges, 541 
slip, 356 
sHp-rings, 273 
solenoid, 164 
solenoida! vectors, 9 
solution pressure, electrolytic,-=:^^89— ^ 
spark discharge, 533 ^ 

specific inductive capacity, see dielectric 
constant 

spherical shell in uniform mafi^netic 
field, 246 . o . 

split insulation, 602 
standard wire gauge, 163 
stator, 356 
Stokes’ theorem, 6 

stress per unit area of a conductor, 64 
stresses in magnetised bodies, 238 
surface-density, 26, 48 
susceptibility, 236 

•system of conductors, theory of, 76 


screw law, 1, 6, 103 

lontgen rays, 494 

^ , difiraction of, 496, 549 

secondary, 496, 560 

, wave-length of, 566 

^ ionisation of gases bv, 

500 . 

, analysis, of crystal struc- 
ture by, 552 

, absorption of, 495, 558 

— ^ emission of electrons 

under the action of, 562 
)tary converter, 338 
)tatmg magnetic field, 352 
)tations, electromagnetic, 167 . 

)tor, 355 

iteration of iron, 223 
— — in gaseous conduction, 502 
lalar product, 2 
intillations, 672, 587 * 
reening, electrical, 68 

, magnetic, 246 

eular changes, 3§ 
jebeck effect, 204, 608 
lenium, .;^29 • 


Telephone receiver, 279 
Tesla experiments, 419 
thermal b.m.?., measurement of, 204 
^ variation with tempera- 
ture, 207 ^ 

•— galvanometers, 218 
thermoelectric circuit, laws of, 206 

, theory of, 212 

series, 208 

inversion, 208 

thermometer, platinum, 149 
thermopile, 215 
thorium, radioactivity of, 570 
throw, 176 
torque, 324 
transformer, 284, 348 
tubes of force, 36, 65, 241 
of induction, 242 

Ultra-violet light, see also photoelectric 
effect 

» ionisation of gases by, 

526 ^ 

units, see appendix, p. 639 

, electrostatic, 58 

, electromagnetic, 108, 162, 297 






units, derived electrolnagnetio, 
ratio c of, 108, 299 
uranium, radioactivity of, 568, 

Vector, 2 

product, 2 

volt, 110 

— ~, international, 298 
voltaic cell, 100, 387 
voltameter, 113, 115 
voltmeter, 132, 174 

, calibration of, 140 

volume- density, 24, 48 

Watt, 135 
wattmeter, 278 
wave-meter, 422 
wave-motion, equation of, 10 


waves, elec^ic, properties of, 433, 438 

— — , velocitjf of, 4*14, 458 • 

, on wires. 452, 455, 457 

— ^ — , plane, 445 * ^ o 

^ in dielectrics, 449, 460 

Weston cell, 119, 298 
Wheatstone’s bridge, 136, 281 » 

Wimshurst machine, 52 
Wireless telegraphy, 466 

, coupled circuits in, 468 

telephony, 473 

Work, electrical, 134 

in taking a unit pole round a 

current, 156, 159, 188, 246 
of magnetisation, 227 

Zeeman effect, 621, 623 




